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oT PEAAKTOPA nEPEBOAA

11 pea"ra raeiuylo BHII N'raHgrc qlt rare,'tefi xH-u_ry cJleAyer paccl{arp I1 -

r l iu 'b  KaK yue6Hoe noco6ue no KypcaM: <Vpaeuennr c  qacrHblMl t

rl)oH3BoAHbu\,rur> tl <Vpaeneuu_a I'tareltatuqecxoli Stlsitrll> A'[tl cry-
,tcltroB TexHuqecxttx By3oB, oua 6yaer no,reguofi TaK)Ke I' lr l)Kellepart
(' i t i lbtx paS,lHrIlIbIX cneulla,rF,Hocrefi. B xHllle npeACTaB"'leHbl TpaAll-
rutorrHble N4eroAbI peueHntt ypaeueHuii c qacrHbll\ ' l l . t npolt3BoAHblMn'
rlri"loqaff u Hexoropble qllcJleHuble l\leroAbl. flpH 3To\'l oco6oe BIIII'
l \ taHr.te ], ' Ie,'reHo [4eToAy pa3AeJIeH]Itl nepeMeHHblx It IueToAy llHTerpa,qb'
rrr,rx npeo6pasosanrti i I l  3Ta qacrb KltHftl I\4oxer 6r,lr l ucno,'tb3oBa[Ia
t ra npaKTHqecKr{x SaHFTHt lx  B yHUBepCI{TeTaX.

OplreHrauHR KHurI4 IIa uupoKyto (He\tarel'tarnqecxylo) 
- ayAl' lro'

pllrc OnpeAe,ll lJla CTI{JIb H3d'lO)KeHHfl paCCMaTp}lBae\' lblx B HeI' l BOnpO-
coB: r*rr-yrlrlrnHuii noAXoA il 6o,rr'ruoe BHuNlaHlte x $usuuecnolty
ct\rbrc/'ty He ro,'rbKo cauHX lparueuuir, Ho u KpaeBblx u l larIaJlbHblx

vcnoeHfi Liln pa3r' lHqHbIX 3aAaq. flpe4nonaraercx, qTo r{l4rareJlH

:ti laKOMbt,rt.r[tb c ocHoBaNlL] 4lt$$epeHuua,llbHoro ]i I ' l l lTerpa"lbHolo
rtcqricJrelrnfl u c 3r' ieN{8HTa\lLJ TeopuH o6blKHoBeuHi,lx AuS$epeHll.t la.nb'
r r r , rx  ypaaHenuf t .

Cne(Ha,lnctoB i\4oxer He yAoB,'IerBopurb npuHflToe aB'ropoM ItH:
ryHrlrBHoe orucaHr'le HeKoTopbIX noHflTHH U OTAe"'lbHblx IueToAoB'
oAiraKo 6onee crporoe It3JIoxeHUe Heug6exuo IlpHBe,'Io 6u x yc'noxHe-
rurro KH14f rr It cy3tl" 'Io Kpyr ee uHtareneii, qro no-Btlalrx{onty He
rlxoAHJro B IIaN{epeHl.re aBropa.

Bonluree Bo3paxeHue lroxer Bbt3Barb orcyrcrBue o6uux pe3yJlb'
raroB o aa.(aqax rr'te Spaeuetrtl i i  c qacrHblMl' l i lpoH3BoAHbl\l l t c ne-
per{eHHbrNILI Ko3Q$tittf ieHTaNlU, BK,t}Oqa9 ypaBHeHl'lt l  Bl' lcull lx nopflA-
rtcln. t{HrareJlb, oAHaKo, .qofl)Ke}I qerxo oco3HaBarb, qro npeA!'IaraeMan
r(Ilr 'rfa r{B,If leTCfl HaIlarbHbII\l KypcoM Teopuli ypaBHeHH14 C qacrHbl}l}l

r lpou3BoAHbInrH. Bonpocut nusefisoti teopuu ypanHeuuii c qacrl{blMll

rrpoH3BoAHbrr\{r.r, He BK,'InqeHHbte aBTopoN,t, Ntoxno Haiirn s JII ' ITeparvpe'
KOTOpafl npHBOIUTCtI B KOHTIe KH[lf l l .

Marepuan KHI{rH IIg./Iox<eH aBToponl c 6o,'tbtuuM llero,4uqccli I l  M
ruacrepcrBol,r. He nce, oAHaKo, oAuHaKoBo yra!'Iocb eli ' ly' 14 Btll l l la-
re.nrHrti i qr{rareJlb o6uapyxur 3ro, HanpI4Mep, npH }l3yqenl' lu IIpHH'
r(rJna Anai\{enn, c$epuqecKlrx BoJIH H Hexoropblx /lpylux Mecr I*l14rH.

Het comueHuR, r{ro npeA,'IaraeMafl KHtlra C' Oapnoy rtafiret
I{HTATCT'I HC TOd'IbKO CPCA�T CTYACHTOB II IIH)I{CHCPOB' HO H CPCAH

rrperoAaBareneft, xoropble Nlofyr I\ ' IHoroe noqeplluyrb a xourpernoit
rlreToAttKe trtg.itogeH;.f A O$Optll,leHuff CnequadlbHblx N'IaTeMaTUqeCKItX
K) 'pcoB.

A; n*piitol ua pyccrnii asux, <rMup>, 1985

C. ti. floxoNaee
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nPEAhCJIOBTIE

3a nocne4lrHe uecKoJrbr(o Jrer cyuecrBelrrro yBe.nHqu,'rocb qirc/ro
cTyAeHTOB, Har.rHHar,OUIHX il3yqaTb ypaBHeHHfl C qaCTHbrMlr i lpor.t3BoA_
HblMr{ }ra Mr'raArunx Kypcax. K rorr,ty xe MHorue u3 HVx clieulra,ru-
SHpyrorcrr B raKHx o6.racrsx, rAe HHryHuHrr Bax{Hee uarenaarnqecxofr
crporocrn. I losromy trpl HarrncaHuH srofi xHvrl n crpeN{rr"[cfl co3-
,{arb reKcr, crHMyJrHpyroulrr ir uuryurr] Brroe MbluJreHile qurare,neii 6ea
6o,'rr,urofi, oAHaKo, rrorepr{ l\tareMarnqecxofi crporocru. MoNcro 6tr,rto
6sl, BIraAarr B oAHy xpaiiHocrs, l3rytafarb npeltMer Ha BbrcoKoM
(gilcHJ'lorr - A(', ' tb'r 'a) ypoBlre, i lo rorra, KaK gro c6lrqno 6blnaer,
cjYAcHrul tre 6yAyr 3rrarb, rt ' t '() Ieflatb c rroJyqernrbrrvlH cBeAeHr.rqil,rrr.
,[pyrau xpairrrocru cocrouT B norrrrroM npeue6pexeHuH MareN{ar}rqec-
Kut\tu roltKocrflN{rl, Ho rorAa HH cryAeHTbt, HH Irpc[oAaBareJ]u ue 6y-
Ayr 3Harb, KaK uaAo AeficrBoBarb. f crapa,'rcr uafi.ru pa31r,r1s5r1'
xoMnpo\,rHcc r\rex{Ay 3rlltrH xpaiiuocrnn,Iu.

Kypca .nexquii, xoropuli
KoNlroHosxa MarepnaJra

HE3ABIICI jMbIX IDVI OT

OcrroeHoe BHlrNraHrre yAeJreHO AByr\{ nau6onee BaxHbrM alarlru-
qetKHl\t N{eTOAat\{:_ pa3Ae,rteHHlo nepeMeHHbIX H I.tHTefpaJrbHbtr\{ npe-
o6pasonaHunlr. I4s,raraForcfi H lreKoropbre HecraHAaprHbre pa3.4eJtbr,
TaKile, KaK MeroA MoHre-Kap.no, Bapt4auHoHHoe ltcqrlcd'reHHe, Teopt.tl
yIlpaBJ'IeHuf , reopH.fl rroTeH{HaJra, uHTef paJrbHbre ypaBHeHHfl. 3rO
cBr3ano c rer\r. qro 6o,nlrunHcrBy cryAeHToB npuAercr croJrKHyrbcq
c gTHN,rrd BOnpOCarlrH B npo(ecce yve6u, tr ecJrn oHlt He no3HaKoN,rflTcs
c HHNIH ceiiuac, To BprI JrH KofAa-Hu6yAs safiuyrca ux cncreMarr{-
qecKu\{ H3yqeHHeLI.

3ry xHnry Mo)xHo ucnoJrbsoBarb B KaqecrBe yue6uoro noco6uq
,{Jrg OAHO- fiJrH AByXceN,recrpoBofo Kypca KaK Arrfl HaqHHaioilIr.tx cry-
AeHroB, TaK fl Ar'rfl cryAeHToB crap[rnx K]rpcoB. Or qntare,'iefi rpe-
6yercn 3r{aHHe roJ'rbKo an$sepen uaaJrbHoro H r{HTerpar'rbnoro Hcq}rcJre-
HHr H o6lrxHoseHHbrx 4nQ$epeHqr-raJrbHbrx ypanHeuufi. Marepuan
6onrujHHcrsa .nextlufi il3,'raraercfl 3a oAHo-.qBa galflTLrfl.. Trnuqgufi
oAHoceMecrpoeuii xypc Nro)Ker BKJrnqarb JreKrrHr.r I - 13, l5- 17,
l9-20,  22-23,  25-27,  30-32,  37-39.  Bce 47 nexqHi i  Morxso
JreuKo rrpoqr.rrarb B reqeHr.re ,{Byx cer\,recrpon. l lpu ST0M ocTaHercfl
AOCTaTOqHO BpeMeHH Ar'rf l peueHr.{R SaAatL

Arrop 6.raro4apeu H3Aare,'rbcrBy Wiley 3a npe,uJroxeHHe Hanucarb
Ilru_ly, a raKx{e peueH3eHraM: npo$eccopau Kpncy Poppecy vr
M. Kypu!,ay AnH, cAe.[aBrrr4M pflr noJre3Hbrx saNreqaHufi no-rexcry
KHlrrra. "rlrc6ue npeA.rro>KeHr.rfl rro AaJrbHefiruemy yr'ryqrueHr4ro srofo
yue6uara 6y4yr c 6,raro4apHocrbro npr.tHflrbr, KaK or cryAeHroB,
r,aK H or nperoAasarereii. f l  npuaHareJreH TaKxe !,oporu, CrosaHe,
AnexcaHApy u .II.esH <Dap.noy.

Cres.nu Ax. <Dapnoy

Llocru l. BBE.QEHHE

fierqran I

BBE.qEHhE B TEOPI4IO yPABHEHnn
c r{AcTHblMr4 nPoH3BO[HblMl4

UEnb JIEKIII4I4: IloKa3arl, qr6 rarroe ypaBHer-rrrfl c qacrlrblMn
Irpott3BoAHbrMH, rAe Ir KaK oHl.l Bo3r{uKaloT Il KaK peualoTcfl.

Kparxo o6cy4url cnoco6n xnaccu$nxauul{ ypaBHeHuii u npu-
Becru rrepeqerrb ocHoBHbrx roHqrufi, roropue 6yayr no4po6uo
rrsyqaTbcfl B nocJlelyrcrqHx JreKr{Hflx.

Eo"ti lrxuHcrao rlusuuecKux flBd'reuHfi e raxux o6.racrrx, xaK AIr-
IIaMr{Ka XIIAKOCTII, 3,'reKTpUqeCTBO H MafHeTH3M, MeXaHI.{Ka, OITI{KA,
TerJrolepeAaqa, Mof!'T, Boo6[le roBopfl, 6rrrr, onucaHbr c noMoxlbK,
ypanHeuNil c qacrHbrMu npor{sBoAHbruu (VHI1). Eo,nrruuncrBo ypaBHe-
rruli NlarenatH,recxofi Qusuxu-:ro )'paBHerrna c qacrHbrMu rrporr3-
BollHbrMH. llpan4a, npH HeKoropbrx ynpoualotr1ax npeArro,roxeHr.rnx
:-rrrr ypaBHer{urr cBoAflTcq x o6rrxuoBeHuL,rM 4u$QepeHuHa,'rbHblM ypaB-
I{e}{HflM, OAHaKO nOJrHOe OrIr4CaHUe TaKHX ClrCTeM HeMHHyeMO nputrO-
Aur K xcroJrb3oBaHr.ito ypaBHerrufi c qacrHr,rlul npor.r3BoAHbrMI{.

Hro raxoe ypaBHeHHc c qacrHbrMrr npo[3BoAHbrM]r?

Vpanuenue c qacrrrbrMrr npoH3BoAHbrMH-aro ypaBHeHtre, coAep-
>xau1ee qacrHble [porr3BoAHb]e. B ornuque or o6trxHoBeHHbrx LHS$e-
peHqr.ra,rrbHbrx ypaBHeHuir (O!,V), B Koropbrx Her.r3BecrHafl QyHxuur
3aBl.rcrrr ro,'IbKo or o}uort nepeneuuort, B ypaBHeHr{ffx c qacrHbrMr{
rrpoH3BoAHbrMH r{ex3Becrnan QyHxqvrfl saB:lrcrT or HecKo,qbKux nepe-
r\{enHblx (Hanpuuep, reMrleparypa u(x, l) saeucur or KoopAr.rHarbr .r
u epeueuu- l ) .

f lpxseAeM rerlepb HeKoropbre uau6onee BaxHbre ypaBHeHHfl c qacr-
HbrMr.r rtpot{gBoAHbrrrall.,II,nr ynpoqeHfifl gaIIHcr{ 6y4enr ucnoJrb3oBarb
cJIeAyi<lrrlHe o6os H a.{eur.rq

du 0u 02u
, l : -  t l  : -  t t  : -* t -  

d l  ,  - , t - 1 x t  ^ ) c ) t - d x ? t

f lpe4,raraeuafi KHfira Bo3HHKJra Ha ocHoBe
I qltTa.l B 'IeqeHrre nocJIeAHHX nr]Trt , ' IeT.
He flBr'rflercfl o6qenpHuarol"r-pro 47 uoqru
Apy ra , l exuu r i .

' i
' i

, I
i . l ,
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Hexotoplre ypaBHeltLtr  c qacrHbrN{}t  npon3uoArlbt i \ t t t

l l t=Un)c

ut: t t lc)c+ l t t tv
l l

u , ,  + ;  u , + ;  u 6 1 1 : O

11  1  1 -  l l  * ,  * '  t . , , ,  *  t t  r "

l t  I  t :  l l x x  1 : ' " t t r . l - f l t t

(o4nonaep uoe yp a B Heu ue renr'tolt p oBoAnocrit ),
(gnyuepHoe ypaBHeHue renJlonpoBoAuocrir),

(ypaoneur.re J\antaca B noJlflpHbIx KoopAu'
HaTax),

( rpexuepuoe BoJI I toBoe ypanl teut te) ,

(re.nerparf Hoe ypaBIIeHue).

3aueqaunq K npI4BeAeHHbtt \ t  npul lepaN.{

Bo scex npHBeAeHHbtx ltp]rMepax Hel{3BecrHar SyHxulrrl ,/ 3aBllcllr
6onee qew or oAsoft neper,teuuoil. flepeueHnan a (xoropyo lru Au$'
tlepeuunpyeu) Haaunaerctt 3aBl{cl{Mofi nepeueHHoii, l lepeueHHbte, no
XOTOpbTM IrpoltCXOAHT 4H(ptpepeHUUpOBaHIIe, HasblBaIoTcfl He3aBtlgllMbtMl{
nepeMeHHbrNtn. Hanpttuep, B ypaBHeHIII{,

u t :  u  * *

3:lyrclrMarr f lepeMeHgafl u(x, t) f lg, 'If iercfl rfyHxuttei r1B)'x Hg3aBt'clt*

r . ;brx nepelreHHbtx . r  u  t ;  a  B ypaBHel l l l l l

u t :u , r+ l  u , * ) r . u , , , ,

r i r rpeMeHHat u(r ,  0 ,  / )  saet tc t t r  or  r ,  0 ,  l .

flo.1eruy Heo6xo1t{Mo tl3y'{arb ypaBHeHHs
c qacTHblMI{  npon3BoAHblMI ' I?

Eo,rruuucrno SnsnuecKux 3aKoHoB npt,tpo.qu i\ loxHo c$oprr'ty"'t l t-
pOBaTb ga ff3btKe ypanneHttfi c qacTHbIMLl.npoll3BoAHblMH. B Kaqecrse
npgrurepon MS)KHO npltBecTtt y_p-aBHeHI1u^ MaxcBe,lf ia, 3aKOH ten.noo6-
lrbua HsrcroHa, ypaBHeHttn Hasse-Ctoxca, y,paBHerltrt ABHXeHHtl
HsrcroHa, ypanH6rine [I lp64uHrepa B KBaHrosofi  ̂ ,{exaHllKe. Bo Bcex
grHx ypaBHeHHflx cpusuuecxue flB,'IeHI' lt l  onHcblBalorcfl Ha R3blKe npo-

CTp aHCT BeHH bt x l{ BpeMeHu fi x n pOnS sO.[,H blx. [I p ott SOOAHUIe n Ofl B JIfl IOrCti

B ypaBHeHutlx noToMy' t lro oIIH onHcbltsaor Ba)KHefiI l i I4e Qusuuecrne
BeJ'u4rIHHbt (faxUe, KaX CKopOCTb, yCKOpeHlre, CH,'la, TpeHHe' IIOToK'
ToK H T. A.). Taxltu o6pasou, Bo3HHKaor ypaBHeHl4fl G qacrHblMll

npor.r3BoAnbIMn, coAep)Katuue HeH3BecrHyto Syttt<ul'lto' KOTopylo He'

o6xoAuuo ottpeJLeJIHrb.
[enn eroft KHHrH cocrouT B ToM' qro6bl noKa3arb qHTareJIa:

l. Kax $ueruecxyto 3aAaqy cQopMy,'IHpoBarb B BHAe ..ypaBueuuff
C'taCTHbIMLt npOuenolHltl ' t l l  (nOCrpOeHne IUaTeMaTHtIeCXOft ntOAenU).

I lexqrn l .  BeeAeHhe a reopr.no YLl f l I

2. Kax peulrrb ypaBHeHIIe c qacrHbril l tt npol{3BoAHbIMH
lraqa,'rbHbrx rr rpaHuqHblx yc.nonHfi).

f lpex,te qeM rtpucrynHTb K nocrpoe]Il l to MareMaruqecxHx
ocraHoBHMcrr BKparqe Ha MeroAax peIUeHIlf l ypanueunli c
i lporr38oAHbrMU.

(c yuerolr

MOAeJIefi,
qACTHbIMII

Kax peruarb ypaBHeHufl  c qacrHbtMlt  npoI43BoAHHMH?

3ro- xopouruft Bonpoc. OxagHsaercn, cyqecrByer [e,rufi apceHa,r
rreroAoB, rrpHroAHblx AJrfl npaKTuqecKoro HcnoJlb3oBaHllff. Hau6o,rree
Bax{Hbr Te, B KOTOpbtx ypaBHeHuf c qacTHbIMH npoLISBoAHbIMIi cBo-
,]lrrcfl x o6trxlroseHHblM 4u$Qepeuu[a,lrbHbrM VpaBHeHuflM. l lepevu-
c,rr.rM r,ecflTb [reroAoB pemeHlrr ypaeHeHafi c qacrHblMu npougBoA-
I Ib IMI , I :

l. I4emo1 pasleneuun nepe.ueHHbrx. VpanneHue c qacrubrr\'ru npo-
llgBoaHbIN,lH c /r He3aBHclrMbrl,rrr nepe\,reHHbrMl.r cBo,qtrrcfl x n o6uxuo-
ReliHbrM 4H${repenutiaJlbHblN,r ypanHeuunu r).

2. Memod uHmeepanbHotx npeo6pasoeauuii. Vpanneuue c qacrHbrMrr
npor.r3BoAHbrun c n HeSaBHcnMbII\,ru [epeMeHHbIMI{ cBoAr.rTcfl K ypaB-
lrelrurc c qacrubrNlH npolr3BoAHHvu c (n-l) HesaeucuMbrMr.r f iepeN,reH-
lrbr\{h: c,leAoBaTe.rlbHo, ypaBHeHHe c qacTHblruH npou3BoAHbIrux c ltsYYfl
rre3aBHcHl\rbrMfi nepeMeHHblMr.r Mo}KHo cBecTr{ K oobIKr{oBeHHoMy A}rrp-
rpepenquanlHoMy ypaBHeulno 2).

3. Memol npeodpasoeauun rcoop1uuant. tr4cxoAsoe ypaBHenr{e
c qacrHbrMrr npoHsBoAHbrr\{H cBoAHTcn K o6r,rKHoBeHHoMy auSSepeuun-
arrbHoN{y ypaBHeHur.o HJnl K ApyroMy, 6onee npocroMy ypaBHeHHp
c qacrHbrrvru npon3BoAHbrMu c ttoN{oulbr.o coorBercrByroqero npeo6pa-
3oBalrfirr KoopAuHar (Hanpunep, [oBopora Koop.qrrHarHux oceii u r. n.)

4. Il peodpaso*aHue saeucutwoti nepeuenuort. tr4cxoAnoe ypaBlreHrre
c r{acrHbrNrH rrpou3BoAHbrMH npeo6paayercn K raKoMy ypaBHeHnio
c qacrnbrMu nporr3BoAHbrN'{H Arr Apyrofi HeussecrHofi QyHrquu, xo-
'ropoe peuaercfl Jrerqe, ueu ucxo;1uoe3).

5. Vucnenuorc ,uemo)ot l4cxoAuoe ypaBHeHHe c qacrHbn\,ru ilpou3-
BoAlrbIN,nr cBoAHTcr K cr.rcreMe pa3HocrHbtx 1'paeHeuufi, Koroparr pe-
rxaercfl NreroAoM urepauuri Ha 3BM. Bo ruHorux c,'ryqaflx-gro eAHH-
crnessnfi cnoco6 peuHrb ypaBHeHue c qacrHbrMu npoH3BoAHbrMH.
I(poue pa3Hocrnblx r\{eroAoB peueHHR ypanHenr.rft c qacrHbrM}r npo-

l) 3ro a cxyqae noJHoro pa3Ae,TeHHq rrepelrer.rHbrx. flpu uacruulroru pa3Aere-
HHH nepeNreHHbrx oAHo ypaBHeHHe c qacrHbrMH npor.t3BoAHliMr.r cBoAr.rrcfl
K HeCKOJIbKT-IM ypaBHeHfiqM C qaCTHbIMr.r npor.r3BoAHblMr.t c MeHbIIrrM quc,ToM
lre3aBHcur\tbrx nepeMeHHblx,- I f  puu, pe}.

,) 3ro s cayqae oAHoMepHofo l{Hrefpa,lbHofo npeo6pasosauux. B c,ry.rae
ft.lrepuoro sllrerpa!'rbHoro npeo6pasoeanHq Vrl|I c n He3aBacHMbrMrr nepe-
il,reHHbIMI.t cBo.[lrrcfl K ypaBHeHIrIo c qacrnbu\lr.t npoH3BoAHbrMH c n-fr Heea-
Br.rcr.{MF,rMu nepeMeHubrnu. - II pun. pel.

3) 3$OeKrr4BHei npurureHxrn o6l1ue ripeo6pasoeaHfiq HesaBrlcuMbtx r.r saBircu.
Mr,rx [epeMeHnblx, BK,rrrcqas npongBoAHbre. -IIpun. pe1,

ilL



I U Yacru 1.  BseAeHue f lexr-r ,na 1.  Eeegenue e reopnrc YVf l 1 1

I t3B0.' iHblNIu cyuecTBYtoT i l  l lpytt{e qrrc. lef lHLIe l tcToi lbl ,  B lol{ t i l lc 'r i ()

I I  ( ) r ' ; lOBa l lHb le  I Ia  a11npoKc l . lN ' la i { l l l l  peueHl {R [o" l l l l l o t l l l a ' l l , i l b l \ ' l l l  I l t l -

Bep.\ irocrr{Mu (annpoxcut\ ' lat{t t t l  cn' lai inauH)- 
6. Memod ffrcopuu eosnyupuu,t i .  14.cxoAHaq nenrrHeiirrzr i t  i ialaqa

CBO.\HTCfl K IIOC/'te.4oBaT'e.[bl{OC'l ' t l  f l I I f lei i i lLtX 3aAaq, aI1npOI{CIlnl l i l , ] ' ] ' lO-

ulr.r x Hed'nlFleftltyto :la;1auy 1).

7. Memod 
'rfrguxu,uti" 

f 'ptrua. I laqa.nr,rr lre i l  r 'pi i rr irrJrrbre vc.rroltHfl

3a l teHf l1OTCt t  C l tCte l to t i  npOClc i i t t t t t r  I ICTOt l l l l l l i oL ] ,  l l : j 3 , ) l l l ' i i i  pe t IJaeT( r t l

A , r r f l  Ka lK l lo ro  lpocrc i i tne lc l  t rc loq t r r rxa .  l io , , i t toe  per t tc l t t t { - - . .  t rcxo i {u rx i

3 a 1 a t { H I I o J ' I } t q a e . r c ' l B p e 3 y . n I , T a . l . c c \ l N l r l I l p 0 B a l l l l ' t p e I l I c I I l l i i . l \ . l i ' ] 3 . l l e -
I\ leHTaP II t , lX I lcTOt{ l{ l ' l l {OB.

B. '  Mcnrc |  t tH i lTe i la rzbHbt -y  t l l tacueur t i t .  ) 'panr rer r r rc  c .  t i z lc lHbr [ i t l

11por,t3Bo!.HbrMt{ cBoArrTcr] i i  t iHTerparrbHoMy ypaBHeHflro (\ '1lalr l :eulte,

R KOTOpolr{ Hefi3BeCTIJafl  t l j } 'gr ir iul t  c ' Iol lT no,1 3HaxOrt t l t tr .erpa"ra) '

Cy{ecreyer NIII6;O pa3.I i l4qHblx i \ , leTO;lOB peluetl l ! t l  I IHTefpa.u, l l l r lX -\ 'paB-
HeHI.lll.

9. Bapua4uott{bre uemo)at. Bmecro ypaBHeluln c qacrHbrl lrr  nl l( ]-

I{3BOAI{1,1r\, lq peua€:Tcg leKOTOpafl SAdAtta i luHulu3otl  l1l .  ol . ;asi"taaeTCfl,

uro lpyuxqun, AocTaB,rrf11-11llari I,rHHt,ttlyNr gel{oTopoNiY Bblpa)'xeHllt1;

(.rHna no.nuoti  :Hepruu cuctevlr),  rrBr' i f lerctt  B To ) l ie Bpeil l f l  pel i iel{ l lel ' {

IrcxoAHolo ypaBI{eHHfl C r lacTHblxltr  npi) l l3BoA}IblNl l t ' ,

10. Membd pa3io't€Hltfl rto to(tcnrceuutt,+t (tywx4unil. Peruestte

ypaBl{eHUfl c '{acTHbIMI, l  I lpgl l3BoAI]bl[ ,1I]  l lueTc' l  B BIIAe pn1,a no ca6-

cnrcettuotu sgnrcqunn. 3rn co6crseHHtre $y'uxunH HaxoAtlTcfl KilK

peueHgfi TaK ga:l teaeuoil  SaAaqH Ha co6creeuHlre 3rlaqeIII I f i ,  COOT-

BeTCTByIoqeti  l tcxoAsoli  3aAaqe A,1f ypaBHeHItt{ C qaCTHblMIl I Ipol l :JBo4-

I. IbIMH.

TrsnH ypaBHeHI , I f i  c ' { ac rHb lMH npoHsBoAHt lM I ' l

vpanHeaun c qacTHbrMfi n por43BoAHbr['rH N{O)Kl{o x,naccusnuHpoBarb

,rro MHOrr.rM np!{3HaKaM. I(,naccrzQHxautrq ypaBHeusli naxsa [oToMy,
qTO, KaK OKa3ar,IOCb, AJItt KaXAOTO K!'IaCCa C)'il{eCTByeT CBotl O6U{an

TeopHfl I4 MeTOAbl peuleHHtl ypaBHeHUI{.'Mu 
np"ne4eM 3Aecb [IeCTb oCHoBI{blx I\{eTOAOB X,'Iaccl{$l{Katl.t{fi

vpasHeHHI l .
l .  nopadorc l lpasHeHufl,  f lopn{xou ypaBHellr{r Ha3blBaercf l  l ldl ' -

eo,ctiiuti iopn1orc" uacmHbLx npouieodnou, BxoAqr{ttx B ypaBHeuHe. Ha-

npHi\{ep,

r) Touuee,.. sro MeroA
i{yueHHI( COAep)KHT
jlas H3 KOrOpbIx B
II putit. pe1.

d'rr4HeaDfi3auttn se,luuefiHulx gaAaq. O6utag reopltR Boj-
lrnefi"yto u ne,nuHetiHyto reopHH .. eosuyuteHnii '  Tu*'-

ceoto oqepeAu 6ltaaer peryJ'InpuoH !l cuHry,tnpuol'r' -

2. rluctto nelit.t4eHHbt.y. Qlrc,nol,r neper\relrubrx rra3brBaer{tt ' ! i tc.4a
I t c :Je(iu c Lt.nbt x n e p e il e rr ilal.r. Ha n plr ltrep,

tt1,-,,- 11.r" (ypanueHne c ,nByr\{ff rrepeN{eHtrbrN{tr x u t),
. I -. I ,,..^ (ypanueuue c rpe\lf l rrepel,IenHbrl",ru ,",I t  t  u  r r  *  7 u r  . l  - -= uno 

0r  i ,  
' ; ; . ' "

3. "Auuetiuacllta. VpanueHrrfl c qacrHbt\,rH rpor.r3BoliHr:tNut 6r,iealot
nr tueiuatnu pt  He, luuei iuat .ut t .  B, ruHei iur , re ypaBueHl i f l  3aBlrcnr , raf l
repeNreHHafl r{ Bce ee sacrFrble npon3Boarlbre BxoAnr , ' l lrrreiintrrr o6pa-
:loN.r, B qacTHocTlr oti lr lre ytrHo;.KaloTcfl apyf Ha Ipyra, lre Bo3Bo-
/tarcrr B KBaApar lr r. n.). Eo,ree roqHo, .nrnefiHuu ypaBHeHr.teM
lrToporo fiopc,qKa c ,qBylrf ]te3aBr.tct4MbrMr.r nepeMeHHbtMt4 Ha:lL,tBaeTcR
vpaBlleHrle BltAa

( l . l )

lt le l, B, C, D, E, F v A-rcoHcmaHmu rr, 'rr4 3aAaHHste eyurctquu
ue:laBrtcltr\ 'rbIx nepe\reHltr,r,\ .t u y. Halpltn,tep,

tt 11 -: e- t s." , f s in / (,nu tteii Hoe ypaeHeHue),

ttu *, I l tt :0 (He.luHefiHoe ypanHeuue),

ur_"*gLt , ,u :0 ( .nuHei iuoe ypaeHeHue),

xu r *  yuu* t t z  -0  (He , ruue f i uoe  ypanueuue ) .

4. A)uopolHocmb. 
. VpaaueHne (l. l) HasbrBaercfl oAHopoAHbrM,

ccJrlr i lpaBar_ qacrb u(-r, !/) T.oxAecrBeHHo paBHa HyJrro AJrrr Bcex ,f,
n y, Ecnv, G (x, A) He paBHa roxAecrBeHHo Hyr'rrot ro ypaBneHue
ilasr)IBaeTcfl HeOAHOpO.qHblM.

5. Budot rcosQQu4ueumoe. Ec,nu xoe$QHrlr.renrsr A, B, C, D, E u F
ypaBHeHr.rrr (1.1) nocroflHHbr, ro ypaBHeHr.re Ha3brBaercn UpanHeHue,t
c noctnoflHHot,utt xosQfuuqueHmaltu (n nporunHoNr cryqae ypaBHeHlreM
c nepeMeHnnrun xoa$$uquenranav).

6. Tpu ocHooHbtx muna ,zuuetiuotx gpaeuenudL. Bce nuseftHue.
ypaBHeHrrrr e qacruul', l lz npouaBoAHbrNrri Broporo nopflAKa Br{Aa (1.i)
r)]'HocflTcr{ r( OAHOrvty H3 Tpex T}trroB: a) napa6o;rHuecKr{fi, 6) runep-
6o,rilqecxlrit, a) a.rl.tunru,recxait.

Ilapa6onuuecrcuil mun. VpanHeHnn napa6onnuecKoro rllna onnc],r-
Baror npo[eccbr renJronpoBo.4Hocru u ,qu$$ysuu u onpeAeJrr]orce
ycf loBueM B2-4AC:0.

f u ne pflonttue c rc,uft nutn. VpatHexnn rxnep6o,nnuerroro ?nna o[].rcbr-

cnetlH a.ll bHl,lM 3aAa q aM, vro o6ycloa,reH o cyuecr-

eupaxeHuf i  -Qyuxt lnoHa,noa AJ' I f l  3r t lx  3ar,aq.-

t l s : 1 1 , ,

l l 1 : 1 1 ,

U ,  - -  t t l !  r _ r ,  f  s i t t  X

(ypanrrer l re Broporo nopnAxa),

(ypaeueuue nepBofo noplgxa) ,

(ypanueuue rpe ' rbero nopn,axa) .

2) 9rlr ueronst npuMeHl4Mbl K
BOBaHUeM COOTBeTCTByIOUI,I'I X

II puu, pe|.

i
, l t

[,[i[
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1 2 9ac rs  l .  BeeAeHHe

Sanr XO,'ie6aTe,'tbltble CIICTeMF,I ll BOJIHOBbIe ABIIX{eHllfl ll OrlpeAentlIOTCfl

vc,roBHeM 82- 4AC > 0." 
3 nnunmuqeCrcuti mUn. V panneHxfl sJlJII{nTHqeCKOrO TH na on lt6blnaloT

ycTarroBlrBrriHecfl rrpo[eccbr fi onpeAenrrr,oTcl yc,'roBueril 82 - 4AC < O.

[1pniuepu
(rr apa6o,rHvecKoe),
(ntnep6o;tttuecKoe),
( runep6ont tvecKoe),
(3.[.rrHnTrr qecKoe),
3, ' rJr l tnr r tqecKoe t tPl l  Y ) '0 ,
napa6o,'tuuecKoe nPtl U ':0-,

r r rnep6o.rnrqecKoe nPu U <0.

(B c,ryuae rteperleHHblx xoaQ$ultuet{ToB rHtl ypaBHell}lt l  Nlo}Ker

ITs\{CHffTbCff  OT TOqKII  K TOqKC.)

SAMEqAHHN

l . B o6ulervr cJlyqae Ber'tuqui{a B'�*4AC flBJlflerctl. Qgttrcqueft ueza'

Br.ICHr\{btX nepeMegHbtx. CneAoeateJIbHO, OCIJOBHOiI Tiln ypaBHeHlttl

N{o>Ker }r3MeHtrrbctt e o6,'Iac1H onpeAe,'IeHHf )'paBHeHI'Ifl' xorff 3To

n He o6ssare,'tbHo.
B ypanHeuilu (l. l) He3aBtrctrN,rblN{fi nepel\{eHHbrNrl4 tlBrTtl}oTcn x u a.

Bo-nrnorux gaAaqax oAHofi t l3 AByx He3aBllcllNlbix nepeMeIIHbIX

flB.rrrrercfl Bpe\,lf l  I ' l  ypaBHeHlle (1.1) Mox{Ho 3anHcarb uepes r u l '

tluneinocno

I!r;s lox

aud KoeQQu4ueHn06
(dn nuHetlHdx'

0dtlopodnocno
(dn nugeuuux

fucno nepeueflnutx

Tun

, i .  H a  p u c .  l . l .
ypaeueuufi c

3AAAIIH

InpeAcraBJlewa xnaccttSuKaLtuoHHan 1uaepauaa lnn
qacTHbrMLr npo[3BoAHblMH.

a \  u , - - u - - .  B ' - 4 A C : 0
6 \  u ' , , : t i ) , ,  3 z - l l Q : 4
s i  a : " : O , -  3 z - ! 1 l Q : l
r )  l * "  * u , , , , : 0 ,  8 2 - 4 A C  -  - 4

(
A )  a u * , * u 1 , , , : 0 ,  B t *  4 A C :  - 4 U  

1

flpore4ure rnaccasurauuto c,'IeAyaIqI{x ypanHeHufi no BceM
rpHsHaKaNr, yKa3aHHbil \ {  B AHafpaN{l \{e Ha pnc. I ' l :
a )  u 1 : u * r + 2 u * + t , t ,
6 )  u r : u . " { e - t ,
B) u r* * 3u r,, * ur,,.: sin x,
r )  u 1 r : u u r l * ! e - 1 .
Ci<o"riixo cyiii'ecrnyer peu-reHltii ypaB.t{eHHfl tts:tt16,? llonr'lralirecr
uaf iru peuenltr  BVAa u(x, l ) :?a'Y*ot.
Ecnu QyHxurzu ur(x, t) u ur(x, t) yAoB,'IerBopflIor- ypaBuenlllo
(l.l), io yAoBaerBbprer ,'tu eN,ty cyN'IMa:rux $yurunfi? .II.oraxure.
BepORrUo, cat\{oe npOcTOe ypaBHeHHe C qaCTHblMll npOH3BOr' l I{bINI}I

' IMCET BHA
a,!e_ al  _0.

,\'loxere JrH Bbr pelxn'tb 3ro ypaBHeurae? (Hafiallre Bce Qyuxutll't,
r{oropble yIoBJIeTBOptlloT srolly ypanueHnn.)
uro ssr Moxere cKa3arb o6 ypanueHnn

02u (x, Y)-Af6- :vr

Iloxere ,'rH Bbr satrru Bce peIxeHIIs gToro ypaBHegnfl? Cro.nlxo
lux? CpaouHre c qHcJIoM peueHufi o6blxHoBeHHoro ,uuQ$epeHuu-
ar'rbHoro ypaBHeHLIfl

d'a n
i 7 : ' '

2.

i
l . l

.[[h

Pl4C. l . l .  Tjuarpaur,ra 6,raccn@Hxaquu ypaeHenurl c qacrHtlMlr npoH3BoAHttM['



Lfocru 2. fll4OOy3l/OHHblE 3A'qALlkl

Ilercqr,ra 2

3A.qAqh AklOOv3l4OHHOrO THnA
(nAPAsOn ilqECKl4E vPABHEHtAfrI

UEJIb JIEKt lh l ' I :  I loxasaru,  l (a l {  I lcno.r l ,3yto ' fcR napa6o-
JrHqecr(ue ypaBHeHLIfl t lpu pelxeHlll l  3aAaq ' l ellJIorl poBOAHocl't l
n  ;1u$$veuu.  f lpuno4urcf l  HecKoJIbKo npnMepon napa6o. l r rqecl i l {x
ypaeiri:uuit u pas:sacnaercn Suauvecxttl i  cMbIcJI pa:. ' inuttulr
q"'IeHoB (ur, tt{ uffi t l  Lt), BXOATIUIHX B 3TI'I ypaBHeHl{tl.

Ha xoHxperHor\4 IlpHlirepe paccMarpttBaerct ocHoBltatl Hr' letl
c.tteaauuoii iadaqu gia napalo,nflqecKoro ypaBFIeIII{fl. OAHa Hs
r,'raBHbrx ueJrefi AasHofi ,IeKIIIIH-Aarb qufare,rlrc IIHTyIITHBHOe
rroHr{NraHHe napa6onuvecK[x 3aAaq.

Haqsertr c paccN'rorpeHl4n npocron $a:ttuecxofr 3a1aqr Il roii; l-
>r(eM, KaK oi{a i\,Iox(eT' 6url onucaga flocpeAcrBox{ N{arel{arflqecl;i-ri i
I\roAe.rIH, coAepxaueil ypaeHetlue c qacTHblMII t lpol' l3BoAHblMH'

3arent [{bl yc./Ioxnt{M 3a!,aqy 14 rloKa)Keh'l, I(aK HoBble Qttsuuecxue
yc,'roBufl nprrBoArr K HoBbIM 4u$Sepeuuua/tbHblM ypaBlleHaflM c qacr-

Hbrr\, l11 npol{3Bo!,Hirlrylg. vpaeHeunn c qacTHbIl\IU npog3BSAHF,Ihlrl
g eTofi ,'reKil.fiH He BblBoAtlrcfl ll He peuaiorcfl. MsI safiMeN{ctl 3TII['I
no3)Ke.

llpocrofi eKcnepl{MeHr no renJtonpoBo1Hocrt'l

flpegno.rroxprN'r, qro N'rbI npoBoAltnu npocroii 3KcnepnMeHr, I(oro-

trrnfi paa6u,rn Ha cr'IeAyloulile uarl{:

UIA| l. Eepenr Aocraroquo A.tuHsnfi (cxaxem, L:2xr) creplxei{t
(crax<eru, ueAuull) 2 cM s AuaMerpe, y Koloporo 6oKoean noBepx-
nocrs (Ho He xoHuu) TerlJIoH3or'ILrpoBaHa. Bmecro crepxHfl Moxlto
6uno 6u ucrroJlb3oBarb I\{eAHyIo rpy6xy, noKpblrylo cHapy}KI'I H H3-
H yr plr Ka r{ oI? -H r.r6yAb ren JIot4 3o.rts l{u efr .

Apyruult cJIoBa\,IH, TenJIo Mox{er nporel(arb ro,'Ibl(o qepe3 nnpuPt
cTep)KFrrr u He r\,roxeT [poreKaTb qepe3 ero 6oroeyo noBepxHocrti,

. IIIA| 2. f louecruM renepb oror crepxenb B ycrpoftcrno c Hexo-
ropofi $lrxcupoeaHHoft renineparypofi 7o (rpa4ycon C; Ha Aocra'
TOTIHO AOJIIOC BPCM'I, TAI(.gTO TCMIICPATYPA BHYTPI4 CTCP}KH'I CTAHET

Jlexr4rr 2, 3aAaqx AXS+y3roHHoro rr4na '15

r,:rit)ff x€, KaK rr reMleparvpa ycrpoficrsa. ff,nn flpocrorbr 6yaeu
,  r i l r ' r 'arbr  t r r ro rer \ {neparypa ycrpof icraa ?o:100c.

XIIA| 3. BnraulHu crepxeub rr3 Hanero ycrpoficraa B HeKoro-
g i , i i i  r t i roueur BpeNrer{n,  xo ' ropuf t  yAo6Ho Bsf l rb sa uynenof i  t :0 ,  n
lrl)rrcoeArrHHr\r K rre\ry c KoHuoB ABa mep)14o3/tehleHma. 3aAaqa erltx
,.rrcrr€HToB - noAAeplKHBaTb Ha KOHrlax sut<cz ponaHHbre TeN4nepaTypbl
l ' ,  n  T ,  ( r yc r r ,  Hanpxn rep ,  ? r :0o  C ,  u  T r :50 'C ) .  Apy ruvu r  c " ro -
|l l \ru, ABa TepNrocTaTa rrocToflHHo KoHrpod'rr-rpyFoT TeMneparypy Ha
r. : ( ) l r i tax c ' tepxf i In ,  H,  ecJIH Te[{neparypa oTI(JroHaeTcf l  oT I iPennncan-
rri,rx guaqeHuti T, v Tr, NrontHble HarpeBaloqxe llr 'r[ oxJla]KAaroune
'). ' ;eNreHrbr (ycrpoficrna) npuxoanr B AeficrBue Ar'tn coorBercrnynruefi
r i r )ppeKuurr  Te\rneparypu.  F{au 3KcnepuNIeI I r  H, ' IJ I Iocrpr lpyer  puc.  2.1.

"lii,',!:{xii,'i;,If '#!il!,'"**
Pl'lC. 2.1. Cxeua excnepuMenra: a-repMoaJreMenr, xoropuri no.fiepxuBa€r 3altd[.
ryrc TeMneparypy 7r Ha .[eBoM Kouue crepxHn; 6-repuoa,reueHr, xoropufi nog.
repx{uBaer ga,(a}lHy}o reMneparypy 72 na npanou xoHqe crep}KHq.

ruAf 4. Tenepr ilrbr npocJreAnr\r sa npoQuleu reMneparypbr
B crepxHe "c 

nouonltro HeKoroporo ycrpoficrna Bn3yarxu3aqr.lpr. flo
,reNry Mbt xorr{M ocyqecrBurb trMeHHo rarofi eKcrrepr{MeHr? 3ro yNe
Apyrofi Bonpoc H Mbr floroBopal,r o6 3roNr nosr{e.

Ha eroM l\roxHo gaKoHqHTb onucaHue Ha[Iero oKcnepHMeHTa.
fnaeHaq rleJrb srofi Jrexuulr - [oKa3arb, r{aK era $usruecxar

3a,{a!Ia n ee uo4a$uKaqrn Moryr 6url euoAeJrr{poBaHbr Ha figbrxe
napa6onnuecrHx ypanueuuft.

enaquampaoe

t,ltL
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1 6 Hac rs  2 .  AH+Qy3hoHHbre  3aAaqh

lVlamenamuqecrc&n Jvodenb mennonposodnocma

Onncauue lraureii $usrrvecxor? Baraqu rpe6yel rpex runoB coor-
rroureHuii.

L U paeneuun c qactnHut4u t'tpousoolutl rrl, onlrcbrBalouero +rr3u-
qecKoe f BJreHHe Ten.[orrpoBoAHOCTr.r.

2. I'pauurtutlx gcttocuit, onncbrBalolqux npotlecctt ren,noo6l'teHa IIa
rparrrruax.

3, Ha,aa,loutttx gc'loettfi, onttctlBaolqnx cocrotlHI.Ie cficrel\{tI B I{a-
qa,'Ie npo[ecca.

VpanueH ue ren,ronpoBo,(Hocrrt
OcHoeH oe o d uo nte p uoe y p aBHeHHe reil"Ton poBoAHocru sa II l{cblBaerc tl

B BI{AC

(2 .1 )

3ro ypanueHHe cBf3brBaer r\,{exAy co6oft ne,luuuny
ut*cKopocmb u3J'4eHeHun reluneparypbl Bo BpeNeHt'l (143Mepflerctl

B rpaA/c)
H BCTI4I{IHY

uxx*aoe*llnxocrnb reMneparypuoro npoQunn u(x, ll (xoropan cny-
xur nepoii or;ruqiln reMneparypbl B AaHI{oft roqne or rel\{re-
parypbr B coceAl-lux roqKax).
a

PVIC. 2.2.  Crpe, lxava noKa3ar lo H3MeHettr te reMnepar) 'pbl  B
HeHHeM i l t :@2l lxx.

c ypaB-

3ro ypaoHeHlie 6yAer [oJlyqeHo il3 ocuoBHoro llpa'eHe+un coxpa-
Heflun KLllIqecmea menna B cJleAyloulnx JIeKIIIIflX, a CeftUaC 6yAeU
cr{LITaTb eto SaAaHHUu. }rO ypaBHeHlre roBopIIT o roM, llro reMrle-
parypa u (x, t) (e Heroropufi trtoueHr BpeMeI{u I n nexoropofi toqxe ,r

I

, 1 ,
I litrl[

I l t :  a"z l lxx,

u(t,!)-
r r l t +  A t  ] \
4  \ +  J  H * J  a a

u ( r -  A r , t )

Iexr . l rn 2.  3a4aur Ah+Sy3hoHHoro rHna t 7

crepxHa) yBe,'ruqr.rBaercn (u, ) 0) u,rH yN{eribrxaercn (ut 10) r coor-
rlcTcTBuIi c TeN'I, Ilor'IolKl.lTed'tbHa v,nu oTplil{aTer'tbHa BTopafl npoHS-
Bo.lHarr ur*. Puc. 2.2 unnrccrpupyer H3t{eHeHue re\rneparypbr R pas-
.TIIIIIHbIX TOI{KAX CTCD}KHfl .

f locn,torprrHr, KaK Nroxno HHreprrperHpoBarb Berur{i lHy Lt*, Ha
r3brl(e rell 'ronpoBoauocrH. l1pelnonoxtlN,r, qro Ir,rbr annpol(clrNu]pyeM
BeJIHqHHy U{x KOHeitHbIMI,t pa3HocTflr\It l

i l*,(x,l) = # lu U + L.x, t)-2u (x, t) * u (x_�A.x, t)f.

3ro coorso[Jerrue Moxuo [epenacarb B BHAe

-u  (x ,  l ] .

Tenepr, N,loxHo Aarb cJ'reAyloulyrc HHTepnperaqr,rro BerltrruHe uxx.
l. Ecnn re\{neparyp a u (x, l) MeHbure cpeAHero sHarreHHfl TeM-

neparypbr B AByx coceArrr{x rolrKax, To uxx ) 0 (saecl nonHtri i noroK
TeI]r'Ia BAO,IIb OCLI .r nOrOXI.tTe,leH).

2. Ecnu reN,rneparypa tt(x, l) panHa cpeAHeN'ry sHaqeHHFo ret\rre-
paTyp B AByX coceAHHX TOqKaX, To t|xx:0 (.qleCs nOngufi rroToK
Ten,'la BAO/'II: OCH .[; paneU tty,frc),

3. Ec,rn reuneparypa u(x, l) 6o,rrure cpeAHefo 3narreHr.rr rer\{ne-
parypbr B AByx coceAr{rx roqKax, "ro Ltxx ( 0 (gaect rroa'rHbrir noroK
Te[,'Ia BAOr'Ib OCI] .li OTpUUaTe!'IeH).

3ro sce fiJrJrrocrpr.rpyercrr pr.rc. 2.2. npyrux,rn cJroBaNru, ec,'rlr reM-
Ireparypa B ToqKe x 6o,rlue, qexl cpeAHflfl Tervlneparypa B AByx
coceAHHX roqr{ax x*Lx v x+A.r, To Ter\{neparypa B TorrKe x 6ylet
vr\reHbuarbcq. CneAosareJbHo, ToqHatr cKopocrb y\reHbIUeHHg rerufle-
parypbl, a Hr\{eHHo Be,'rrrqr.rHa ur, nponopurroHaJrbHa arofi pasuocrH.
I(o:$Suuueur nponopqt,loHaJrbr{ocrrz &2 onpeAeJrrercn cBoiicrsaN{r.r
Nrarepl{a,'ra. Mtr saiinreN{cs eroli KoHcraHTo!'r 6o,ree noApo6so Ha cne-
A)'IOIu,I,IX ,'reKUI4flX.

fpaununue ycrroBrrfl (fY)

!,.nn nlex $Hsu.recxux saAaq xapai(repHo rrptrcyrcrBr.re HeKoroprix
r paHI.{q, 3uauur, qro6ut ABurarbcfl AaJlblte, Mbt Ao,'IxHbt BK,'IroqHTb
r paHI4ubl B N{aTeMaTuqecKyro ivroAeJrb A.rIn aAeKBaTHoIo OrrHcaHLtfl
rlrneuuecrdii saAar{H. B naureu aKcrrepu\,renre rpaHuqHue yc,ronun (fV)
{)qeHb npocrbr.  I - locronlxy rer\{neparypa Ha KoHqax x:0 n x:L
uce Bp€Mq noAAepxuBaercfl nocrossHoii n paeuoii coorBercrBeHno'f 
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1 B t lac ru  2 .  .qh$(py3hoHHbte  3aAaqt l

Fiaqanuur,re ycJroBun (HY)

Bce rfusutrecNne npoueccbl AoJIlKHbl Har{}lHarbcff n rlexoroputri
Mor\ {eHr BpeMeHn (o6t luuo rpt t t tnMaeMbl i i  sa Hy.neaoh l :01 rax uro
Mbr A9JI>KHF,I 3a,[arb $ueltuecxue ycr'loBtifl B 3ToT Nto1reH'r. llocNo,nlxy
MbI CTaJIH CneAIlTb 3a TeMneparypoit t l loro l\ loNlellTa' KorAa cTep-
>rerr, <r6raAar'I nocror*tuoii reltneparypoil Tn, To rlNreel\l

(2  3) ( H Y )  a ( x , 0 ) = = 7 0 ,  0 ( x ( t

Tenepl r\rbr nocrporl, ' t l t  MareMall tqecKy-lo NloAe'rb 3l(cneptl l ' teHTa.

Cucrer ' ra 'cooruoueur i  i t  (2 .1 ) ,  (2 .2 )  u  (2 .3 )  l lasb l tsaerc t l  c -ueutnuuaf t

eadl.qei l  ;nn ypaBHeH[.tt l  re[JIonpoBoAHocTIt H o6ltqnO 3anllcl lBaeTctl
-B BIIIE

(2.4)

x 1 L , 0 ( l ( o o ,

l ( o o ,

x ( 1 .

I4urepecuo 3Aecb ro, qro coBcel'l He oqeBHAHo: cyqecrByer Jllt

e|uucmaeuxan $gnx4un u(x, t), Koropaa yAoBJlerBoptler ycJIoBlItM
(2.4), u 6yaer "rrz era QyHxuufl onHchlBarb reMneparypy B crepxue?
Taruu o6paaou, nawa 1nu>xafturas sauatta-Hafrru 3Ty eAHHCTBeH-
Hym $ynruurc u(x, t) ns (2.4)'- 

flpexae qeN{ saKorrqHTb 9ry JreKurrro, o6cyAilNr HeKoTopbre BapHa-

Uuul ocuosuoli aa,aa.{u. Ha.IHeM c He6oJlblxllx moAu$HraUuff ypaBue-

H'|fl Te[JrOnpoBoAHocTLI.

Hexoropute ypaBHennfl An$Sy3tloHHoto rnna

Ten,roo6ueu r{epe3 6oNonyn noBepxHocrb
npolopUHOHaJ'IeH pa3HoCTI4 TeMnepaTyp

VpanueHue
u 1 : o L z g " * - F f u - u o )

(Yqi l )  Ht:dzu.xx, 0 <
(  u  f i .  l \ : T(rv) . l  - : ; '  

, : - ;"  0 <
| i l \ L ,  I ) :  t , ,

(HY)  u  ( x ,  0 \ :T  r ,  0  <

oEUCbrBaeT TeUIonpoBOAIIOCTb F CTep)KHe C yqeTOM He TO,IbI{O An$-

St;; renna a"u*" "Aono crepx*', Ho H renno,o6raena qepes 60110-
6yp noBepxuocrb crepx(Htl. Orrox renna (F ) 0) nlu ero npltrolt

tp < Ol nponopu"ootaJleH pa3Flocll Nle)K,[.y reMneparypofi z c'repxun
ti "i*fi.pbtypbit onpy*aiou1efi -cpe,nu zro . (F- nocrosuHuri xoetp$rt'
uneHr npoilopuuoHanuttocrtt). Ec.rru xoa$$filrneHr p nenux no cpaB-

]reHriro "'oo, io noroK TenJIa eAatta emepfieHn 6yAer ua'l rto cpaB]Ie'

I

l r
I tililth

f i e r r r , r r  2 . 3 a f . n : x  s r ; , : p Q y r q o , r n o r o  r H n a  l 9

l l l {)  ( '  no' l{rr(o\{ ut:p" 's 6arcrcuro ttogepxtloctttb t1, creAoBarer' tbt lo, ' renJIo

i ) \ ' . r le r  leqb  uepes 6oxo: ly io  t l { )33pxFroc- r 'b  no  3ar io } rv  u t :  - - f i  ( t t - t to ) ,

t r3  x i r l r r r r . r ,  rAe Be.nr r r rna  i l  r . r rpaer  po . [ t ]  r (o t i l l e l t rpau l r t r ,  ] ' paBI {eHLIe

u 1 - - q z s , r - f l  ( l l - r r o )

r '  i l {aqat : ' f ,  q ro  cKopoc lb  r {3MeHel ru r  l l  r (o ,TnLrecrua  cy6cra I I I I I IH  3a-
r i i r rcur  r (a t (  o r  a l l$$y :nu  a ,2u , ,  (B  l {anpaBJIe i I l tu  oc l {  r ) ,  rax  H or
n()3rrnr iHoBeuun (p {  0) urru paclaAa (0 > 0) cy6crau[uH B xux{uqe-
i ' r<ori  peaxurru I.r  Irponop[HOHar'rbHa pa3lloc'n{ Nle}KAy ABYI\{t l  I(oHil ,eHT'

l) ; luHflr\rH I l  i l  t to,

I l  rrvlpetrirHri r.rcr 'otrnrlr( TcnJa

H eoAnopolnoe ypaBHeHue

u 1 : q z s " r * t  k ,  L )

coorBercrnyer cJryqaro, KorAa BIIyrpI{ crep)KHs ecrb renroBoil ucroq-
rrrrx (pacnonoxesusrfi BAoJIb Bcefo crep)KHtt Li Aeiicreyroull.tii Bo Bce.
r,ioMeHrbr BpeNreHU l). Hanplruep, [,to]r{er 6blr},, qepe3 crepx{eHb rlpo-
xoju.rr npoBo,loKa c 3,leKTpLr{ecKl,tN{ ToKo\,I I4 conpoTHB,'leH}le flBJIfleTcfl
rrocror{HHbrM r.rcrol{Hl,rKor\l ren"rra f (x, t'1 : l(.

VpaaueHHe r (oHBeKTr4BHo i l  AH@y3HH

flpe4nono>xun, qro npH[recb pacflpocrpaHflercn BAor'rb norora,
/(Brr)(yil{erocfl co cKopocrbro u. oqesuAHo, rrro r(oHueH'rpauun u(x, t l
npHhrecr{ n3il{eHtrerct KaK Qyurttult,r ([o,' io)KHTeJIbHoe HanpaB,'IeHHe
oclt x eu6pauo BAoJrb no'rora) u BpeMeHH l. Cxopocrb r.r3MeHeHHr
KoHueurpauuu a1 onpeAe,rffercfl ltpa,BHeHLren KoHBeK,mLtBHoii duQ$gsua

I t t :  &zt lxx- l ) l l t '

(lnaraeuoe e,zLt*, onvcblBaer BK,laA 4ll$$ysua, a uIlx-KoHBeKTuB-
uan Ko\{noHesra. t{ro naxitee, aHQSyeur u,rrH KoHBeI{r{r4fl, gaBHcHT
or orHoueHl{fl sefluqlIH ocz I4 u. Bbr, BepoflTHo, na6nrcAanu 3a Ab[-
r\roN{, rroAHr.rMaroqr4x,rcl HB ,4btN'roBofi rpy6u. r{acrnqu Abrrlra KoHBeK-
ililtgH1 nOAHHMaTOTCff 3a CqeT ,(tsuxeHr.rf ropflqero BO3AyXa n B TO )Ke
BpeMfl duQQgndupgtum sa cqer Br.rxpeBbrx ABr.rxeuufi nos4yxa. B Ao-
rro,'rHeHHe K 3THM MoArz$HKauHfl M ypaBHeHr{fl TerrJronpoBoAHocrr.{ MoxHo
rf3MeHHTb epAHULtHUe ACLOAUfl Ha KOHUaX CTepX(Hfl B COOTBeTCTBT.iI
c Susuuecxoii cnryauuefi. Mlr o6cyAnn'r HeKoropbre u3 orHX n,to4uSru-
xaquri n rperrefi JreKrrr.ru.
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SAMEqAHHfl

VpanHeuHe reIIJIoIrpoBoAHocrIl ut:rxz (x) u* c fiepeMellHsttrl xoaQ'

ibuuuenrou a (x) coorsercrByer 3aAaqe, B Koropofi 'quQQyslln eaou'

isr nt x (r. e. Nlarepua,'I niodttopo)eru). Hanpurvrep' MeAHatl H craJlb-

u (  0 , t )=

l'ledo

( L , t ) =  ? 0 " C

Cn:t ; i '

O L / 2 1

1...'---.-- r (oduonewowrnomor

Pl.lc. 2.3.

Hafl i l , : lacTHHbI npl lBeAeHbI B COI]pLIKoctloBeHHe' KaK i loKa3aHo Ha

pllc. 2.3. llVcru c ;esoii cropoHbl B lvleAfi noAAep)KllBaergg Teyflepa-

;yp; 
-,; 

(0, li : 0o c, a crpaBa B crar'In -reMneparypa u (L, -t): 20o c'
TOrAa ypaBrreHue, onltcblBaloulee TeIL'IOnpoBo,[HocTb B STOII CI{CTel\4e'
}IMECT BI.I/I

u t : c i , Z ( x ) u * * ,  0 < - - x < L ,

lo, (xoerfr$nnueur ln$Qysutr n ne4u), 0(x<l '12,
tAe cr ('v) : 

\ o, (xoa$$uuuerlr ;russysrtrl n cra,rll), Llz < x < L'

SATAqH

l. Ec"ur rrSt{?JIbttilfl TeMneparypa B crep)KHe

u (x, 0): sin fir' 0 ( .rr ( l,

H lpafl l tql lr ' Ie )tCnoeHR TaKOBbI!

l r  (0,  / )  :0,
u  ( 1 ,  t ) : 0 ,

ro riaK.rrotseAer ce6a Ter{leparypa B crep]KHe u(x,..t) npn I ] 0?

2. flpelnonoxfiN't, qlo B crepxFle ecrb nocroRHuufi eHyrpeHuufi

l , l cToqHl , lKTeI IJ ra ' ] .aKt IToypaBHeHf ieTenf lonpoBoAHocTI {BcTepxHe
8aI1t.tcbtBaeTc' B BllAe

u 1 : a z u r r { 1 ,  0 ( x ( 1 .

I

l ,
I tilNl[

Ilexr-lHq 3. fpaHaqHsre ycnoBHr I 3aAl:lx e1g_Sy1l9lt9le fll9 2t

I Ipearto,'toNt{Nt, ttr(, rtt,t 3atl,rtrxctJp{)Ba.qtt te}l l lepa I \py Ha fpaHLIqe
3 [ { a q e H H f l x 4 H  u ( 0 ,  i 1 : ( )  n  u ( l , t ) : 1 .  I { a r < o s a  6 1 ' l e r  c r a ( H o H a p -
Harr Tei\ri lepaTypa B r:Tep)KIIe? Apyrrr lrrr c.[oBai\!r.t, K KaKoN{y pac-
npe^ed'rerrurru Texlnepar]'pat U (x), rre 3aBr{cruerrv or l, crper,rurcR
tu (x ,  t \?

i. llpelno"no)KilNr, r{To rvreraJrJ:ru,recxrir c'repr{eHb repfler TL'nao qepes
6oxoeyro noBepxHocrb B coorBercrBrrri c ypaBrren!{ei\r

i l 1 : a z s * r - B u ,  0 ( x ( 1 ,

tr I lpeanoJlolxuNr, qr0 Nrbr IIOAAeplKHBaeM KoHtlH crep]KH'l tIpH
reNrnepa rypax  u  0 ,  l 1 :  l ,  u  ( l  ,  t ) :  |  .  l l a i r l u re  c rauuoHapr {oe
pacn peAe,'reHrre reN,li leparypbr no crep)xHto. [ loclporile rpaSux
3Toro pacnpeAe,'reHHr. B Karcrx rorl(zlx ecrb ren.loBoil rrt lroK?

4, [Ipe4no.rrox{g]!r, rtro ren,'rorr3o,'urpoBaHHbtii uera,t,rttqecxnit crepx{eHb
AnuHr,r l: I rrNleer rraqa,'rbr"ry!o rer\ 'rtteparyp-v sin (3nx), 3 cr't€Bn
rr cnpaBa Ha liorntax $HxclrpoeanHble rer\lnepar,vpbr 0 H l0 "C.

KaN cQopuyJlupoBarb cN'reuauHyto 3aAaq-v Anfl ypaBlteul{fl Tertr 'Io-

IIpoBOIHOCTIT B ?T0l\l C.rvqae?

flerr{rac 3

rPAHl4Lt HbtE yCnOBht
B 3A.qAL|AX [l4OOy3l4OHHOrO ThnA

I{Er'Ib "rlEKI{141.4: floxaaato, KaK B sa,[aqax renrronpoBoA-
r{ocr}r u aHSQy:uu Bo3}rHKam paauoo6pa3Hbre rpauuquL,re ,vc/'ro-
BUfl ,  U BBeCTH Ba)KHOe I IOHf lTl Ie nOTOI{a ren! ' Ia.

O6cyNAaiorcn rpu saxHel'rrxHx rrrna rpaHlruuux ycnoaafi:
l .  u :  g ( t ) (Ha rpauuue saaaHa reHrneparypa),
^ o u2. ;+ l"u:  gU) (sa;taHa re\rreparypa oKp!/?tctuouqef i

on

cpedor
n-BeKTop aueruuert HopJrtatu x rpaHnue),

^ d u
lJ. -:  S (/) (saAatr rennoeoi. l  noroK qepes rpauau-v).on

B saAaqax ren,'ronpoBoAHocrlr o6lrquo HCno,'rb3yror rpaHHqHr,Ie
ycJloBr.tfl Tpex ocHoBHblx rrinoB. B uacrosuleil .nexuuu npnBoAtrcfl
r rpHNlepbr rofo,  KaK pa3JrHqt{bte Qn:uvecxHe yc, ' roBun rxcrrept tubHra
I I llI 'IBOAfTT K rpaHnqHbllvl yCr'loBLI gM pa3'IlI' lIlHbIX THII0B.
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22 L lacrs  2 ,  BHq)q ly . rxounbre  3a4aq! t

l -pauuuHue ycJronlrf i  nepRoro poAa
(ua rpaHnue 3aAaHa rer , rneparypa)

Paccuorprnr ren,rosofr noror( B o,1rro:\{eprroM crep)i{}re,
xeHHoNr Ha puc.  3.1,  Lr  npeAroJ ' rox l t [ , r ,  qro ' ] 'ex lneparypa

l r3MeHf iercn no 3aKonlN{ g,  ( / )  r r  gr( l ) ,

5 ox o Eca n o 6epx t ocn t ne ne c,:i to,t it po 8o u 0

rrao6pa-
I {OHI IOB

u (0,t)= grft u  (1 ,  t )  =  l l z ( ' t )

1--* c
PI , IC.  3 .1 .  Te l lneparypa 3aAar ia  Hr  rpar rxue.

t /AaK yxe )i lot\rl,rraJrocb B npeAbrAyueii , 'rer(tlnrl, Ka)KAoe r.rg Vcr-
poiicrn, r{oropbre no/lAep)xlBa.ror Ha KoHr{ax saAaHrry}o reMneparypy,
cocToHT H3 Tepxrocrara u HafpeBaTeJrbHoro 3JreNreHTa .4d'rf l noAAep-
;xaHHrr coorBercrByroulef o rerrd'toBoro pelKrrN,ra. 3aAaqu c f pan rlqHbrMrl
ycJloBrirr,ur i lepBoro poAa Bcrpeqaiorcn or{eHb r{acro. B nexoropr,lx
cryqanx sa4aqa coclonr B roll, qro6lr saiirn Anpasr.eHun ?paHwt-
Hbt.Mu acno6un.t4u, r. e. TaKue rpaHHqHbre Te\,tneparypbr g, (t) rl
g, (l), roropbre 3acraBrir rer\,rneparypy BHyrprr crep)KHr rr3MeHrrrbcrr
3aAaHHbr[,r o6pasou. IJanpuuep, B ]\,reraJrr'rypfrrf i qacro He06xoAuMo
nu6parl ylrpaB,'reHHr rpaHur{HbiNtH VcJroBnrMr.r raK, uro6u ttprr ] l3Me-
HeHHLt CO BpeilleHeru Tex,tfleparypbr Mera.rrr'ra BHyTptr rl|euv epa)ueunt
TeMneparypu 6srn rieBer'rr.rK.

u ( R , 0 , t )

u (R,0,t)= cosfs ing

r p:l H r'rue.P\4C. 3.2. Ko"re6aHuq reuxeparypbr rra

IpaHuuuue ycJroBHr nepBoro poAa Bo3Huxator H B tltHoroMepnbtx
sa,qaqax renJ'ronpoBoAHocrlr. B xa.Iecrse npilhdepa Moxno npllBecru
ilHTepeclrylo 3aAaqy onpe,le,reHIrfl reMneparyprloro rlodttl BHyTp]l
Kpyrroro AncKa pa,fif iygsv R (cu. puc. 3.2), KorAa rpaHl{qHatl reM-

\
I
\

23ITJc l tq r rg  3 .  fper r r rv : ,s re  lanr ,s r iq  B  sa f laqd{  Eh4)Qy3ro t r {o ro  r r {na

r : . ' l )arvpa 3alarJa B rrc"[ !1pr{brx t(oopitrrHaTax q,opMyJiorr

a  (R,  0 ,  l )  :  cos  I  s in  0 .

I(oueqgo, .q.qr perreurl :r  3aAaqH rrt 'o6xo,lrr l io 3narb HaqaJIbHyro
i. 'errreparypy, i lo B AaHHo\r c.[vqae i iaqa"qbr{r,re vcd'roBrrf l  f lepecrarcT
r .r luqrb Ir i l  peurer{ue 9tpe3 o!er{b tt t(ro,qalt tclr . i  npouex{yroK BpeMeHIz
i i  pe3y.[b-f rJpyrcuar] rei\ ' rrrelra' f  ] ' l la BH] ;pr l trrc:r(a SyAe'r onpe4erf lrbcff
' i  ()Jlr l l io 3H:iqeHil f l r f l {  Tei\ i IepaT],pbr I Ia f  pai{r i l l l r .

l - l iarruolnote j /cJrosf lq BToporo poAa
( ralarra T'eLlneparypa oKpy)Karouei{  cpeAbr)

I  I l rr f ,no;ioit*r i \r ,  r i  Io ur)r orrr lr ,  l )accNlarprrBaell  rel.r ior{3oi l l ipoBaH-
ri . ,r i i  l , ie-rrrr, t  i i  t ' r ' t '1;; i i t rn,,  no 'r 'errr 'pb o'r ' r{aMe\rcf l  or 3a,laHItoro reMfle-

l) , i r ' \ ' [ )H()] 0 I lr) l i rr i \ra r ia r{cHlIax cTep}l i I{ f i .  Bmecro 3'r 'oro nprjBeAeN{
r . . f  , i r i i l ; r  L  re l ,xHr l  B  co i l i l r i r (ocr roBeHHs c  l lBy \ r f l  cpeAaN{ l r .  f l ycTu reu-
r . J ) a r v p a  o , l n o i i  u 3  r i u x  9 . , ( t ) ,  a  a p y l o f r  - - g r Q ) . A p y r n u u  c , r r o B a r \ { H ,
I l i i ' - ' ; i I i i ) . ' IOX{t l \1, LiT0 ,rtenlt f i  I tOHetl CTepX{HU 3AIi, ' i Ioqel l  n XOUfel i t tep
( )h:rr,uiocrbio, r€x' ineparypa r ioropoii  l rreHflercf l  r .ro 3ar(ol.ry g, (t) .
, t  rrplnr,r i l  r ioHerl rol ieuleH B Apyryto xuAKocrb c rer 'rneparypofi
g . ( / i  ( i ) i l c . 3 . 3 )

a 6
I ' l lC. 3.3. I(ossexrnuHurri rerrnoo6ueu qepe3 fpaHHuoi: o-*ulnucrb rrpn reMnepa-'r) 'pe 9r (/); 6--Nulxocrb npr4 renneparype 92 (l).

3aAaeag rparlnqnbre yc,'IoBHn 3Toro i lIna, M[,r He Mo)KeM cquTaril
r-paHHrtHbre Ter\rnepaTypbr cTepxltf l TaKriN,rH xe , KaK. y xHAKocTtr.
IJo nu 3HaeM garos HsrcroHa: ec/'rr{ rervrneparvpa oAHoro H3 KoHrioB
clepNiHfl r\{eHblue, qeM TeMneparypa coornercrnyrcqeti xuAKogrtt,
len,ro 6yAer Brexarb B crepxeHb co cKopocrbro, nponoprluoHa,'rbuoit
I)a3Hocrrr reN,rneparyp. Apyruuer c,rroBaNril, AJrR orrroMepr"roro creplKHfl
c f paHHuaMvl x:0 u x: l, FIbtroToHoBcI(Hii '  saxoH ren,roo6rr,teHa
(roprry.nupyercrr creAyrcrquM o6pasou:

, . , .  [Bb f reKa tou { l t f t  no ro r  reu , ra  npu  x :0  paeea  h lu (0 ,  t ) - g r ( t r 7 ,
( r . l  I  \ BbrreKarouuf i  noror rerd'ra rrpH r:L paneH h[u(L, t )-gr( t)1,

rAe h-xoe$SurlneHr rennoo6mena, roropuii noKa3r,rBaer, cr{oJrbKo
xanopufi nporeKaer qepe3 rpaHr.rrly 3a oAHy ceKyHAy rrpfi pa3uocrrr
reMneparyp B oAuH rpaAyc. Bulrexatoug.rft norox paBeH qacfly Kano-
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24 9ac.rs 2.  An+Sy:xoHuute aaAaqr

prri i, npoxoArrutrx qepe3 r(oge1. cTcp)rg{g B oJlHy ceKyHity. otuerttrt,
qTO BbtTeratOuluit IOTOI; rertna 6yAe'I [O,nO)KlITe,'IeH Ha Tol\'l KOHUe

cTep)Klrfl, rAe TeNrrrepaT)Ipa cTepxllf l  BbIUIe TeNltlepaTypbl oKpyxaHl-
qefi cpeAu. vpanueHun (3.1) ellecre c H3BecrHbrN{ 3aKOHoN,t renr'Io-

IIpoBo/lHocrH Oyple tuo;fi] lo renepF, ucIloJL3oBilrb A,tIt IIoryqeHllt l

d u , ^
d n - u

( Xorodnan
30Ha)

du - , ,=- /u
o n d

( l-opnqan
30H0 )

PllC, 3.4. lh"rrocrpauun SaxoHa <Dypue: 
#i,  

o o3Haqaer, qro ren'r lo Bretaer

d t t
a o6racrt;  #ao 

o3ualtaer, qro ren.lo BblreKaer us o6aac'rH; n*rranpaB-

JIeHue gttetrt tei l  Hopt\ta.t t t ;  f f-  
""t"* ' t l le re'NIl leparJi pbl B HaIIpatsJetlHlLL;

0u 1tr
# :_  #6 ,_npo l r3Bo j lHaf l  

B  l lanpaBJer r r . l [  B ] ty rpe i l l l e i i  nopua ln  cc lb  Bs tTat l

c  npoT l luo l lono) f i l l b l l l l  s l la l io lv t  npo l l3BoAI tag  no  e t teu t r re i l  I top l \ {a ' l l l '

rpanuqrrbrx yc,roatlt:t. 3ar1oH Oyple,{aer Bropoe npeAcraBJIe}Ilte

(nepBoe coAepxHrcrr e (3.1)) lnn" BblxoAtluero floroKa renra. f lprr'

p a B l I t l B a n S T l t l 1 B a B b I p a x e H n ' I A , ' I ' I I o T o I ( a , n o " 1 J ' q l I I ' l l l c K o \ l b i e I p a -
;;;;o,f y;;;";;;. c,iopmy,u,pverr saKorr tDvpue (vcraHoareuHur't
9I{C nep il N're}r Ta"rl b }l o) :

l lorclx len.ra, rlpoxoAnuruii uepes fpaHIItty o6'nactu'

n porr optluol'IareH llopr{a"nr,u ori n pol' l3BOAHOfi re:uneparypu

B HanpaB,/Iell i l l l  BllyTpeuHefi uopua'�nn'
(3.2)

(fopnvon soua)

D

i lrt,ruu

Sror gaxou yrBeplKAaer' qro ecrll reMneparYpu- 6o5t9:..uo3pac-

Taer B HatrpaBr'le wttt eueruuert llop\\a"ltl Ii rpaFlllqe D -(puc' 3' 41'

ro noroK 6yaet ,"r, ,i--iipycrcantirya cpedat tt o1aacnrc D'

(f v)

f iexqur J.  fpanrvnsre ycnoBhe B 3aAdqax Ah+Qy3roHHoro rhna 25

B samefr oanomepuol'r Ba/'taqe sar<on (Dy'pt e npl.tHllNlaer BttA:

/  .  , 0 u
I  ns l rexarcul tz i i  roruN rerr , ' ra  IpH v:o panen f t f r ,
If i . , ) ,  
i  , o u
I  Bb r reKarou l i lH  no loK  ' r ' € | I " r r 2  I I pH  . l : '  paaeu  -E ; ,

I rrc li*TenJronpoBoAHocrb MarepuaJla, Koropan c,'IylKlr ttepofi roro,
rriu( xopouo Marepnar'r npoBoAHT TenJro. l lroxo npoBo,4,fltr(He Mare-
l ' i la,,rbr Hr\{eK)T Ko3osilrl i leHr, 1nuzxufi r{ Hyr'rro s eAttHHuax clc,
r()r 'r ' la I{aK Nreab H a,'I ioNrHHHfi lr lterct BHarJeHLlfl, sHar{}rre"{bHo npe-
r,()cxojlrrrrlHe HyJreBoe 3HaqerrHe.

Xanaduas soru

I  I  l ( . .  3.5.  Eule orua u. ' l ,qrocrpar lHf l  saxoua Oypre.

3axon ,Dyp.ue (3.3) e AeficrsurerrHocrn onHcbrBaer rerJ'ronpoBoA-
it()c'rb Bctoav BHyTpH cTeplxHfl, a He ToJrbKo Ha efo rpaHHue; HanpH-
r t 'p ,  (c r r .  puc .  3 .5 ) .

r ,  t  - l ) flo'ror, flpoTeKaotouluii vep* Tot{Ky .r cr,IeBa HanpaBo:- kyu,

3axos Oyple (3.4) r 'racnr: ecnu ur{0, To B ToqKe .tro rerJro
lyler c/teqa Hanpa*o. ecilLI ux ) 0, ro B Tor{Ke .f0 TenJIo reqer cnpaso
,t(t.tc*o. (Tenno BcefAa reqer or 6o,ree ertcoKux TeMneparyp r 6onee
r r t t . t t i l { 1 , 1 . )

HaroHe[, ec.ra Nrbr Bocrro!'rb3yer\{cfl Bbrpa)KeHnflrua (3.1) u (3.3)
Lril Ten,'IoBQfo [oToKa, To noJlvr{uN,t ltcKoMbte tpaHHqHbIe ycJIoB}tfl
I rrr 3aAaqu, ueo6paxenHofi Ha puc. 3.3, B qilcro MareMarlrqeckofi{

| i l . / t e

(
I
1
(

Y*L: *fu(O, /)-g, (r)1,
g*!:  -  +[u g, t)-  s,( t) ] .  

o ( I  (  m'

ux( to , t )  >  0
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tlacru 2. .{r,rSgy:r,ronHbre 3aAaq,

OqeHr qacro r{oHcranry h1h o6oaHaqarcr l, u ntttrtyr rpaHHIIHbre
ycJroBHfl AJrfl TerrJroBofo floToKa Ha rpaHl{ue B B}IAe

(3.5)
ru. " (0,  l )  : ) " lu(0,  l ) -gr ( l ) ] ,
u, (L, t) - - ?'. lu (L, t) - g, (t)1.

.II,.nn cnyvaq 6onee ui'tcoxoti pasr\{epllocru nor}/qanrcs aHaJlofl'tq-
Hbre rpaHuqHbre yc,'roBun. Hanpurtep, ecJIH rpaHnqa KpyrJlofo AHcKa
or\{brBaercl 4aaNy'uqeiicl >Ku.rr,Kocrbo, r'cN{neparypa xoropclii g (0, l),
TO rpaHrIrIHble ycJroBHfl 3aflHlrlyTCfl B BHlle

# to ,o ,  t . . : - I t r (R ,0 ,  / ) - g (0 ,  l ) 1 .

3rcco ff(R, 0, ti rpeAcraBJIfler BHeIUHIoto HopMa/IbHylo ilpol,3-

BoAHyro (n no,roxureJrbHoNr HanpaBJIeHLrlt ocu r) or nenuqu:Hbt lt,
BbIqHCflCHHYIO B TOqKC (R, O) TPAHHI{bI. TAXIE TPAHHqHbIC YCJIOBH'I
uu 6yAem Ha3brBarb nuuetLuouttu (nocro,rrlry oHLI JILIHeiIHbI IIo u
H lrt)t Ho HeoAHopoAnbtr\ru, [oroMy rITo B npaBoft r{acru croltr Qyux-
uHf l  g  (0,  t ) .

l-paHnuHue yciloBtlc rperbero poAa
(saqau noroK; B qacrHocru,
BKIOqaeTCs CJryqafi TenJror,rsoJrl{poBaHHblx rpaHHIt)

t lepes re[JIoI{3oJrHpoBaHHbre npaHfiqH He npoxoAnr uuxaxoft noroK,
It, cJIeAOBaTeJIbHO, HOpl\,1a,'IbHaf npQI.r3BOA,Hafl (BHelxHfltl 14JIH BHyT-
peHHnn) AoJrx(Ha o6pallarlca B Hyd'Ib lla rpaHl'lqe, nocKo,'IbKy noror(
npolopuuoHaJleH HopMa,rruofi nponago4Holi. B cnyvae _oAHoMepHoro
crepxHfl c H3OJIIIpOBaHHLIN'II{ KOHUaMI-r X:0 H X: L rpauuuuue
ycJloBilR II lreoT BHA

u * ( , 0 . '  
1 l - : '  o ( / ( o o ,

u" (L ,  t 1 :Q .

B AeyNrepHOi.t O(,.ryaCru H3SJIt lpoBaHHocrb IpaHHUtl o3HaqaeT' qTO

tropila/tbHan npoueeo1nan or rel\tneparypbl Ha rpaHuue o6paqaercn

B HyJrb. f lycrt,  HanpllMep, xpyrnui i  AHcK renJIoI ' l3oJII ' IpoBaH BAoJIrr

rpaHHUbl. TOrAa fpaHIlqHOe ycJIOBue A^O,IISHO SaIII4CbIBaTbCs CJIeAyrc-

ulirru o6pasov: a, (R, 0, t7;:O-Anq scex 0 <0 < 2n v scex0 ( I ( oo'
C 4pyroft croponbr, ec,IIIt Mbl 3aAaeM KoJIHqecrBo renJla' npoxo'

l l f lqero qepe3 rpaHl. l l lv Haluero AIlcKa, TO fpaHHqHble ycJIoBI' l t  npI,t-

I{IIMAIOT BH,II,

a, (R, o,  t , \ :  f  @, t ) ,I

t l

t :
| ' . i ,
i r i

t{M&
i

I

f lexqHr 3.  FpauuvHsre ycnoBl i r  B 3aAaqax AHQQy3koHHoro rhna

rae I (0, /)-xo,ruuecrBo renJIa, npoxoanurero BHyrpb I{pyrlloro Lt4cra
0T  BHCI I IHE fO  I , ICTOqHI IKA .

Ilponr,rncrpupyel,r renepb pa3JluqHble runrrl f pzHltuHolx yc.nonufi .

' fHnHqHue 
rpaHHqHL,Ie ycJloBr4n Ar ' I f f  oAHol{epHofl  saAaqt4

'feild'ronpoBoAHocTH

flpe,{no"'roNriM, qro y Hac ecrb ueAuutl crep)xeHb r,rusoft 200 ci'r,
6oxosas noBepxHocrb Koroporo renJroLI3oJIupoBaHa It  HaI{ar ' IbHag
teMneparypa Koroporo 0'c. flpe4nonoxnrr,r ,4aJree, rlro repxHufi
r(Ollell crepll{Hfl x:0 renloH3oJr}rpoBaH, Tol"Aa KaK HHxHI,l l i  xoueu
r :200 oMbrtsaercfl geurxyqeficr noaoii, Koropaff ltMeer rocrottHHylo
rc r \ t r epa r , vpy  g " ( t ) : 20 "C  ( cu .  puc .  3 .6 ) .

t ux  (0 , t )  =  0
(Ten r o u o,,t u po6a n u u ti xorctl )

Tenrca3anuDodaHHafr
6oxo0an no1ipxttocno

ry (2 00, il = - f tu Q60,t) - 2oI

( f gnpud=200)

l,t lc. 3.6. CneuraHHaq saaaqa.

Marernraruqecxar MoAeJIt erofi gaAaqlt onlrcblBaercfl cJleAyrouluMu
' I ( 'TbIPbMg COOTHOII ]CHH'MI{ :

goJ {D  u1 :e ,z t t , y  0< . r<200 ,  0 ( I (oo ,
( ,* (0, l)  :0,

t: t  6) (rv) 
|  u, (200, t):  - 

l lu pro, t)-20f, 0 4 / 4 oo,

(HY) u (*, 0):0oC, 0 -(x< 200,

r rrc cr2 : I , l6 cu2/c - reuneparyponpoBoAgocrb MeAr.r;

92(t) = 20"C
0 < t < @
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9acrs 2,  . { r , lS$y:Noxxhre 3ap,aqH

ft : 0,93 r{a,'I/cx,r '  c ."C - ten'f lon poBoAHocrb N{eAu;
h-rorQ$uuHeHr rennoo6r,tesa. Onpe4e.neHlte 3roro xosQ$tt-

uueHra-6oJlbnatl 11po6,'IeMa, Ero l laueplrcr no c6opocrll orroxa
TeIIJIa or Broporo KOlttIa cTepx([Ifl X soA6. OH tls,lqercn cpyHxUuei.i
cKopocrlt reqeHHtl BoAbt, cocroflHHg cMblBaeltoii nonepxHocrH ll r '  A'

r{trrarent, \,roxer rtollbtrarbctt npoBecrll 3KcnepH\{eHT no onpe-

AeJreHuro BeJrilqtrHbl eroro xoarb$rtqHeIITa.

SAMEqAHN fl

l. Tunuquas BHyrpennqff ga!^a.ua renJlonpoBo/tl locl 'H AJltl KBaapara
noKa: laHa rra orrc .  3.7.
B sro i i  3aAave Haqai lbHae reMneparypa u(x,g, t1 npl l  / :0

SaAaeTcfl BHyTpll KBaApaTa, a ypaBHerlrle c qacTHblNll l npoll3BOn-

ur(0,y,t)=-f,ft

a

rli:,,i
, i i i

l i ' ' . ,  I '

2

PHC. 3.7. TunuqHue fpaHuqli l ie yc, ' loBHR .4'rrn 4utpt lysuotlHoii  saAaqu l l  KBailpale:

o-*onruaar"o ren,la l ,  1r;,  npoxolfuero qepe3 rpaHHlry;.6-ren"tottgo' ' lHPoBaH-
u a r r p a l t n u a ; d _ T e M n e p q l y p a o K p y > K a l o l l l e i - l c p e a u p a B H a I U - L ; a - T e M I I e p a T y p a
no4.&epxfiBaercn PaaHofi l0oC.

Hbrl,u.r H rpatJnqllble ycd'IoBufl 6yayr BblIIoJIHflrbcfl npu 0 ( I ( oo

u onpeAerf lrr reruneparypy BO BCe MOMerrTbr Bpel\ ' leHl4. Kaxol ' t  6u

3Ta TeN,lneparypa Hu 6b1ila, oHa Ao"IxHa yAoB,IIe-TBOpffTb Tel\{ rpa-

Hnqubllvl  ycd'IoBl4t lM, KOTOpble yKa3aHbl ua pHc' 3'7'

2. Ornteruu, qro rpaHt{qHoe ycloBfle

Lrr (R, o, l) : * + [, (R, o, l) -g (0, l)]

H a o K p y x H o c T H H e o 3 H a r l a e T ' q T o r p a H H I I H a ' T e M n e p a T . y p a p a B H a
g 10, tj," no ecJlpl xoe$Q,u,ueut rennoo6ueua h senux' ro 3rH

icJros;s Saxruuecrlr 3KB'BaJteHTuu rpe6oeaHqlo, rITo rpa'ur{Hafl
ierrrneparypa paBna g (0, l).

( c , l , t )  =  0

u( t ,0 , t )  =  g1( t )

u r = a 2 ( u r p + u o g )

Jlexq,rr 3. l-panruxure ycnoBl�l s 3a,qaqax Ah++y.l,to!.9le 1xrl9__-29

lA,qAqH

I-lapltcyfire n o6u1ux qeprax rpa$uru pelxeH_u_tt cl4erxauHon
saiaql (3.6) a,rn pa3.IIuqHbIX luo\rellroB Bpe\,{eHI'I. V4oenersopnror
"'rr.r Baula rpaQuxu 3a.{aHr{brll tpautlt{t lblN,{ ycnouzau? Kaxoaa cra'
f l lroHapHafl rel{neparypa crepxut? OqesllAHo, Bau orBer ocHoBaH
Ha rHryHrul t t?
I(ax sll npofiHrepnpelnpyere c,'IeAyoulylo cN{euaHHyio saAaqy?

( Y r I f I )  u 1  : = r a ? 1 1 . , , ,  0 < x < 1 ,  0 4 l 4 o o t

I  r r  ( 0 .  / )  : 0 .
( f v )  

i r , t i  , ' t \ : t ,  
o ( t ( o o ,

(HY) u (x,  0):  s in (nx),  0 =< x {  l .

Moxere ru BbI uto6pasurl rpaQuuecxu pe[IeHI{e etofi gaAaqu
B pa3flHr{Hbre \'rolrerrrbr nperreHu? Ey,ner JIH oro peIxeHI'Ie crpe-
r{rrrbcn K crauxoHapHoMy peueullro? 3ro o,{esIrAFIo?
Kaxyn $nanvecryo HHrepnperattarc BbI lvloxere Aarb 3aAaqe

( V U n ;  L t t : & z u x x ,  0 ( , r ( 1 ,  0 ( l ( o o ,
(  u - Q .  / ) : 0 .

( f Y )  {  
* , , ' , ,  

 

 

0 ( / ( o o ,
|  , l r  ( 1 ,  / )  :  U ,

( H Y )  u @ , A ) : s i n ( n x ) ,  0 - - ( x (  l ?

Mox<ere nrr Bbr uso6pasnrr rpa$uuecru peueuue 3Toft 34,{aqu
B pa3J'IHqHble I\ lONleHTbl npelteutt?
Uro lroxuo cKa3arb o craulloHapHoft rer,tneparype?
fIpe4nonoNr4M, 1116 6oxoeag noBepxHocrb MeraJIJIHqecKoto crepxHfl
He H3oJrHpoBaHa H r\{eer Haqa,'IbHylo reNlrleparypy 20'C_, Ho
MrHoBeHHo revneparypa oAHofo r(oHrta craHoBltrcfl paonoft 50"C.
B Aa,,IbHeiiueNl crep)xeub o\rr,rBaerct xrtAKocrbto c reMnepary-
poii 30'C. Kar Bbrrr'rHr'(ur crre[raHHar 3aAaqa, I(oropar coorBer-
cTByeT o'lol,ly c,'I)'qarc?

r -8i
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l ' l ac ru  2 ,  AH$Sy3hoHHble  3agaq i , r

BblBo,q ypABHEHVg TEnfiOnPOtsO,qhlOCTl4

I{Enb IIEKIII4I4: f loxasatt, ,  I iat( r{oiKHo l lblBecrl{ o/u' lo-

h{epHoe ypaBHeHr{e Tenroi lpoBo.II .HocTl{

u  1  == ca t  11  r^ . *  I  ( . r ,  / ) ,

orr ipalct lor 'rbr(o Ita $yuaarutet l la"rrt 'nuti ' t  SaKoH ( 'oxpoltt?Hlr i  Kotl l l -
qe(:tnBa men/la. Paccuarpueaercf l  3aBltcl lN{ocrb cKopocl l l  1'ef i , ' lo-

o6rtesa or ocuoBHbtx rertno{r lsf iqecKux rtapaNlerpolt ' .  t t t?tt . lot lpo'

eoluocntu, men,roentKocmt.t tt n"LonlHocmu Jrlamepltorza' O(lcvlila-

Iorcl pagJIuqI{bte NtoAtl$ttxauuu ocIIoBHofo ypaBHeHltt l  rel lJ ' lo-

npoBoAHocTu.

B xaNAoit o6,'IacrH eHaHHit cyilIecrByer ua60p ocHollHlix nlrl l l l-

uunoB, npaBuJlbHocrt Koropbtx oqeBI{AHa. Bce ocra.nt,Hble yrBep}KAe-

HHg ao,'IxHbr BblBoAr.rrbctr I43 3TI{x ocHoBi{bIX npHI{[nnoB. KotteuHo,
TO, qTO OqeBHAHO AJlff  OAHOTO qeJIOBel{a, N{o)KeT Ka3aTbcfl  Becb[4a

CoNtHltTe, ' ibHbtM A,' I f l  Apyforo. .  tr4CrOpnl gCsXOti l{ayKlt coCrOl{T B nO'

CToflHHol,t nOI4CKe 6onee SyUAaMeHTa,'IbHbIX IlpHHlll'lIIOB, JIe)l{aU{plX

B ocHoBe eroft Hayxu' OcnosHue npuHltunbl Aor' IxiHbI 6l ' t tu uactonuxo

yHnBepcaJIbHbI, qTo6bl Hl l  y Kofo He BbI3bIBarb coMI{eHl{f l .

! -'+ ftpednonwenue An [lrydno,qoxettue B +flpednonoxenue c> llpednuoxeaite D> 2

Pl4C. 4.1. Axcsovaruqecxltf i uetoa.

Hanpumep, oAttH qeJIoBeK Mo;'Ker no,'Iararb, qro Bce Sal(Tl,t AaH-
lloft savxlt Mo)KHo BbtBecru Lr3 oAHoro ocgoBHofo npeAnoJloxeHntl '

xoropoi Nmr odosHa.Iult B. L4cxonn Il3 rlpeAnoroxennh B, on (nnn

oHa) 
'noxet 

AoKa3arb reopeMy C, xoropaa npuBeAer'K reoperue D,

I(OTOpafl B CBOIO OqepeAb npHBeAeT K AoKa3aTer'IbCTBy MHO|HX Apyfl{X
reopeN{ (cm. puc. 4.1). I4ueHHo raK BbITJITAI'Ir rlporpecc B l{ayK,e-

I{CCJreLOBaTeJrb N,tO}KeT n6;yqaTb HoBbIe H HoBbIe p$yJIbTaTbI, HaU-

6Onee nuAaroilIl4egfl Snsnxu, xl1MLlKH Lt 6tlonoru IUJII.MMSHHO nO gToMy

nvTI-t.
c apyrofi cTopoHbr, BMeCTo AOKa3aTeJrbcTBa r{oBbrx TeopeN{ I\{o)KHo

nonnraiiCa Haft.1g, ecJrr.l 9rO Bo3MoxHo, HosHfi npLIHUHII (O6osHaunnt

ero A), ssrstou1nilct 6o.lee $yu4aueuraJlbnblM' qelt B. flpe,4nolo-

xegr,re- A ecrecrBeHHo cqulais 6o.nee Syu4al\{eHTaJIbHbIM' qeM B,

t "

;;'&i | . '  , , j i h l

Flexqnn 4,  Buraog ypaBxenhr rennonpoBoA,Hocth 3l

' , .nrr B Mo)KHo rro,'IyqnTb ne A. Tatti l  u o6palou, ecrxl.r yAaercn na';\rw
rrr r r rbr i r  r rpHHurn A,  ro ' rpaHuua Haut ix  guaHnl i  cABl t raercf f  e  c6nacr t
r){),r ' lc\e SyH.[aMeHTaJIbrrbrx npe,{craBnesrii o lausoii HayKe. B reoprll
r ('ilJIOIIpOBOIIIOCTU OCHOBHbtM n pilH IltnOM fi B./tfl eTCfl SAKOH COXpAHeHUfr
' t tcpeuu (rennonofi aHepruu). Bce ocra,l[,Hbre yrBep)KAeHHr BbrBo-
, r r r rcr  H3 9 l 'oro ocnoBHoro npHHrrHna (puc.  4.2) .

3axon corpaueuuflutnepzuu - ut=.-2tt,,t+f (x;t) - H!!;::r:f:;:#n

l ' l lC. 4,2. Coxpaueune 3Heprlu.r: xpaeyroltnr,rf i KaMeHb ren"lonpoBorrroclr.

Alu uor.ng 6rr, KoHeqHo, sa6srru 3Ty JreKullo H no,Ilb3oBarbcq
\ l)aBHeHHeM TenJronpoBoAHocrn, KaK Hexoroprrlr $yuAaMeHTaflbubrM
l()rrHTueM (Hexoropue Jrlo.u,H Moryr raK H cguTarb, ecJrt AJrr Hllx
/r'o oqeBr.rAHo), no rorAa Mbr o6uaHy.nu 6u 6onee cepbesHbrx cryAeH-
r()0, nocKoJrbKy 3aKoH coxpaHeHHfl cqxTaeTcf gaaSonee $yH,u.auen-
rir,rtbnblM rrpLrHriunoM B HayKe. Hayuuue pa6orunxu, MOAeJIHpyt
( BOrJ SaAaqlt, qacTo nltll}yT cooTlIouIeHHt, BHpaxaloulue SaKoHbI
('oxpaHeHuq, H 3areM nepenHcbrnalor ux B BnAe ypanneuufi c qacr-
i l l ,rN|l l npoHSBoAHbrMLL

BepHeucn rerrepb x ocnosuofi ue,'ru uau:efi JreKur.ru - BbrBecrlt
IpaBHeHrre TenJronpoBo,&HocTr.t H3 ypaBHeHHf coxpaHeHHf SHepfHr.t.

Ilr,rno4 ypaBHeHrrfl TenJrorrponognocrrr

Paccuorpnu ogHoponHb,rii crepxeHb AJrHHbr tr-, orlrocHTenuso Nord-
I ofo c.u,eJraeM cJreAyroulrre [peanoJroxe]rHfl :

l. CrepxeHr cae.nan H3 oAnoro o.u,HopoaHofo npoBoAflxlero Mare-
I  t la i la,

F----* 5t

I' I IC, 4.3. Tonrlufi renJronpoBoAsurni.i crepNeuu.

2. Eoxosas noBepxHocrb crepxnfl TenJroa3o,'InpoBana (renlo
r.r()ir{eT paCnpOCTpaHrTCfl TOJTbKO BAOJTb OCH X).

3. CrepxeHl roHxufi, 3To BHaqHT, qro reMfleparypa Bcex roqeK
l r{zl)KAoM nonepeqHoM cegenuu crep)firr nocronrna. Ecnn pac-
( \ro'rperb rracrb crepxHff Ha olrp€Ke [.r, x{dx] H BocnoflbsoBarbcs

\.'.:

t*r,"',lsl;,

"+;!
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32 9acrs 2.  .0,xQQy:Nonubte 3aAaqr ' {

SaKoHoN{ coxpaHeHHfl KoJIIIqeCTBa ].en./Ia' To I\ ' !O}KIl() lIanuCaTb:

O6qee I{3N,teHetIHe t(oJIHrlccrBa ren,ra Ha orpeaKe 1", " + Axl :

: f lo,nlroe K0JIIIqecrBo Ter!' la, Itpoue,qli leto ucpe: rpaltuuurf
(t '  l , * f lo,rHoe Ko,'Iuqecrllo ren,rta, o6pasoeaeulerocf BH)'rpll

orpe3Ka lx ,  x{Lx l .

Tenepr. BBHIy rofo qro o6utee l(oJll iqecrBo refl"la (e Karopuflx)

BHyrpH brp.uxu l*, *+Ax] n ,rro6or't uorte'r BpeMeIIfi I gslqzcnn-

ercfl no QoPtrlY;Ie: xlar

O6qee KoJII{qecrBorenJla BHyrpIl orpe3xa[x, x-l-Axl: \ cpAu (s, /) ds,

rAe d- yAeJrbrra rr renJroeN{Koc'ir uarepu ala (noxaaunla, a1oao6,,oaro

MaTepl'la JIa 3alacaTb TeIL.'IO)'
p - IIJIOTHOCTb MaTepHa,'Ia'
.4 -n,nouraAb nonepeqHoro ceqerll{t l crepxl{fl '

8ai{oHy coxpaHeHr{fl gHepr}rH (4. l) rrroxuo rrpuAarr, c"'leAyK)lllyrc N'lare-

lrarnqecKyto $oPHtY;

tu l  (s,  t )  ds-

(4.2) _  . " t " .
: kAfu, (x { Lx, l) - u, ()c, l) l+ A j f (s, /) ds,

1.1e ft - rennOnpoBoAHOCTb MaTeplla.rla (noxa:ueaeT CnOCO6llOCTt'

rarepHaJra npoBoAl4rb Ten,'lo),. f (x, t.)-o6T,eMHafl MoulHocrb BHeIxHe'

ro HcrorrguKa renJIa (xanopufr/ctrl 'c).
3alaqa coclrcxr B ToM, r{To6H sanrlcarb ypaBHellue $'2) v $opue,

te coAepiKaur,eli uHrerpa,roe. Ails pe[reHLIR sroft saAaqtl ]lanOMHI'IM
qilTaTe"llo TeOpeMy O cpeAHeM 3Har{eHIll{ t'I3 Kypca I'lHTerpa"IbHolo

ltcqHcreHHtl.

Teoperr,ra o cpeAHeI\4 sHaqeHI4H

Ecnu SyHxuua l(x) HenpepslBtla-Ha-orpe3Ke f;a, b), ro cyqecr-
Byer no xil-ailrrefi Mepe oAHa rouNa f €.1a, bl, raKasr qro

b

j  r r r l  dx : f  (E)@-a) '

ilpuueHar eror pe3yJr},rar K ypaBHenlrrc (4.2), npuxoAlll\{ I( cJI€.

tyroil$My ypaBHeHHn:

cpAur(€, l) Ar : kAlu*(x f A-r, t)-u*(:c, t)l{ Af (1, t) L'x,

. r < g < x { L x ,

x+Lx  . {+a r

+ | cpAtt(s, /) r/s : cpA fd t J
N X

t 'tllli
r ' h

, , l l
,tll
p  1 , .

lflf ''l

ff'
$,i
U
r l i

t , ' i l
liiii
i l l i

,'i i' ,
t !r, llt

$lii
i i

t i
. t

, !

r : ! i

i,ii
i;1,
E.  i l l

i l
i , l ir
l l r

, : : { ' . '

Jlerq,ar 4. B$dbn ypuHeHrr ?cnnonpoao3aocrri 3t.

u t ( E ,  t ) : * { Ax
u* {x l 'Lx,

) * t f  
( € ,  t 1 .t)-u*(xi t)

HJIII

Vcrpeunrr Ar

(4.3)

rAe

dr:L
cp

-. KO3+Qr.r UrreHr reN{neparyponpoBoAHocrr.r,

- nJIOTHOCTL I.ICTOqHHKOB Tenfla.

,::J'

-tlq

' . :l!"n

r : ,  , '

. 9
: . ; . ' - : l ; - l

t.#.d

x 0, nonyuaeM ncKoMoe ypaBHeHHe

ut(x,  t \ :d , i i l * * (x ,  l ) *  F (x ,  t l ,

F(x,  t ) : l f  {* ,  t )

Ha grou Mo)KHo 6uno 6u ocranoBlrrbcrr. O4uaxo rubr AonoJrHr{-
reJrbHo paccMorpl4M cnyuafi, xorAa 6oKosas noBepxlrocTb crepxHa
He rBJIflercr renJrolr3o!Tr.Ipoeannoft. flpe4no.noxurrl, rITo BenaqlrHa
renJroBoro rroroKa uepes 6oxonyro noeepxHocrb crepxHfl B sroM cJry-
qae InponopunoHa,'rbHa pasHocrn Nre)r{Ay reMneparypofi crepxns u(x, ll
H reMn epary poii oxpyxaroulefi c pe.4u, Korop a rr noAAepx(r{ Baerc fl nocro-
ssHofi a paenofi. irynrc. B gToM cJlyr{ae saKoH cbxpaneuun Ko.ltnqe-
cTBa TeflJra npHBoAr.rT K ypaBHeHr.{0

(4.4) t )1 :626**-Fa*F (x,  t l ,

r4e p*xooQQnuneHr nponoprtuogaJrbHocrn AJrff norora {epeo 6oxo-'
Byro noBepxHocrb.

SAME'IAHHfl

l. Kar yxe orMeqaJrocb Bbrue, KoHcraHTa ft uasbreaercff Tennonpo-
BoAnocrbrc BeulecrBa r,I qncrenHo paBua KornqecrBy renna (e ra.
Jropntx), nporexarorqero B ceKyHAy qepes rJracrauy ro.nqunofr
I ctrl n nJloulaAbro floneperruoro ceqeHuff I cur npu pa3uocrr.r
reMneparyp Ha nporr,rBonoJroxnbrx rpaHnx nJracrr.rHKn, paBHoft loC.
tclrcJIeHHbre SHaqeHI4r TenJrorlpoBoAHocTr..r Lrrfl pa3IHrrHbrx MaTe-
pilanoe Mox(Ho uafiru e cnpaiounuKax no SHeuxe r.lnu xHMHr.r.
Tsnngsue auaqeHr,tfl TenJlonpoBoAuocrr4 Jrexar B Ar,lanagone or I
(ann rore4r,ri Ao BeilHrrrzH, 6lugxux K HyJrr,o, AJrf xopolxl{x r€nJlo-
HsoJrsropoB. Ecnu crepxeHb BbrnoJrueH gs oAHopoAHoro Marepu-
aJIa, To BeJrI.Iqr4Ha ft He sasucr.rr or-tr !,na uexoropbrx Marep6a-
fioB Berfiqnna k gasucaT or reuneparypbr u L!, cJreAoBareJrbuo,
ypaBHeHHe TenJronpoBoAHocTH B eToM cJryqae cTaHoBHTcfi HeJIn-
Heftnuu:

ut : *  { .P gy u-Y.
cp o)i I

2  M c o l

,!.; \-1.
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t{aule ncero, oAHurKo, TenJlo[poBoAHocrb ft -orle$b , c,Jla6o '3aB]'lc]tr

or reMneparypblr, u erofi HeJlnneftI{ocrba Mo)KHo npeHe6peul'

2. Benn'lluy c npltllflro Ha3blBarb yAenuHoii ren$OeMHOcTbn Belqe-

crna. Orib xapaKrep,syer cnoco6nocTb 
"BeulecrBa 

3anacaTb renflo-

Byro gHepru}O. ttanptauep, neqeHblfi xapro@,rl o6;laAaer 6onlurofi
TenJIOeMXoCTblO,, nOcKonbKy OH ]\'lox{eT 3anaCT}l ' 6O;llruO€ KoJIllqe-

crBo renJla Ha eAuHHuy Maccb,i (nor noueuy oH TaK Ao"'lro coxpa-
, Hfler BblcoKyro reMneparypy). t luoleHHo yAeJrbHaF renJ'roeMKOCTb

paBHa KoflIrqecrBy xanopui't r'en,na, Koropoe Hyxlro coo6ilIl{Tb
,l .pannvy neuecrsa, qrobu tron]{tlrb ero 

-reMneparypy 
Ha l 'C.

,trI.nr 6onluHHcrBa paccMarpuBaeMblx HaM]l 3a,(aq Be,'IHqHHy c

MO)KHO CqUTarb noctoggnol"t, He 3aRHcguleff tlll oT ,r' HLI OT U'

3saqegus yAenlHOfi TenJIoet$KOCTI.t 4,l1fl KOHKpeTHblx MaTepHaJIOB
MoxHo safirx B cnpatsoqHiiKax no cpltsuxe.

3. E,quHuuu [rsMepeHI.Ifl ocHoBFIbIX Befinq]lH, BxoAnIIrHx B ypaBHeHue

renJlonpoBoAHocrr4 (n cucreme CIC; raxoau:
rr-reMrepatypa {rpa4ycu l-[enmn x),
rr-cKopocrb l, l3MeHeHI4n reMneparypb-I ( 'c/c),
ur-HaKJIoH reMneparypuoft xpneoft ('C19*)'^ -.
urr-BbInyKJIocrb ieuneparypnofi xpnsoii ('Clcr'nr)'
c-yAeJrblrafl TenJIOeMKOCTb (Ka"'Ilr' -L),

A -ieunonpoBoAnocrb (xanlcu' c' "C),

34 9acrs 2. .QxQgye*,HHbre 3a5aq,

p-nJrorHocru (r/cut),
cr2 * reuneparyporlpoBoJtHocrb (cr,,rtlc).

4. Oruetru, qro reMneparyponpono.[.HocrbMarepllaJla *o: 
* 

npff-

MO npoflopquoHaJlbHa renJIonpoBoAHoCrH MarepHa,'Ia r oopatHo

ilponopuHoHaJlbHa TIJIOTHOCTI'I p U yAe"'IbHofi ren'noeuKocrH t; Mbl

HaAeeMcf l 'gToSTa3aBHc} - |MocTbcooTBeTcTByeTuHTy} ITHBHbIMnpeA.
CTABJICHI.I R M qI'TATEJTfl .

SAAA.tH

t. floAcraebre pasuepHocrb KaxAoit xs BeflItI{uH t't, Hv " ' B ypaB-

HEH}IC

u v6elurecl B TOM,
ueiHocrr 'C/c.

ut :  o.2t t rx-Fu

qro Bce cJlaraeMble I'IMeIor oAI'lHaKOBylo pa3-

2. floAcrasbre pasMepxlocrbxaxAoft t l3 BeJII4qHH B YPaBHeHHe

t t t :  dz l lxx-Ut l ,c '

rne o HsMepflercfl B eAEHHqax cKopocrlr, u y6e,qarecb B roM'
qro BCe CJIaraeMbIe I{MeIOT OA}IHaKOBy!O pa3MepHocrb.

I

Flexqlrr  5.  Pasgenenue nepexexHbtr

.'J. flHseAfir'€' ypabHeuwe renJronpouooU*lt.ti
I  

t  
: . : . ' ,  I  '  :  l

:  r , :+  * [h(x ,1u, ] *  f  (x ,  t )
, cp ox:

A,qrI clyqan, Koraa rerrJrorrpoBoAHocrb h(x) salucur rir KoopAH-
I IATbI .T.

4. [1pe4nono]KuM, ,qro u(x, t)-BeJrHqHHa Kogr{eHrpauuu Heroropofi
cl6crauunu B noroKe, ABr4)r{yuleMcr co cKopocrbro o. flpe4nono-

")\nM, qro KoHueHTpauul H3Mer{flercfl 3a c'{er npoqeccoe 4u@y-
KoHBe* uH r.r. U""";::" 

::::::::,

rrcxoAn n3 roro, qro s no6ofi MoMeHr BpeMeHH na orpeereIx, x{Lxl
BCIIeCTBO He BO3HI{KaeT I{ He I4Cqe3aeT.

yKA3AHHE. 3aron coxpaHeuus BeulecrBa r.rMeer BuA:

I4gueHesnR Maccbr BerqecrBa Ha orpe3Ke fx, x+Ax]:
:Hsuenenue 3a crrer )uQQgsuu qepe3 rpanr.rqbr+

fHeueHeHae 3a cqer flepeHoca qepes rpaHurl6r.

35

.flerqrn 5

PA3gEfiEH k1E nEPEMEt-.t t-tbtx

tlEJlb JIEKIII4I4: fiosHaxoMurb qlrrarerrfl c MoutHbrM Mero-
AOM pa3AeJreHUR rrepeMeHHbrx r{ noKa3aTb, KaK MoxHo BocnoJrb-
3oBarbcfl 3THM NreroAoM AJrfl peueHlrrr xoporxo xseecrHoft 4r.r$-
$y:r.roHnofi saAaqH. llocxonlry 3ror r\{ero,4 BbrsbrBaer rpyA-
Hocrr.r y uexoropofi qacrn cryAeHron (r ocHoBnoM H3-Ba rpo-
Mo3AKHx anre6pavvecrux npeo6pasooauuft), Mbr corpoBoxAaeM
u 3JroxeHu e HeKoTopbrMr4 H HTyHrr,r BHbll,il.r coo6paxeH[ fl MH.

OcHosHaR nAefl MeroAa cocronr B pa3.noxeHvw Haqaltbnoeo
Vcltosun_Ha npocTefiuue KoMnoHeHTbr, Haxox(AeHI.tu oTKJILIKa
cncreud na KaxAyro npocreftruyro KoM[oHeHTy u nocJreAyn-
qero cyMMupoBaHris Bcex orKJrHKoB. TaK Mo)KHo naftru orrJrr.rK
Ha npousso/xbHoe HaqatbHoe acnogue.

Cyuecreyroulas MeroAr.rKa paeAereHr,rr nepeMeur{blx B HeKo-
ropoft cr:eueHg yMeHbuaer BogMoxHosrb raKofi r.rurepnperaqun
MeTOAa, I{O rTeM He MeHee He nCKJITO!IaeT ee.
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Mploa pagAeJleflLtfl nepeMeHHbfx--oAlllt l'Is HaHooRee noqreHHblx
no BospacTy MeToAoB pelueHun cMeLraHHbIx 3aAaq I{ IlpnMeHflercq'
xoFAa:

l. Vpanneuue flBJIflercff JIHHefiHbIM r'I o4liopolHuu (He o6nsareflbHo

c nocrofl HHuul.I xoe@aqueutauu).
2' I-Pannu""'' n'n;;:ig:'; 

ii*Jg,"ll l,
\ u * ( 1 ,  / ) - F d r ( 1 ,  / ; : 9 ,

tAe @, F, T u 6-xoHctaursl (rpann'1nble ycJloBrlt l '  3aAaHHble B raxoM

BI.r,[e, Ha3HBalorcfl ltnefi Hunn o,qHopoln n mn rpaHMqHH mu ycaonrnur)'
'MeroA 6ur cosAaH Bo BpeMeHa Oyple (o6uuuo on Ha3blBaercfl

nemodou @ypoe) u, no-BHAuMoMy' B Hacroflulee BpeMfl flBJIflercfl

nan6olee noiiynipnnrt,t (o rex cJlyqafx' KOrAa oH npur'aeIrHu).

ori,frfrn
w()

PllC. 5.1, Cxeuarnqecxoe ueo6paxenlle aatp$yeuoHuoft eaAaqu'

. Buecro LlsyqeHlrfl MeroAa s o6qeu-cflyqae Aasafire pas6epgy

cpaqara qacTHyro 3a'aqy (nosxe -rv1u o6cy.inr'a u o6utrft c.rryvafi).
Paceruorpuu Cu-euaunylo saAaqy 4H@ysuoHuoro THIIa: Halarg perlegne

. ,  
( Y q n )  L t 1 : d . z t t r r t  0 ( x ( 1 ,  0 ( l ( o o '

'-:$AOBJI€TBopfl IOUee rpaH[rlHblM ycJIoBI'|fl M'

(rv) { ' l? 1l: : ,  o(r(oo,
u uaqaIbHoMy yCJlOBIllo

.  (HU u(x, 0;: q (x),

u = 0
(fenno6ou
cn0x)

0 ( . r (  l .

i: .i';,

ffi

',.flpex(Ae qeM ilpucTynlrTb K pa3AeJleHI'l-Io nepeMeHHblxr AaAIIM
qreH,iecxyro xHtepriperiqnrc uaureft 3aAal{u, Vraw, ryu"I-l 

crepxeHb

ioseqnofi- AJrltHbt,-KoHrlbr Koroporo noAAepxuBalorcff npn nocroffH-

nofi, pannofi Hyruo reMneparype (ua cauoM AeJIe KoHIlbI Moryr noA'

Aepx;Barbcs npu ropas4o 6olee aucoxoft JeMneparype' 3HaqeHHe

xoiopon nprannr,,raetcn 3a Haqaro otcueta). Aononmre{?T:: AaHHbIe
o s:iiaqb ripe.4crao.neHbr B BI{Ae HaqaJIbHoI-o ycJIoBLIt. l-laua Il€JIbl-

uqniu pacripeaene$ye reMreparypbl u (x, t).s rocrleAyrcIql{e MoMeufbl

BpeMeHIt.

U ( r, 0] z Il (O = HdqelbHaf, mertnepdmgry

l l t S = u 2 u $

- -  
: "  

- '  ^  . .  
' -  

t  . ^ 7 i  l i :  " L :  r i 4 . i  t  r .  .  1 .  .  i . '
r . i . , \

Flerqnn 5.  Pareenerxe nepeMeHH&tr t l
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| )Ori{rre nprrur{rrnbr Mero[a paBAeneHHR nepeMenHr,rx

J[nn npocrefiruero ypaBHeur.rq c qacrHbtMH npou3Bo4Hbtl{r{ pa34e:
,xeHlre nepeMeHHblx-gro norlcKu peneuufi ellAa

u (x, t):  X (x) T (t),

urte X (r)-Qyrrxurls, 3aBr.rcru{afl ro,'rbKo or nepeMeHHofi .r, aT (t)-
3ABIICAqAfl TOJIbKO Or I, TAXOC PCII]CHIIC RBJI'IETCR B KAKONI.TO CM6I.
cne npocrelitrtnM, nocKo./rbr{y reMneparypa u(x, t), i lpeAcraBneuuan
s raKoM Br{Ae, 6V49t coxpaHffrb usoprnry, npo$u;rn B pa3,{fiquue
NroMerrTbr Bper\reHH / (cu. pnc. l l .2).

u(t ,0) = TQ)x(. i ' )
u  ( t , 1 ) . I ( t ) X ( c l
q (r ,2) = 7(2)X(cl

pUC.5.2. fpatpnr Synxuuu X(x)T ( l)  e paanr.ruubre MoMeHrl,r epeue4r f ,

C6uan H,qen 3ax!'rrcqaercn B ToM, qro6u 'uaftrs 6ecxoHeqrioel
qr{cJro raKr.lx peureHuft ypaBHeHrrfl c qacrHbrMu npo[3BoAHbruu (xoro-
pu€ yloolerBoprror rpaHuqnbrM ycnoauniu). 3ru npocreftuue Syrrx-
L\Hu un @, t) : X o (x),7" (l) (HasslBaeN{hre rpyslarueilrarrbHbn}tn pirue, ,
HXf,Mfl) f lBr 'r f lHJTCn Xan 6U 3Jrer{eHTapHblr\rH KHprruqHKar{H, ue xoiopnx'
c'rpourcn peueHue uaruefi saAaqn. Peuesue Haurefi sagauu u(x-, tl
HaxoAtrrcrr B BUAe rarofi nuuefisofi rou6uuaquu Qyu4aueHra,rnHui
peureHuii X,(xlT,(t), qro pesyrrbrlrpyrcflIafl cyMMa , , :

2, o,*-(x)7,(t)

yAooJrerBopfler HaqaJrbHbrM ycJroBasrrn. flocxonbKy ora cyMMa yaos-'
JreTEOpfleT ypaBlreHHlo H _rpaHHrtHbrM ycJIOBr,IrM, OHa flBJIfleTCfl pe[Je-
frr{eM ncxoAHofi gaAa.ru. Hau ocTaJrocb npoA,eJlarb Bce grll BbIr(naAKr{
AocraroqHo,nogpo6Ho.

Paa4erenne rrepeMetnbrx

IIIA| l. (Haxox4eHue sJreMeHrapHbrx perueHnfi ypaBnenlrn o {acr-
HbrMu npousnoluuul.t.)

Mu xorHu saftrs Qyuxquro u(x, l), Koropafl flBJrnercfl p6ruenxeu

' I



38 {acru 2. Ar$Syrroxnbre saAaq,

ure4yrcu1efi saAaqu:
(Venl

(fv)

(Hv)

0 4 x 4 1 ,  0 ( / ( o o ,

0 q l 4 o o ,

,  0 < x (  L

6yaeu ncKarb peureuur, npeAcraEuMbte B BllAe u(x, t):/. (r) f (/).
"{nn 

-sroro 
noAcraauN,t nupaxieuue X (x)T (t) B ypaBHeHHe. B pe-

sy.IlbTaTe noAcraHoBKH noryqaeM
X (x) T' (t\ : qz Y" (x) T (t) .

Tenepr BbrnoJrHHr\{ onepa(u}o, np}tcytuylo A-a-HHo[y Meror.y:
pasileni o6e .racrfi noc,'IeAHero ypaBHelIIIrt tta azX (x)T (t)' B pe-
s-yflbTaTe qero noryqaeM
. r' @ .x'(x)

vry6:xT6'
flpo aro BbrpaKeHLIe roBoprr, r{To B HeM llepeMell}ibte pas,u,eJleHri'
T. e. JleBafl qacTb ,ypaBHeHHfl 3aBI' lCtlr roJIbKo or l, a npaB8fl
qacrb-ToJlbxo or x, Tax KaK x u t ne saBucnnx oduu om }pgeoeo, ro
KaxAafl uacrb smro_ ypaBHeHltfl ,{oJIxHa 6url xoucranroil. O6osHa-
trHM gry KoHcraHTy k, rorAaT, 

X,,
& T :  

- T :  R

wta
T ' - h a z T  : 0 ,
x"  -h ,x :0 .

Tenepr Moxno peur4rb KaxAoe fi3 3'rnx o6blxloseHHllx rlrrpfspgn'
uua,rbHblx ypanHeHuii. flpousne4eutte coorBercrByloulllx peureHufi
6yaer yAoBJlerBopflrb HcxoAnoMy ypaBHeHI'{o c qacrHbIMH npou3Bo,u-
HbrMIr. (3arvreruu, qro MbI cyqecTBeHHo ynpocTHJII4 HcxoAHoe ypaB-
HeHr.re c qacrHbrMlr npql.ISBoAHbIMlI BTOpOTO nOptAKa, npeBpar]4B ero
n Ana o6uxHoBeHHbIx aHS$epeuuuaJlbHblx yparneunn.)

O6parrrr,l renepb BHHMaIIHe Ha cJleAylouee BaxHoe o6crosre.nr-
crBo: KoHcraHra pa3AeJIeHHs ft ,qo;rrNua 6arct ompuqamenonoilr)
(apyrruu cJroBaMH, $yuxquu T (tl nonxubl crpeMnrbcr K - ryJIIo
npu t * oo). I, l lres sro B BItAy, BBe4ei\{ o6osHaqeHHe k:--},2, r4e
X,- ue panno HyJIIo (n arou cflyqae BbIpax'(eHHe-I3 6yaer BcerAa
orpuuarerlnuu). C yuerov HoBoro o6osuaqeHun r!iln KoHcraltrbl
pa3AeJIeHHfl Asa o6HxHoBeHHbIx :lnrpQepeHuua.IIbHbIx ypaBHeHHe 3a'

l )  B nporr . IBHoM cnyqae ypaBHenrae X"- laX:0 c rpaHt l ' lHbIMD JcJ' IoBlr tMH' 
X (0):X (!)-0 ur,leer rb.nsxo rplrBlra,'rblloe peueHrre X 1*) - o.- IIpun. ped.

l)l: QL?tt xxs

l u (a ,  t ) : 0 ,
\ r ( l , l ) = 0 ,
u (x, 0): q (x)

ir:r': iilf

..1r.
'i l\)

,  
. , i : ! j

.{:
Jlex4er 5. Pbrgenenne hdpdrr,ter.iHurr 39

) r ,

X"  .1 ' luzx :9 .

Peujllrr,r sJlr yp_aBrreHun. OHs sBJrfltorcfi ypaBHeHfinMH craHAap?.
Iloro rnna. I4x o6ulue perxeunfl sarrucbrBanrcfl B Br.rAe!

T (t1 : Ae'13a't (l - npoHsBoJrhHaff nocroRuHag),

X (x) :.4 sin (?vr) -p B cos (?,,r) (A, B -nponsBoJrbHhre noctornHue).

CneAosarentuo, SyryxuLru BuAa

u (x, t) + e-]u'a'/ [l sin (Xr) + B cos (i.x)] , l

(rae A, B rE ?,,-nponsBoJrbHbre nocToflHHbre) yaoeflernopnroT yqn
u1:ot"Zg** (npOrepr,Ift 9TO npeAJrafaeTcfl B 3aAarle l, nOrr{elqefrHOft
B Konqe Aaunoft .nexuHn). VraK, y Hac ecrb renepu 6ecroHe,ruHft
Ha6op SyHr<nufr, yAoBJrerBopflroulux HcxoAHoMy ypaBneHr.ro c qacr-
rrblMH I]pon3BoAHbIMH.

t[IAl 2. (HaxoxaeHae pedreHrafi, yAoBJrerBopflror.ilnx rpaHxrrnblM
ycnoounu.)

(5 .  1 ) s-Itzazt [.4 sin (fx) * I cos (],r)],

Koropbre yAoBJIeTBOpRIOT rpaHr.rqHbrM ycJroBHfM

u(0 ,  t ) : 0 ,
u  ( 1 ,  t ) : 0 .

tlto6u cAeJrarb sro, noAcraBHM peueHraa (5. l) e sru rpaHHr{Hhre
ycJroBnn. B peeynmare noryqaeNl

u (0, t) : fig-|'2a"r : 0 + B :0,
u (1 , t) - Ae'^'a2t sin l. :0:> sin l, : 0.

Bropoe rpaHr.rquoe ycJroBr.re HaKJraAblBaer orpaHnqeHr{e Ha Bo3-
MOXHbre sFaqeHIlff KOHCraHrbr pa34eJreHr.rs ]u: oHa AoJrxHa 6urr
I(opHeM ypaBHeH[rt sinX,:0. Apyrurr,rr{ cJroBaMH, qro6u yAoBJrerBo-
pnrb ycJtoBnro u (1, l):0, ueo6xogHuo nompe6oeam6 BHnoJrHeHHfl
coorHoueHuft

l " :  : t  n ,  *2n ,  .  ,  .
uiltl

\ , r : 1 l n n ,  n : 1 ,  2 ,  . . .  .

Ilonoxdune cefiqac raKoBo: v Hae ecrt 6ecxoHetrnoe MnoxecrBo
peureuufi ucxoAHofo ypaeueHlrn, Ho He Bce onlt yAOBJrerBoptKiT
rpaHI{qHbrM r.irn HarrarbHbrM ycJroBr-rrM. Cne,qynutufi rrlar cocror.rr
n' eu6ope raKoro no1nuocrcecmna peilenwft nu1a
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I0 4atir 2. AnrD$l:x-osriue gaedqn

Orueruu, rrro lroxHo yroBdlerBopnTb BTopoMy rpairuuuolty 1'c.no'
Bfito, ec.lln noJIoxHTb A-0, Ho B TaKoM c.nyqae peuenue (')'I)
6yler roxrecrBeuHo PaBHo HYJllo.

' ' - '21

U, ( r , t )  =  A ,e -  " ' " t ' s i n  (n r1

{ n { r
* \

Pt4C. 6.3. Oyu4auerrralbHbte peueurt,1 un{,x, l) :  ! ,rp' \nna)' '  Sin (OnX).

Htax, MbI gaKOHqHJI1I Bblno,'lgeHfie T;Topofo tuara Il pacfioJlarael\4

6ecronesuuu ua6opon $yuxuHft

(5.2' u o ( x ,  l ) -  A n e ' l n n a v r s i n ( n n x ) ,  n  : l r 2  . , .

I{axAan n3 KOTOpbIX yAOBJIeTBOpner ypaBHeHHIo c qacTHbIMI.I npOHs-
BoAHhrMLt 14 rpaHIIqHbIM ycJIoBHtlM r). I-lo.nyueHnue $yHrUrH tBJlfllorcs
TeMa KupnugnKaMx' H3 Koropblx MbI nocrpol{M pelxeuxe saueft

".T*i 3" peueHne 6yaer rpeAcraBntrro co6oft Hel(oropyn cyMMy

r) Orl,rernui nro Qyuxuun ltn lt tt-n orJluqalorctl ro,rbl(o sHaKoM.

u 2 (1, D = A 2e 
- ( 2zra)2 t "in 12o *1

f * \
t ,  , , i
tlt r+-2

u, (x, t) = trru-(3xu)2t ,in (3zrr)

f l l t l -

u4Q,t) - 4rs-(/t?a)'t tin(4tts)

" '.qq:l�
_t:i 

:,;..r.

Jle*rlrn 5.- Pae.qenenxa nepeMeHHbtr

H3 ?rrrx, npocrefiuux QyHNrrufi. Kourpernryfi-.suA cyMMbI 6yAer sa-
Brrcerb. oT ,Har{a,'rbtroro- ycJroBnn. Ha puc. 5.3 uso6paxenu rpa$uxg
uecKoJrbrcrx raKr4x SyHa.auen'raJlbnblx rpynruufi .. i

IIIA| 3. (HaxoNaerne peueHllflr yAoBJl€rBopfiqefo.:'ypaBHeHHlo'
rpaHntIHhIM H Haqa, ' Ibt l l r lM yCJtOBlrgNl. )  ;'  

f ioc.neAHufi (u, nepon'rHo, Haa6oflee llnrepecnuii b uareuatu-
qecxofi ToqKn apeuun) llar 3aKJlloqaercfl B Haxo)l(,u,euur taKofi cyMMbI
rfyH,4auenraJrr,Hblx pemeuHfi ,i

u (x,  l ) :  i  A,r-  (n 'Try)"sin (nnx),
n = l

r. e. n noa6ope raKnx Koe$SnuueH'ros A,, uro $yHxuun 6yaet
yAOBJrerBOpflTb gar.rafibHoMy yc,'IoBllo .

u (x, 0\: q (x).

cyMMbr.B HaqaJIbHOe yCJIOBHe Aaer

o

q (x): 2 A^sin (nn.r).
- - l

3ro ypanHeHue npr{BoAur Hac K HnrepecnoMy Bonpocy:r Mo}rruo JIa
lraqa.nbHyro reMneparypy q (r) pa3Jloxl4rb B png tto r oJI€M€HrapHb{M
rfrynnuunu au,ua

/ ,  s in  (nx)  * ,4 ,  s in  (2nx l  * ,4 's in  (3nx) f  .  .  .?

llonoxurenlsnfi oreer Ha eror Bonpoc aan $pauuyscxEfi Mareiilarllfi
Xoae$ Oypoe. Oxasanocr, qro Arq AocraroqHo xopourlx tpynxunfi
raroe pa3JroxeHue nosuoxHo r). TorAa Bo3HHKaer Hosuft Bonpoc:
xar safirrr rosQQuuaenrbl pa3JlolKeuun A,? ;

Ha cauou AeJre cAeJrarb sro oqeHb Jlefxo. A.ns groro Bocnor'Ib-
syeMcfl csoficrnor'a cucreMbr $yHr<ur,rft

{ s i n ( n n x ) ;  n : l , 2 , . . . ) ,  
' ' '

Ir3BeCTHbrM, KaK OpTOrOHaJrbHOCTb.
B Haurerrl cJryqae (cr,,t. ea4auy 2), eru $ynxrluu yAoBJlerBopflIor yc:

JIOBH flM

ntS n ,

l/1,: lL;

4 l

Ilo.&craHosxa

(5.3)

l  r  1 0 ,
J 

srn (/nfl,r) srn (/lrr,Y) Or:\r,r,

l) Vc"'losur pa3Jroxr.rMocru Synxqufi o px,u <Dypre npuBeAeHLI s Jrexquu ll.
Aaq 6olee rny6oxoro 3HaKoMcrBa c arlrM BonpocoM MotKHo o6parnrrcr r
MHoroqHcJreHHofi yue6uofi ",rr.rrepaType (cu., nanpuuep: f. fI. Toucros.
PnaH oypre.- I l . :  Hayxa, 1980).- I Ipun. ped,

i
i:,,.;d
+ t
s l a
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42 9acrs 2. AHOQy3noHnbte 3rga'{,

3ro csoficrno HarnfiAuo n,nJllocrpupyercr Ha puc. .5.4, r4e nao-
6paNg4u .rparpurH Heroropblr rpyHnunft H3 oToft ; cI4cT€Mbt.

Vrat<, MbI xornM uaiiru Ko3QSI'IuHeHrbI B pa3Jloxeul{l'l

I (r) = /, sin (nx)* A; sin (2nx) * A, sin (3nx) { . . . t

pI4C. 5.4. flocreaoaaterbHocrb oproroHafl bHr,l x $yH x uHli

Vnruocrcun o6e qactu sroro coorHoueHltR ua sin (mnx) (m-apo'
H3BoJrbH@ uefioe qncro) u npounmeepupqeil 01' Hyns Ao eAHHI'IqH.
B peeynurare noryqaeM

- l  .  i .  A -
\ q (x) sin (mnx) dx : A ̂  \ sin'� (nrrx) dx : tJ  

" , J
. r 0 u

(sce ocranuHbre cJraraevue o6paruJrHCb B rrYnu, 6naronapfl opToro-
Ha.nsnocrn;. Peuran ypaBHeHue orHocl{reflb{o Ar, ror'lyqaeM

I
n

A ̂ :2 ) p (x) sln (mnx\ dx.

'TaxHu 
o6paeou, Mbl noflyql'uln' tITo pelxeHHe 3ant{cblBaerctl B BHAe

(5.4) u (x ,  t \ :
@

! Aoe- lnno\ " /  S in  (nnx) ,

rae xoa$Snul{enrbl d, onpeae.nflrcrctl no Soptrlynau

: 2 \  c o ( x )
0

A n sin (r,nx\ dx,

Flexqrr 5. PasAeneilxe nepeMeHHbrx 43

'Moxgo y6e4Hmcr B ToM, qro noryqeHHHoe HaMrr perueHne yAoB-
reTBopReT BceM ycJroBnflM ucxoAHofi saAaqH. Ha g.ror\a 3ar(aHqHBaeTcrl
u a r 3 .  ' i

tr lHornx cryAeHToB nocrrraer pagor{apoBaHrie, Koraa oHrt BlAflT,
XAI{ CJIO}KHO BbIIJIfl,4HT NOTYIIEHHOC PCIII€HUE, l-I OH}' CABA ilT'I YAO.
cylrarcr B3r'JrrHyrb l ia Hero eu1e pa3 (Hacro.nuro oHo cKBepHo
eurna4ur). O4uaro sro perueHr.te ue 6yaer Ka3arbcn raKlrM cJrox-
HbrM, ecJrr norparlirb HeKoropoe BpeMfl Ha ero arailt43. 14 s caMoN{
Aere, 6onee cJro)xHafl/{oprr,ia peuerrHfl osHaqaer eio 6onsuyro uHQop-
MaruBHocrb. Huxe' np14BoAltrcfl HecKoJrbKo . saMeqautif i, r(oropbre
noMoryT BaM HHTepnper i lpoBaTb 3To pe[reHHe.

3,4ME'TAHH9

l. o6parurra BHHMaHlle Ha cfie,u,ylotuee o6croqreJrbcTBo: e,rIHHcTBeHHarr
pa3nuua Me>KIy pasnolreHue.rl Qynxuuu p(r) d pnd @gpoe no
cuHAcan n (5.3) H peueHueM (5.4) cocrour s Hb,'ruquu spenaeuH6ro
MHo)KUTer'Ig g-lnnal2t B KaxAoM qJIeHe ptAa. CleAoEareJIbHo, ecil l l t
HarraJrbHoe ycaoBHe r4MeeT npocToe paSJIoxeHr.Ie, HanpuMep, Bn'.a

. l

I  (x):  s in (nx) *Z sin (3nx),

TO perueHHe MoxHO 3anucaTb cpa3y

u \x, t): s-tna\zt sin (n.r) *| e-o""t' / sin (3nx).
?

B sror\a cryrrae oqeBrrAHo, qro ecJrlt Mbr paanoxr.ru g (,r) B psl
@ypre no cr.rHycaM, ro rroJryrtnM

A r :  l ,
A r : A ,
A r :  |  1 2 ,
A n :  A u :  . .  .  : 0 .

Moxuo HHrepnpernpoBarb peureHne (5.4) cJreAyprqnM o6paeou:
Mbr npeAcraBJrreM HaqarbHyro reMneparypy g (r) B Br.rAe cyMMbr
npocreftIuHx @yttxuufi nn!.a Ansin (nnx); KaxAas rarafl $ynruun
nopoxAaer orKJrr.rK Aoe-@nal"t sin(nn.r). Cxnag,unan Bce raxlre
orKJr[KH, Mbr noryqaeM pemeHHe, cooTBeTcrBy]oqee HaqaJrbHoMy
ycrloBulo u (x, 0): p (x).
Kax,qoe cJlaraeMoe B pasJroxeHuu

u (x, t): Are-Qta'\zt sin (tx) * Are-tzna')'t sin(2nx) | . . ,

rrBJrrercs $ynxuueii or )c r4 l. Orueruu, rrro BKflaA cJraraeMbrx
c 6orrnruuu HoMepaMu npn t ) 0 o'reHl ua.n 6naroAapfl MHoxH-
T€rIo e-(',tro)". CneAogarerbHo, no HcrerIeHHH,qocraro.IHo 6o,'Is-

,

J ,



' "  ' . / i -  . "  ' .  " l l

41 {acrr 2. ArgQy3l,loflHrre 3.gaqr.

Pl' lC, 5.5. B 4uQQysHouHbrx 3aaaqax qr 'reubr Bblcoxoro nopfl- lKa 6ucrpo 3alyxaror;
q (.r)-uava,nluaq reMneparypa. Orr 'reruu, rrro B nepByro oqepeAb B perueHHtl
npona,qapT BblcoKue qacToTbi-cHaqa,ta ficqe3,'rfi caMble Me.IKHe ocrlH"ri,rfluhft.

'uoro 
npoMexyrKa npeMeHH noJrrroe peueHHe npu6nnxeHuo

coBnaAaer c nepBbtM cJrafaerubrM, Koropoe npeAcrar].nfler _co6oii
saryxarcqylo co BpeMeHeNr no,'ryBo;rHy crrH)rcoil.ir,br (puc. b.,b.)

SAl,Aqn

floxaxure, ,rro QyuxuuLt Brilra
' u (x, t) : s-\"""'t [.A sin ([x) * B cos (tx)]

yAOBJIeTBOpflI.OT ypaBHeHUlo ttt:a2ll,{r I lptl npoll3BO'nbHhlX 3Ha-
q e H u f l x  A , B u l u .
floxaxnre, qrcl

?  I  0 ,  m t ' n ,
\ sin (ntnx) sin (nnx) d.u: i | ,o. J  I  l t / ,  l l l : f t .
0

yKA3AHI4E. I4cnonosoBarb ro)KAecrBo

sin (rnx) sin (nx) :  {  1.o. (m_�qr-cos (ml n) x l .

Hafi.qure pasrloxeHr.re B psA Oypre ro cr.IHycaM QyHxuHH tg (x) ": I
Ha orpesKe [0, 1]. flocrpofire rpa$r.Ir repBbIX rpex-rlerblpex qJIe-
HOB pa3JroxeHr.rfl.
Llcnolueyn pe3yJrbrarbl saAal{il 3, uafi4ure penenlle c.ne4yroqefi
cueruasnoii ga.rlaqu:

; ;  $, ' ,
tl,tF:,
j '1,''
. r ' , f , i .

' ,  ; .
' :  

i t , . :

; {ii
l; ,l
i i  i l ' '
, ! : r .

, i l ""
{ F . ,

l .

2i

:
I

I

r ' l

3;
i

l :

A'

(yqn)

(fv)

(Hv)

0 ( x ( 1 ,

0 < l ( o o ,

0  ( r (  l .

i l t :  uxx

tu {0, t7 :0,
\ a ( 1 ,  f ; : 9 ,

u ( tr ,  01 :  l ,

f : 0

.Ilerrlxr 6. Flpgo6paroaaHse lreoAnopofnsrx.,rpaH#qnbrx.ycaoexl tlS"

(OruerHu, uro ara,,,sagaua Queuuecru 6eccustcJleHua, nocKo,'IbKy
noApasyMeBaercfl, qro reMnepaTypa Ha KoHqax crepxHff MrHo-
BeHHo yMeHbr.xaerch or',eAfiHnubl Ao nynn. B 6oflnunHcree 3aAaq,
eCr'IIt 3aAaHbI HyJIeBHe rpaHHrlHble yCJIOBIIfl' TO I'l HaqaJlbHafl TeM-
neparypa cp(x)  Ao.r rxna o6pauartc f l  B Hyl tb npu x:0.u x:1. )

5. Hafiaure peureHue sa/.auu.4, ecrr{ HaqaJlbHoe ycJroBue gaAano
B BUAC

a (x, 0): sin (2nr) *f sin 1+nx)*| sin (6rx).

6. Penure 3aAaqy 4, ecfilt HaqaJrbHoe ycJloBne HMeer BHA

a ( x , 0 ) : ) ( - ) ( 2 ,  0 ( x ( l '

flerqnn 6

nPEOBPA3OBAH l4E HEO-q,HOPOfl HblX
rpAHhr{Hbtx ycnoBhn B oRHoPorqHblE

I"lEJIb JIEKIII4I4: floxagaru, KaKHM
3aAagy

o6pasou cMeuaHHyro

(yqn)

(rv)
(Hv)

MO)KHO CBeCTI' K saAaqe BHAa

U ,-a,zU **:  F (x,  t ) ,

arU * (0, t) +pru (0, l; : g,
" o.rU * (L, t) +PoU (1, l) :0,

U  ( x ,0 ) :  P  ( x )

c iry.treruun rpaHHqHbrMIr ycJroBnflMa.
3ra Hosas 3aAaqa Moxer 6urr peueHa
l. Mero,qou pa3AeJreHHn nepeMeHHbrx (ec;lu Honan 3aAaqa oKa-

saJracb oAHopoAHOfi, r. €. F(x, l):01.
2. MeroAorr,t anrerpaJrbnsrx npeo6pa3oBanl.rfi H pasJloxeHnfl no

co6crseHHurra $ynxurnM, ectru F (x, t)90.

Ltr-&2u**: f  (x, t)

!oru* 
(0, l)  * F,a (0, l)  :  g, ( l) ,

laru*(L, t \  +pru \L, t):  gr(t),
u \x, 0):9 (r)
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4lr 9acts 2. flrg@yaxonrbre sagaqr

PaccuorpeHsufi sa FrpeAbrAy{qeft nexqsu MeroA pa3,(eJreHHH rrepe*
MeHHbrx flBJIseTCfl AOCTaTOqHO MOrrInbrM, a IIOJIyqaeMb.te c eto noMorrlbro
perrleHr.rfl npeAcraBJrrrorcfl B yao6Hofi @pr*e. Teu ne Mer{ee qurareJrb
AOJIXeH nOHnMaTb, IITO 3TOT MeTOA npUMeHHM fre KO BCeM SaAaqaM.
Ar'Iff [IpI'IMeHHMOCTt{ MeTOAa paSAeJIeHLtfl nepeN{exrHbIX IpaHHqHble
ycJIoBHfl AonxHbr 6arca nuneftHbtJ,ut bdnopodnoii+tu, r. e. npeAcraB-
fifl|'bcn B BHAe

(6 .1 )
a,u, (0" t) *p,u (0, t ;  :  9,
aru, (L,  t )  *Fru (L,  t \ :0 .

I{uls aroft JreKuuH-noKa3arb, KaKr.rM o6pasou gal*aq.a c neal-
uopo1uomu rpaHr.rqHbrMr.r ycJroBrrfl Mtl Bu41a

(Yqn) ut :d,z t txx,

(a,u* (0, t) *F'u (0, l)  :  g' ( l)
(6'2t oy) to,u,, (L, t) {p,u <t, q: i,(i, 

(ueo.rHopo4Hue fv),

(HYt  u (x ,0 ) :p (x )

MoI6e.T 6utr peureHa nyreM cBe,qelrufl ee K saAar{e c oAHopoAubrMlr
IpaIIHqHbIMr{ yCJrOBH rMr.r.

Hoeas 3aAaqa Mox(etr 6urn peruena KaKHMH-To Apyrr{Mr.r
(uanpuuep, pa3Jro)Kenr{en no co6crBeHHbrM Qyurunnrra).

Mu gaqneu r,IBJIox(eHLIe c HcKfirerruTeJrbHo rrpocroro npuMepa
npeo6pasoeaHr.{fi rreoAnopoAubrx rpaufir{Hbrx ycnoouft K oAHopoAHbrM.

trlpeo6pasoBaHue HeoAHopoAnbtx rpaH!{rrHbrx
ycJroBrfi K oAHopoAHbrM

:
Paccuorpurra 3aAarry o pacnpocrpar{enxri reflJra B

BaHHOM CTepXHe, KOHqbr KOTOpOTO nOMep)Kr{BarcTCfl
flbrx reMneparypax k, u kr, T. e.

MCTOA,AMH

t

Te[IJronsoJrr{po-
npH nocroflH-

(yqn)

(6.3) (fv)

t L 1 : & z n * r r  0 { x { L ,  0 4 1 4  0 0 1

l * \ 0 . ' ? . : u , "  o ( r ( o o ,
\u (L, t1 : P*
u ( x , 0 ) : 9 ( x ) ,  0 ( r ( L .(Hv)

'Tpyanoctl grofi sa/*aqv B ToM, rrro, rlocKoJtbKy rpaHaql{ble ycJlo-
Br.rq B uefi Heo4uopoAHbr, Mbr He MoxeM perxarb ee MeroAoM pa3Ae-
reIII{fl nepeMeHnblx. O4uaxo oqepr.rAHo, rITo rtpE I * oo perxeHue
Haueft saAaqn crpeMr.rrcs K craqnoHapHoMy peuleHnro, Koropoe
axwefiHo HsMenflercq (slonr x) or reM[eparypbr k, Ao reMflepa-
ryprr ft, (pnc. 6. l). Apyrurraa cJroBaMH, pasyMuo rrpeAnoJloxarb, tlr.o
Teluileparypy e Haurefi saAaqe Mox{Ho rrpeAcraBurb B BI,IAe cyMMbr

:{,,

,"i, .,"t. ;

.Ilexqxr 6, flpeo6pasoBaHr,te HeoAHEpo[Hhrx rpaFr,r'{Hbtx ycnoenX 47

JIByX CflaraeMbrx

B
tnapu

'  u (x, /) : cTaluoHapHafl f nepexoAlraa :

r t
flpe.le.nruoe peuieHr.re 9acm peIUeHIte,
.qnq 6orruux BpeMeH Koropafl SaBI.IcLIT

or HY H crpe-

i 
MHTCfl K HyJIIO C
pocroM BpeIueHLI

: [u, +i{n,-n l] +u @, t).

raHHoM cflyqae Haua 3aAarra-Haitru nepexo\ugn me.anepa-
U (x, t). llo.qcras,'rrrs

u(x, t): fu, +|@,-n,\f +u {*, t)

B r4cxoAHyn saAaqy (6.3), vrr
re"nbHo HeHsBecrHofi $ynruuu

. u

npnxoAr.rM x Hosofi BaAaqe ornocn-
U (x, tl. Moxso peurrrb saAaqy

t-:0

L -

MOMeHTbI Bp€MeHIr: d-UarlaJtbHat

0

PllC. 6.1. Peuresug sa.qauu (6.3) B pa3rr,rqtbre
reMneparypa u!x, O):g @); 6-craquonapnar reMneparypa * (.r, co):&1 a

+ | &r- Q; 6-nepexor'as reMneparypa.

oruocr{reJrbno Hosofi Heu3Becrnofi $yuxuuu U (x, t} u ,qo6annrl ee
K cTauHoHapHoMy pe[reHH]o, B pesyJrbrare sero noflyqr{Tcr r.rcKoMaf,
tfynxqur u(x, t). ilpole.ttat era npocrbre upeo6paeoBaur.rs c (6.3),

= 1
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tl8 . 9ec-rr.2. A!++y.3r4o$H!,re 3aA.'r+l

nofivrtHM

( Y q f t )  U t : q z U , *  0 ( x ( L ,

rAe q(,r)-Honoe, Ho lt3Becrrroe HaqaJrbHoe )tcJtoBue.
9ra eagaua He roJIbKo c oArIopoAItbIM ypaBHeIIueNr, r{o, r( csacrbro,

a c oAHopoAHbIMLI rpaHHqIIbrMH yCnOBnflMU, r{TO nO3BOJrrfeT peutarb
ee . MeroAoM pa3AeJlennfl nepeMeHHhtx. B cauo,r,t ae.te, qrrrare,tb,
BepoflTHo, [ot\{HHT peueHHel

U (x, t l : )  aoe' tnna) 'rs ip (nnx1L),

L
2  t - , " ,a,: t J ,p Gl sin (nnEll) dE.

{ ,

9To nce, qro Kacaercfl crep)Kr'refi c (tutcculro*tt*i{bt.tnr re}.!nepary-
paMH Ha KoHuax. t{to xe'Mo}HHo cKa3arb o 6onee pea,rtHcrt.lqecKHx
fV c Basucruqtnu om spel,4eHu npanr,rMlr qacrslrr.r? OcnoslHe n,len
3Aecb raKfie xe, KaK I E rrpeAbr,tyiqe,ii 3aAaqe, Ho rrecr(onuno 5o.nee
.CJIOX(HbI.

flpeo6paaoBaHHe 3aBHcsulr{x or BpeMeHH
rpaHUqHHx ycJroBHfi B HyneBHe

Paccuorpnl,t runuqHyto ga4a'{y

g ( V q n )  L t . : & z t t * * t  0 ( r < 1 ,  0 4 l 4 o o ,

(6.6) (rv) \i,lon,u,Tftl]'lr, u: {,(t), 
0 ( I ( m'

( H Y )  u ( x , 0 ) : < p ( x ) ,  O { r ( t . ,

. Ann roro qro6u npeo6pa:onarb gru rpallrrqrrbre ycJroBnq B Hy.ne-
"BHe, mu (nocne HeKoroplrx npo6 tt otuu6ox) ocralroBu,rrucir r{a cJre-

I Ayrou{efi Sopue peileHHfl:
(6.7) u(x,  t ) :  A ( t )U -x1Ll+ B ( t ) lx t t 'J+U (x,  t ) ,

r4e $yHxul.tl A(t) u B(t) ou6upaotcn raK, ,rrolx,l (i(Ba3flcraquo-
Hapnar) 'racro peileHun (6.7)

(6.5) ,
rAe

ti:[r
r . !

li; 'r$i

(q;8) S (r, l)  :  A (t lLt * i t lL)* B (i)IxtLl

t ' l l tF

: 
- c*'r '''

flexqrn 6. tlpeo6pa3qBaHhe Heo'.AHopogxrrx r.pa.ru.r.rXcrr ycnqBxl 
'1' '49

y.a.oBJrerBoprra_ _rpaHnqnrrru yc"ironnrrr\r HcxoAHoft sanaqrr. B eronr cny-
uae Synruan U (x,,1) 6yaer yAoBJrerBopqrb oAuopoAnbrr{ rpaHflErrhilid
)'c,'IoBItflM.

floAcraHosxa (,yHrrruH S (.r, l) B rpaHr{qnne ycflonafl , ,
S  (0 ,  l ) :9 ,  ( l ) ,
S, (L, A * hS (L, t): ga(tl

np$gAH! r{ trByr{ ypaBHeHrrflrvl, r{3 Koropbrx Moir{Ho onpeleffr+rs 4(l)
n B {t). b pe3vJbrare no,'ryqaeNr

A ( t j :  g r ( t ) ,

B(t 'S:OW,({i.9)

C,{e10Bare.ltrHo, !k

/

t:): .

u (x, tt: 9r (4 ll - xlLl4et QI t:s: (t) 
futLl * u (x, 4.

Ecnu noAcranritrb grn Bbrpalrelrlrfl AJrfl u (x, t) B ucxoAnyro 3aAarry
(qrrratenro npeq"raraercn cAeJrarb sto), tr,rsl no.{yql\,r HoByro zapary
A.fiff Heu3Bec'rsol"r r]1,Hrruru.r U (x, t\:

ryqn)  U 1:azU r* -Ss (Hm4Hoponuoe Vtl[I},
(u  "u - ,  t \+hu (L ,  t ) :0(6.101 (ry) 
{ulo,.4:o 

(olHopoaHr,re fV),
(Hy) t/ (r, 0) : {p (r) -S (x, 0) (Honoe HV c HesecrHoii

Tenepu gepea Hailrn HoBan ,uoruu - ":ffi;3*n .nu""qHrirM'
ycJroBr.rah,{a (x co)KaJreHr{ro, ypaBnerr}re cra,ro' Heoauopo}ghM! .Mbr
r{e Mo>KeM peillttE' gry -salacy-r{reroAou pa3ne7lcirHh' nij^p-err.leHuux, uo
ecfiil qfiTarefib corJlaceg noAoxAarb' To qep€3 HecKoJIbKo nerqnt:r
oH rrosFraKoMHTcfl C pe[reHrleNr aroft saAaqH Mero,{otvl r.rHTerpa,'rbHr{x
npeo6pasonauuft u pa3,'ro)r{eHr{tr no co6crsenuurrr drysrldrsu.'

SAMEUAHHN

l. Kar ylKe orr\{eqaJrocb paHee, ueJrb srofi nerur.{n-Hayqurl} qnra-
TeJrfl npeo6paeoebrBarb 3aAaqrj c HeoAHOpoAHbr[,rH rpanurHuu[
Y-CJIOBHflMH B SAAAqI,I C HYJICBbI.N,IH TPAHI4IIHbIMIi YCJIOBHNWI.Iloc,retroro KaK aro cAe,rano, rr,ro>xer cryrigTbct, rITo HoBoe ypaBlte
HHC C IIACTHbIMII rrPOI{3BOAFIbIMI' CTAHCT OAHOPOAHbTM. ECNS ErO
npouaor?1er, MolKrIo cqurarb, rrro Harll noBeBJIo, iar< xax u ,ro* anv-qae 3aAar{y Nroxr:o peurarb MeroAor\{ pa3AeJreHHfl nepeueHuux,(ctr.
nepBbrH npr{Mep [r3 Hacroflule-ft nexunn). Ecnn xe npeo6pa30BaH-
HOe ypaBHeHHe OKasaJrocb HeoAHOpOAHbrM, To ltoByro 3aAaqy Hyxflo
pe[raTb KaKnlr-To Apyrrrh{ MeToAOilr.
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50 tlacrs 2. ArS+y3roHHbE 3a4arrk

2., JlmnefiHue HeqAuopoAgbre rpaHgqHbre ycJrotns *ar6olee o6urero
BliAa

anu, (A, /) f  p,u:(0, /) :  g, ( l) ,
aru, (1., t) *f lru (L, t):  gr(t\

TaKxe MoxHo npeo6pasoearb K HyJteBbr\4 fpaHHqHbrM ycJroBnrM,
ecJIIZ BOCnOJrb3OBaTbCfl MeTO,U,OM, OnxCaHHbrM BO BTOpOM npr.rMepe.
Koueuno, HoBoe ypaBHeHlre, BeporrHee Bcero, 6yaer Heoauopognuria.
HeKoropbre MeroAbr peueHHfl He coAepxar HHKaKHx rpe6ooanuii
o.(HopoAHocrri rpaHaqHr,rx ycnonnfi H, 3ltar{Hr, He rpe6yr.or HHKaKlrx
npeABapHreJrblrbrx npeo6pasooaHHl'r. f logAHee, Kor/Ia Mbr no3Ha-
KoMllMcn c npeodpasooautten Jlun.,taca, Mbt y6e.qnr'tcn B ToM, qro
HyJreBbre rpaFrr.rr{Hbre ycJroBxfl Heo6sgarerlHu (r cryqae HyJreBbrx
rpaulrqHblx ycnonzli peileHue HaxoAurcfl HecKoJrbKo npoule, rreM
B ApyrHX cnyuanx).
,[,nn rpaunr{Hbrx ycroBufr su4a

u  (0 ,  l ) :  S ,  ( l ) ,
u (L,  t ) :9 ,  ( / )

,;i '

4.

ugnoxessuli Bo BropoM npr.rMepe MeroA npl.rBoAur r cneAyrcqeii
tFprae peueunfl saAaqu:

u(x ,  4 : {g ,  0  ++ lg" ( t )_ [s , (O l }+  u  @,  r ) .

SAr,nqn

I . HafilHre peuelrue c.ne4yoqeft cueuanHofi sa1aqll

( Y q n )  t J t : d 2 l t s x { . r c o s / ,  0 4 x 4 1 ,

f u ( 0 ,  t ; : 1 ,
( f y )  i  _ . ' , ,  

' t  
,  L , .  t t  r \  r  0  4  l 4  m ,\ - - l  

t r , ( 1 ,  t ) { h u ( I ,  / ) = 1 ,
( H Y )  u  ( x ,  0 ) : s i n ( n x ) ,  0 ( x (  l ,

npeABapurenruo npeo6pa3oBaB ee K sa,qaqe c HyJreBbrME rpaHr.rq-
HIIMH ycJIoBLrflMV. Coornercrnyer JrH noJryr{eHHoe peueHr4e BarIlIM
HHTyHTUBHbIM npeAcraBJreHHrrr\,r o6 stofi saAa,Ie?
3a4avy2.

(vqn)

(tYt

(Hv)

l l 1 :  { l s x t

1a 
(0,  l )  :0,

[ a  ( 1 ,  4 :  1 ,
u (x, 0): 11'2

0 ( x ( 1 ,

0 ( l ( o o ,

,  0 < r <  l ,
npeo6pasyfire K saAaqe c Hyr'reBbrMn rpaHr.rqrrbrMn ycJroBHflMH
u peuure ee. Ha qro 6yAel noxoxe peuleHue B ,pagfiulrubre

I ! j f

flexr4ln 7. Peu.reure 3dgaq A{eTogoM pa3gen€Heq hepel efifitrx 5l

' MoMeHTbl apeuaenu?' Coornerc,rayer Jrr oHo a€lilrflM HHTyHT*BIIrIM
rrpeAcraBJreHuqM? Hro ssrsercrr craquoHapuhrM peurenaerr.t? Kax
BbrfJrflAnr nepexoAHoe peueriue? )

3. 3aaavy

|  ( Y q n )  t t 1 : u y s t  . 0 < { < 1 ,

J r r "  { 0 ,  / )  : 0 ,
( r Y )  i  ,  0 ( t ( o o ,

1 u " ( 1 ,  t \ | h u ( I ,  / ; : , ,
( H Y )  r ( x , 0 ) : s i n ( n . r ) ,  0 { r { 1 ,

npeo6pa:yrlre n 3aaarry c HyJreBbrruH f paHnqHbrMH ycnoBr.tRMr{.
. 6yaer Jra HoBoe ypaBHeHr.re oAHopoAI{brM?

flerqrr 7

PELUEHI/E 'EOflEE CnOXFiblX 3AEAL{ ,
METO.qOM PA3gEnE:Hnn nEPEMEHHb|X

I{EJIb "rlEKI{lll4: floxaearu KaKr.rM o6pasov r{€ro.(o}r p43r
AeJIeHlrr nepeMeHHbrx MolKHo peua;xb 6o.nee c.noxHbre gaAaqn
TenJrorrpoBoAr{ocrn. B grofi JreKrII.{H paccMarpr4Baorcn B ocHoB-
HoM TaKue gaAaqH, peueHr{e xbroprrx rro3BoJrI,IT ,Ir.rraTenro
ropa3Ao r_{y6xe o3HaKoMnrbcrr c MeroAoM pa3AeJreHr.{fl nepe-
NIeHHbrx. MoxHo HaAerrbcfi, qro r{I{TareJIb IIJII{ rluTarefibHHqa
cMoryT SKcTpa[oJrHpoBaTb rr3JIo]KeHHbre SAecb HAer,r Ha cBolr
saAaqt4.

B srofl{ ;xe JreKrrHH qr{TareJrb rro3naKoMuTcfr c saAaqefi ua
co6crsenuHe Qynxuun I rrJrrl, KaK ee eu1e uasuaarcr, sadc-
ueil Mmgpua-JIugeunnn. O1cyxAarorcfl HeKoropbre cso'ficrBh
sa raqr lllrypua - JI wy BK nrlfl..

Kar< yxe roBopxJrocb Bbrrrre, qe;rt srofi JreKuur.r cocronr B perxe-
HuLr c ileuaHnoil sa)auu MeroA,orvt pagAer'reuHs nepeMeHHblx. Bosuoxno,
r.rMeHHo 3rtrM MeroAoM qnTarer'rl 6yAer perxarb cBoro saAarry. nplt
STOM MbI HaAeer\{Cfl, lrTo oH cMo}r{eT nepeHecTH ru€TgAr,rKyr paccMoTpeH-
Hyto B Aagnoft JreKuHr{, Ha cBoH 3aAaqtr.

MH Ha,rHeM c oAHoMepHoft 3aAaq[ Te{rJronponoAHocrr{, a roropofi
oAHo n3 npaHnrtHbrx yc.noonft coAepxr{T npor{sBoAHyro.



( -  r " c h . { - ! , r  . : ?

f3r. lfagrr.l. fufQyaronnbrG 3aArqx

3anaqa renJronpoBoAH@Trr c npotr3BoAHofi !

B rpaHHqHoM ycJroBHrr

'Paccuorpuu yctpoficrno; uao6paxeuuoe Ha pl{c. 7. l. flycrl aepx-
Huft KoHeu crep)r{Hfl noAAepxnBaercfl npn uyneaofi reMneparype,
T. e. ra(O, t):0, a Huxsrlft xoHe[ norpyxeH B Bory, reMneparypa
roropofi Toxe nocrotnua H paBna Hy.nrc (n AaHHor{ c,'Iyqae fiy.Ilb

Tennoucotupo6gaHan
doxofian no&epxnocnb

PHC. 7.1, Cxeuarnqecxoe uao6paxe-
ltue cxelraHxofi ga,ua,tn.

PVC. 7.2. Xapaxrep
prtour.rx

(fv)

KpuBbtx, yAoBneTBo-

l )  :0 ,

t ) : - h u ( t ,  t ) .
! ' to '
l l r ,  ( 1 ,

coorBercTByer Hexoropoit reltneparype orcqera). trlexay crepxHeM
u noAofi npoilcxoAHr tenloo6ueu no 3aKouy HnrcToHa, xoropuii
SanltcbrBaeTcfl  npH X: I  S BHAe Cr'IeAylOqerO rpaHHqHOrO yC,' lOBUg:

u , ( 1 ,  t ) : - h u ( I ,  l ) .

flpe4nonoxulr re ttepb, ttro HaqonbHan muvnepamApa crepxnq
u(x,0\:16, Ho cpa3y npH t>0 MbI BKJIIoqaeM Haun rpaHHrlHble
ycnoBufl. .[,rn roro qro6u safiru rer\tneparypy B crepxHe, Heo6xo-
Ar.rMo peufirb cMelxaHHyn 3aAal{y

, ' ' U q n )  t t t : d . 2 t / x ) r ,  0 < x ( 1 '  0 ( l ( o o '

. :  -  ( a  ( 0 ,  / )  : 0
( t , t l  (ru 

ir , t i ,  t ) thu(r,  r ; :s (oanopo.qsue fy),

( H Y )  u ( x ,  0 \ : 7 ,  0 ( x (  I

Qro6u Bocno'rb3oBarbcfl MeroAoM pa3AeJIeHHn nepel{eHHblx, paSo-
6ueu npoqecc p€uIeHI4r Ha HecKo,'IbKo uatoB'

,UIA[ 1. .,(llpeo6pa3oranl.te ypaBHeHHfl c qacrnblMH rIpol43BoAHbIMI'I
B ABa o6urHoaeHHux,lu$QepeHlrl{aJlbublx ypanueHnn)

aa$ ,D+  u ( l , t ) " 0

ft";l

Jlexqxn 7. Peurdsne tagaq

floAcragoex a u (x; t) = X (x1T 17y B ypaBgegue, (7.1; Aue" -.,
XT '  :azX"T.

IJocae AeJreHHfl o6eux qacreli 3rofo ypaBHeHrrr Ha crzX?n no.ny-
qaer{ 

T, x.
AT: -T .

f locronlry JIeBarr qacrb noc,le/lHero ypaBneHr.rfl 3aanctrr moubKo
or BpeMeHH, a npaBarl qacrb 3aBucHT mo/tbKo or r (rr tat<xax x n t
ueeaencnuu), o6e qacrH ypaBHeH14s Ao,'rxHtr 6url :xoHcraHTaMH.
flpnpaoHr.rean o6e qacrH oAHofi u roii xe KoncraHre lt, rTo.r:\qaeu

{7.2)
T ' - y + a z T  : 0 ,

X ' - p t X : 0 .

I t ,  3HaqHT,

rpe6yor, qro6u sHnornq,'Iaid'

:
" ! i
ffi

*".:

: !..*as

I7 poqecc pasdeterum nepeMeHHF,rx' 3aBepuen.

IIIAf 2. (Onpe4e,rreuHe KoHcraHrbr pa34er,rcrrnft)
Bo-nepaux, KoHcraHTa F He Ao,'rxHa 6srru no,'Iolr{HTe.4bnol"r, r npo-

rrlBFoM cJryqae l) $yHxuun T (l) 6yaer gxcnoHenlua,rbHo pacru, qto
noB.rrer{er 6ecxouequlrfi pocr reMneparypbt u: XT. floulrHo, '\ro

raKoe pemeuHe He fir\reer Qnauuecroro cMblcfla.
Bo-ntopr,tx, npeAnoJrox(Hrtrl qro p :0. Tor;(a

x "  : 0

X ( x ) -  A + B x .
Ho, rrocKorrbKy rpaHHqHble yc,'roBHn
COOTHOIUCHH'I

u (0,  t ) :  X (0)  7  ( l )  -  0 ,
t t ( 1 ,  t l : ( h X ( l ) + X '  ( l ) ) f  ( l ) : 0 ,

MLI HeMeAJIeHHO npIXOAI.IM K BblBOAy, qTo

x ( 0 ) : 0 1  A : 0
x ' ( l ) +  h x ( t l : o  i * B : 0 .

3ro oeuauaer, uro u (x, l) - 0. Apyrr.rura cJroBaMu, uyneaofi ron-
cranre pagAeJreHr.rr coorBercrByer roJrbKo Hy,qeBoe pemeune. Mur
ero or6pocuM, nocKoJrbKy Hac HHrepecvror HeHyJreBr,re peueHflR.

Ec;r.r, HaKoHeu, p < 0, Moxno [oJroxr{rb p: - },,? u nepenncarr
ypaBHeHHn (7.2) s sf iae 

! ,  {}r"azT :0,
X"  +? \2X -0 .

- ; 7

_:ri

r) Peilex_Ne X (,r) coornercrBynIqefi KpaeBoi{ 3a.[aqfi 6yger rbarr<o ?pqBfianb-
uuu, X (x):O.-IIpun. ped.



1i,." r
;il,,Pi.'

,  : lB i ' . .
l , " i r l
I 'ii;r,i

l i l  :r:
l ' , r *  _
|  *1 .

liii*'
1 ",:;i:i ;
r ' i

ii ir
I
ll ,,k.

" . ' .
ii:

'  
, 1 - -

i M ,
t , }
\  , { r r '

l' *a'
,. ii.,:

i , , : 1

'l e:
Y l'.
r , ' i i ' .
,  l j r , -

: M
i i ir.:r

il:
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O6qr.re perxeHurr, srux .ypaBHenufi aerxo HaxoAflrcfl:
T  ( l ) :  Ae- t^a)u  ,
X (x\ :  B sin ( l . r)  {  Ccos ( l r) .

C.leAoealer *to, arc6aa Qgnrcqun E]raa
(7.3) u (x, t) - s-(}"at'1 [.4 sin (Ix) * B cos (].x)]

npw an6ou gnaqeHuflx L, A u B yAon.nernoprrer ypaBHeHr4to (qura-
TeJIb Moxer .y6e4zrlcn B 3ToM caMocrosreJrbHo c noMorllbro npocroir
no/tcraHoBKH).

Tenepl Hyxr{o BbrncHHrb, KaKHe H3 arux {lyHxuufi yAoenerno-
psroT fpaHHqHbrM ycJroBr,rflM

(7 .4 \
a  (0 ,  / ) :  Q ,

u , ( 1 ,  t ) l h u ( 1 ,  l ) : 0 .
I loAcraHosxa pemenHft BvAa (7.3) B rpaHxqHbre yc.nonua (7.4;

no3Borfler nahru coorHoueHt.rfl, KoropbtNl AoJu{Hbr yAoBJrerBoprrb
B e r x q f i H b l ] , " , A u B :

f i g - 1 1 ' a t '  / : 0 : ) . 8 : 0 ,

Al ,e- txa) ' /  cOS ?u+hAe-t t ' " ) ' /  S in l , :0 .

IIocne Hecrox{Hbrx anre6pau.lecxnx lpeo6pasonaHufi nocreAlree
ypaBHeHrre rIpIrBoAr.rrcfl K BHAy

tg  l , :  - L l h .

Apyrulr,nr cJroBaMu, AJrq roro qro6st onpeAe"rnrb 1,, utt AoJrxHbI
uafttn roqr{H nepeceqeH}rn rpa$uxon QyHxuufi tg?'" u -}"1h (pnc. 7 .3).

t lgc.neggue 3HaqeHnfl Be,'rHqI,rH l '  Lr, . ,. Moxuo Hafiru npu
nououlu 9BM, ecJrn 3aAaHa BeJIHqHHa h. ?tu BeJIHqUHbI npuHtro

PVIC. 7.3. flepeceueHue rpaQuxos Qyurutfi tg(?r) u -?rlh. lr: l; sce.co6crBengblo

a ' t t  , '

llexqln

l.

Peu:enne 36Aaq MeroAoM pa3AeneHhn

HagbrBarb co6crseHHbtmn suaqennflMn KpaeBofi gaAaqH

tt HsobpaxeHll Ha

x

X,(x):  s in ( lor)

puc .  7 .4 .

X1(r)  = sin (A1a) |
I

(7.5)

PerrreHuq saAaqn (7.5), coorBercrByuqne co6crseHuilM Buaqe-
HnqM ?rn, Ha3brBaorcfl co6creeuHHrlta $yurqunwu Xr(x). ,{,;rn' pac:
cMarpaBaeMoil eahaun co6crseHHore SynxqHH HMeror BHA

l tl"'

Apyrurrru cJroBaN{rz, npn gTHx snaqeHr4,ffx rtapaMerpa l, cyuecr-
Bywr HempueuanbHbre peruen,us BaAaqH (7.5). Co6crBer{Hbre suaqeHr.r,fl
saAaqu ( /.b) onpeAeJrrrorcr KaK KopHH ypaBHeHHn tg ?,,: -trll l.
Hx .rucneuHb1e suaqeHrln 6unu Haftaeiu na 3BM 4nn ciyuan h=1.
B ra6nuue 7.1 npr4BeAeHbr pe3yJrbrarbr pacqeroB H€cKoJrbKHX rr€p:
sHx co6creenubrx gsaqesuft.

Ta6nuaa 7.1.
I(opnu ypaBHeHHn tg l'. - - ?r,

I
2
3

Iun

2,02
4 , 9 r
7,98

,rn

1 1 , 0 8
14,20

xz(r)
{
t x ' ( t )  + ,161 ;  =g
I ,

, l  - r
I

/ \ J  \ a /

Pl4C. 7.4. Co6craennHe QyNxur.ru Xn(xl eagauu (,5) npa
Synruua yAoB,terBoprlor rpaH[qHbrM yc;ronanu,
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" IIIAI' 3. (l-laxoN,leHHe fynaaMeHrarlbHblx peueHHft)
Tenepu B uauleM pacnolrpxeuuH.. l lMeercn , QecxpHeuHurfi ua6op

$yHxunfi ($yHaarueura,lbHblx peueHHR)

o(x,  l l :  X, (x \7, ( ty :g-(?"na '72 /  s in ( f , , , r ) '

h?)fi.'afl H3 ltoTopbtx yAoBfleTBOpfleT ypaBHeHltIO rl f parlHqrlHM ycJlo-

r}str.l. ocraJlocb cAeJlarb [ocJle,lLHt'tit ljlar -B c)l\4r\'le

I '  @

u (x, t) :,8, o nX o @l T',, (t) :

@

'  :2 a,,e-17' ' . ' / )  Sin ( f , rx)

no4o6parr, xoarfxpltuhenTbl 4n Tax, 'ITo6u dryuxuun u(x, l) yAoBJie-

rBopuJla Haqa,lI)no\,ly yc.tlonuib u8,A):.v (npH srolrl QyHrUutn u(x, t l

6yaer yAoB,'rerBopn.r.b ypaBHegr.go t rpaHltr{HblM yc.1roBI{RM, IIOCKO,IbKy'

BrJ:nepbbrx, Kalxnoe c,'IaraeMoe B cyMMe [INl .yAoBJIeTBopf eT' a Bo-BTo-,i

pux, H ypaBrIeIIr4e H f paHHqHbIe ycnoBHR flBJttlIoTCR AUUertUAtttu

u dnopoilrnmul.
Tatuu o6pasottt, ltoo$$HuuenTbr an aoJIxHbI orper.eJlsrbcn ll3

{7 6)

ycJIoBun

u (x, 0):.r: frro,sin 
(1.,.r).

Flau octa"rodr, conepruxlr noilenstlii utar'

l l lAf {. i{Pa:,ro>xeHl'le Haqa,lbHoro ycJloBxfl

- 
.,.;tll

Hr,lrvr tpyuxttranr;1
IInn Haxolt{Aenllfl roa$Qnulteuron Qn B pa3roxeHt'llt (7'6) no

co6crBensslrrn $yux.uunM yNrHo)Ku\{ ^o6e 
qactH STOFO' COOTHOIIIeHITR

ua sin.(l.x; n"ripo**erprlpyer'a or 0 ao l. B pesynbrare norlyqaeM
i @ :

{ e rin (I.E) dE: I a,, J sin (l '€) sin 1l ',,8) rlE :
J

" = t ,  0

"  :  a 'n[  s in '  ( l ' 'E) dE:
r
/  l , ,o-sin Ir cos Ir \- 4 . \ - - - - N ; -  

) '

Paspeuan nocJleAuee coo,rxo[ieHrde oTHOCIITeIbHO tl,,, 14 Stli\leutff nt

Ha n, noJlyqaeM I'IcKo\rluii pesylrrari

2I', 
I t rin ([,8) dg.a, : (riilii-?uii6if,J,,r

\ :

B ple rlo eoberBeH-

17 .7\
* 0,2 4e- 4t sin (2,02x) - | 0,22e- n't sin (4,9x)-0,0&- or,ctsin(7,98.r) * ... .

, i .  ' . 1 .  ' r ' \ . - :  - T
:  - . f ;

Jler4rn 7. Peurexxe 3aAaq MetonoMr pasAeneHki..n€pa,^ieHrbil' 5,

r  , '  .  Ta6nuAA.712,
Kos${urrlreurbr an b $bprrayne (7.8) , ' I

(7.8) u (x, .l): pra;e-^na)'/ sifl (tr,x), .

rle xoixpQnquenrbl an Aarorcs Sopuyaauu (7.7). llaru'
$NtHenron az Ha[Iefi saAarrfi 6rt,ru nafi4enH LHCJIBHHo;
rrplrreAeubr s ra6n. 7.2.

repBblx Ho3.S-,r
Hx gnaqenxn,'

ycroBf,o

pl

PHC. 7.5. fpa$u'reexoe npeAcraBrreune tbyuxuau (7.8); rpar{uqfioo
yAOBreTBOpteTCq BO BCe MOMeHTbT BpeMeHr-r.

Creg,onatenbHo, [epBbre rplr qJreHa B perxeuuucueurasgofi

l ( o o ,

SaIaqa

(yqn)

(7.e) "(rv)
(Hv)

'lMeI,OT BHA

u (x ,  t ) :

L t 1 : I l a a t  0 ( . f ( 1 ,  0 <

l u ( 4 ,  f i : O ,  0 4 l 4 o o ,
\ r" (l , t) + u (1, t l:0.

u (x ,  0 ) :14 ,  0  ( . t  (  l .

Mraw, perxeHne Ba.&a'{H (7,1) aanucbrBaercs B BHAe

u t Q , t ) + t  ( l , t ) = 0
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Ha pnc. 7.5 npeacraBJleHbt rpa$ur<u 3roro peueHu^ ailn HecKoflb-
NHX MoMerrroB tspeMeHH. t{arare"nrc Mbr peKOMeHAyeM orBernrb na
Bonpocbt: .corJlacyercfl Jrr4 BHI nofiyqeH,Hor"o peueHHfl , c BauHMlJ
HnTyr.rrr.rBubrMr4 npeAcraBJresnnuu? VaoBnerso,prrorcr JrH npH groM
rphuuuuue ycnoaun?

SAME'TAHHfl

3aAaqa Ha co6creennble sHaqeHun (7.5; f lBJrflercn qacrHblM cJIy-
qaeu 6onee o6qefi 3aAaqil, Koropyp npHHflTo HasbrBarb saAaqefi
lLtrypma - JIHynn.nan:

0 .  ( . r  (  l ,

Ec;tn uu peuael,r gaAaqy c oAHopoAHblMH npaHHqHbIMH ycJIoBlIffMIl
MeroAoM pa3AeJreHHfl nepeMeHHbtx, ro $yuxuuu X (x) BcerAa Haxo-
A4rcn KaK peueHun Her<bropofi saAaqu lllry_Ry1a-JkynHn.nn. Ove'
Br.rAHo, saAaqa Ha co6crnel{Hble 3HaqeHufl (7.5; rnnnercn qacrubll\!

cflyqaeM 3aAaqH (7.10).'.-f lepeuuc.nilrrr 
ocHosHHe csoficrsa saAaql4 (7.10), xoroprie ycraHo'

BHr,r4 llltypru n .Ilryeunnb I]pH HeKoropblx ecrecrBeHHblx ofpaHn-
qeHrlnx ua $yuxru.lz p(x), q(x) u r (x).1)

l. Cyuecrnyer (recNoHe,{Hatt nocJieAoBareJlbHocrb coScrseHHHx
suauen n ti, yAolJlernop Rtottil{ x FIe paBeHcrB a I't

l , ( x r < 1 , 3 <

2, Kancdotty co6crneHHol\{y sHaqeuarc ?\,o coorBercrByer eduucm'
neHHan (c rouHocruo Ao nocrotlHHoro MHoxHTerr) HeHy,JIeBafl
co6crsettHan $yHNuun !1,,(x).

, 3. Ecnn un{x1 i g,,(x)-ite pasruvHble co6crseHHue Synxunu,
coorBercrBytouue paSJII'IqHL,Il\{ CO6CTeeHHHI{ 3HaqeHItffM -{.
14 Iu^, ro oHil opmoeouantltu c Beco.ttL r (x) na orpe3Ke [0, l],

T' e. OHl4 yAOBJIeTBOpflI'OT COOTHOUeHIII0

I

) r (") ltn(x) lJ,,@) dx:0.
t l

bo.nee no4po6Ho c eaAaqeft IIIryprua-JIIIyBI{JIlIr Mo}KHo no3Ha-

I(OMHTbCff nO JlHTeparype, npHBeAeHHOH B KOHIIe KHI'trn.

A. A.
pe'.

v
l i

: i ,  ;1

|Ii 
o

r) Crrr. .  Hanpl.rMep, Tnxouon A. IJ.,  Carrrapcri lr i i' 
qecxofi Qriaurri.- M': Hayra, 1972.- Iptt*t.

YpaaHeuua MareMartr-

r|euuxs 7, PeuJerbe gaAaq aaerolol,r pagAeneunr nepeftexlrutx 5?

SArtI,A.Ih

l. MeroAou pa3AeJreHur nepeMeHHbrx peuure cJreAyoutylo saAaqy
' nJrn ypaBHeHHfl TenJIOnpoBoAHocrH

(vqn)

(fv)

(Hv)

( , r  (  1 ,  0 1 /  4  o o ,

0 ( / ( c r c ,

0 { x {  l .

(yqr)

(fv)

(Hv)

Couacyerca .ru lor'ryqeHHoe pe[renr.re c sa[Jefi uHrepnperauuefi
srofi aaAaqs? tlro npe4craBJrfler co6ofi craulroHapHoe pemenue?
Karos ero $usnuecxnfi cuucn?
HafiAure co6craeHHsre sHaqerlHn r,r codcrnessue $yHruur.r ga,naqn

(oAv)

(rl')

0 ,  0 4 x 4  l ,

I t t  -  l l rx ,  0

l u  ( 0 ,  t \ : 0 ,. \ r , ( 1 ,  
l ) : 0 ,

u (x ,  0 ) :  v ,

Cor,'racyercs nu naii,AeHHoe Bar\,rlr peuelrlre c lilrryHTHBHbrMu npeA-
craBr'reHHIMH? tlro ltpe.r.crasfirer co6oii crauuoHapuoe peureHue?

2. Hafigure codcrseHHue 3HaqeHuq u co6craeHuue $yHxqun 3aAaqtt
l l lryprrra -Jluynu,u, 

,
( o A y )  x " r p f r X : 0 ,  0 < x , - - t ,

I  x  (0 )  :0 .(ry) 
i  x, t i l  :  o.

Vxaxure KoHXperIl_lIe Bbrpax{eHi-rfl g.ria $yHruuilt p (x), q (x) u r (41
fie o6qefi 3a,u,aqn lllryprr,ra-"r1[ryB[rJl,[l AJrrr sroro cJryqafl.

3. Peurure saAaqy renJronpoBoAHocrr.r AJrrr creplrHs c renJrongoJrrpo-
. BaHHbIMIt rpaHHIIaMLt

l l1 : ll*rt 0

{u"  (0 ,  / )  :0 ,

\ u , ( 1 ,  / ) : 0 ,
u (x, 0) :7i,

x" a|',x:
Jx ' (o ) :o '
t x ' ( l ) : 0 .

( x ( 1 , 0 4 / 4 o o ,

0 ( l { o o ,

0 ( , v (  l .

4.
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[lexr-pan I

NPEOSPA3OBAHI4E CflOXHbIX YPABHEHI4N
K nPOCTOMy Bt4Ay

LIEAb ,rlEK(l4l,l: floxasars, KaKilr\,r o6pa:on VHfl Inrl
Oynxuull u(x, t) Nroxno rpeo6paaoaars n Cro"rce npocroe Vt{il
Ans Hosoft QyuxqnH ,w\x, l). Bsr6op noaxoAnuero npeo6pa:o-
BaHHfl o6uquo ocHosa'H Ha HHryurtiril. B Haurerl nexrltrri Vt{fl

t l t  :  dzL l t * - �FU '

'  V  Ut :o {zL l r r -gg* ,  (U:  COnSt )

nepexoAsT n npocret ' t t l lee ypaBHeHHe Ten"' lonpoBollHocTu

w 1 :  d z w "

B pe3yntrare coorBercrtsyroxlHX npeo6pasoeannrl

t t  lx ,  t ) :  s-$tw (x,  / )

u U (x,  l ) :  eo lx-ut 'z l lza '1g (Y,  l ) ,

PeurHe npecroe ypaBHeHr.re renJronpoBoAHocrH orHocHTe,'rbHo
SyuxuHlr .a (x, t), Mbr MoxeM ualirn perreHufl HcxoAHbrx ypaB-
ueuuf i ,  npeo6pasonaa $yHruuro w(x, t )  i lo  sruu $opuynam
(xonevno, yKa3aHHhre npeo6paaonaHun cJreAyer raKxe [pr.rMe-
HHTb K HaqaJrbnblM r{ rpaHuqHhrri l ycnonunv).

B peeynsrare gHaKoMcrBa c AByMfl nocJreAHHMu JreKul.{f lr\{H y qH-
TSTeJlfl MOlKeT BO3HHKHyTb BneqaT,'IeHfie, qTO r\{eTOA pa3AeJreHr.{n
uepeMeHHbrx [pr{MeHr.rM mutbrco K ypaBHeHHro

Ut :  i l ' i l x x .

l{a cauornr AeJIe ypaBneHue ren,rorpoBoAHocrn ffBr'rtrercn npocrefr-
un.lM,'Ho He eAHHcrBer.tHbrM napa6onuuecKuM ypaBHeHHeM, Koropoe
pc[taercfl MeroAoM pa3Ae,'reHrrfl nepeMeHublx. Kar yxe y[oMuHaJrocb

Bane€, ecJn{ ypaBHevue auuefiruae n o)nopo1uoe, ero MoxHo pe[rarb
MeroAoM pa3Ae,'reHr.rrr nepeMeHHbrx. Hanpuruep, AByMepHafl saAaqa
Te[JIo[poBoAHOcrH B Kpyre onHcblBaercs ypaBHeHHeI\,{

ur :  a.2 |  u, ,  + )  u,  +j  urr l ,
I r ' t J

R, xorfl sro ypaBHeHr,re c nepeileHHu.+tu xoefifuqueumatiu, oHo
ilqfiel 6Hrl .cgeAeno K rpeil,r odHt<Hoeeunuu autpSepeHql{aJlbHbrM
ypaBHerr!rnM

i .

' l l 
:i4 , Y ':: : 'r&. i .  '  '  . ' ' : :

Jlcrqrr 8. flpco5paroraHxe croxHcrx :yiidsHixxi * npotio,uy ai,r6y 8l

B grpfi JtIeKIrHlr MbI rloKaxeM qHTareJIIo, qro uHorAa BMecro roro,
qro6H peuarb ypaBHeHI{e c qacrHbIMI.I npoH3BoAHbIMH (B flo6D, Jlyque
upeo6pasoearr ero K 6onee npocroMy ypaBHeHulo, Koropoe MoxHo
pemKrb MeT.oAoM pa3Ae4.eHr.rfl nepeMeHHblx- IiJII{ . I{aKLIM-TO .Apyrl'lM
NreroAoru. llpe4raraelunfi sxxb npr{Mep ITJIJI}ocrpI{pyer raKoi
noAxoA.

[trpeodpaeoBanne 3a,[aqn c rennoo6MeHom
qepe3 ooxonyo noBepxHocTb K saAaqe
c renJronsoJrHpoBar{Hofi 6oKoBofi noBepxHocTblo

Paccuorpuu c,reAylculyro sanaqy:
(yqn)  L t t :&zu** -Fu,  0  ( . r (  l ,  0  (  I  (  oo ,

I  u.  (0.  l )  :0.
{ 8 . r )  ( r v )  

i , i , , t j : 0 ,  
o 4 r 4 m ,

(HY)  y (x ,  0 ) :q (n ) ,  0 ( - r (  I ,

n roropofr Cnaraeuoe -Ba onxcuBaer noroK Teflra r{epee 6oxonyn
rroBepxnocrb crepx{Hf (pnc, 8.1).

u$,t)=A tt( lJ)=A

PIIC. 8. l .  3a4aua renflonpoBoAHocrH, onucblBaeMat ypaBHeHHeM r!1- ' :rzt l txx--. f iyi
,--florepu refiJra qepe3 6ororyo noBepxfiocrb; 6-vuf$!ew, BAo,rb crepixHfl.

Haura uenr-BMecro u(x, l )  BBecrH HoByro reMneparyp y a$, f l
rax, gro6ar ypaBHeHHe A,'rn w (x, t) craJo flpott1e xcxoAHoro ypaB-_
IteHItfl

ut:  azl txr-Fu.

3ro AocrarorrHo o6rquft MeroA perueHr.Ifl ypanHeHnft c qacrHbruu
npougBoAHbrMr.r, Ho ru6op noAxoAflrr{ero npeo6pa3oBaHrrfl ocHoBbr:
Baercfl Ha HHTynrr{BHbrx npeAcraB,rreur4tx o fioBeAeur.ru perueuuft
rrcxoAHoro ypaBHeHufl. Hanpuuep, B 3aAase (8.1) reuneparypa u(r, tl
s raxAofi rolre .r0 lr3Meuflercs B pe3yJrbrare 4eftcraur 4nyx $ar-' fopoB:

l) duQtpgauu renila BAo,'rb crepxus (sa cue'r cJraraeMoro a,zu.r*),
2) nepeuoca re[Jra uepes 6oxoeyn noBepxuocrb crepxHfl (sa cuer

cJralaeMoro -Fu\.
' BaxnefirunM gJreMerrmM Ha[rero paccyxAeHufr sBrflercff cJreA]m-

uuft: ec;ln 6u iluQQgsun ailotto crepxHl omcgmcmsoea,na (a=;01,
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To reMneparypa B xax4oft ToqKe crepxrrfl gKcnoHeuutrafibHo cna:
Aana K Hynrc no saKoHy

u (xrt) : u' (xs, 0) e-:flt .

Ha aro ua6mo4euue, gaAaAuMctr BonpocoM: HeJIb3fl JIH
peluenr,re sa/.aqw (8.1) n BHAe flpot.r3i?eAenrrfl AByx MHo-

u(x ,  t l :e -F ta(x ,  t \

Onrpancs
npeAcraBr{rb
Xnfe,feti

(8.2)

HtrIH: '

lTeuneparypa creplxHn c\
I  Heu3o,rnpoeaHHori  6oxo- ] :e-f t t\sofi noeeoxHocrbro I

rAe u/ (x, /) -onuct-rBaer pac[peAsflerrrre rer\rf leparypu, o6yc.noaJreHHoe
ToJIbKo au$Qysteft. Aasafire fiocMorpr.rM, qro rror'ryqHrcr, ecJru noA-
craBnrb ero Bbrpaxesr{e AJtfl reMneparypbt B 3allaqy (B.l). f locne
dhlrtonHegr.Ir coorBercrByrourux BbrKJraAoK (unrare.nu Mo]Ker npqAe-
Jlarb Lrx caMocrorrentso) uu noJrvqr{M

l Ternrneparypa crepxHn c\
. \  n:onnposaHHor'r  6oxoeofr ) ,\ [oBepxHocTbro /

Hoean ga4.aua noqru ToqHo cosnaAaer c nepBoHaqa,rorioft, Ho
s H_eft yx(e Her c,raraotroro -Ba. TaxHr,l o6pa-aona, BMecro roro
.Iro6st peuarb saAarry (8.1), ruu penHM npeo6pasoiraHHyro saaavy (8.3),
a,sareM yMHo)Kr.rM flo,nyqeHHoe peueHne w(x, t) sa e-tit. B Hauerr,r
cfiyqae perreHr4e aarna,,u4 (8.3) yNe 6uno nonyqeHo pauee MeroAoM
paSAeJreHr.rs [epeNreHr-rbrx, TaK qTo MoxHo cpa3y HarrucaTb

@

w (x, t) : ) ane-tnna)'I sin (nftr),
- - l

I
^ cen:2 )  q  (€t  s in  (nn[ )  d [ ,

U

(8:3; :

(8.4)

u, cJleAoBareJrbHo, peueHr.re ncxoAsoft sa1arrn (8. l) rarueer na4

u (x, t): e-fllw (x, t\.

Hnxen B pagAeJre <3aNreqanuq> npueo4urcfl erqe o4r.rub npr,luep
gaAaqr{, peuraeuoft grllM MeroAoM.

*$."* '1-  
. -  ' i  ' '
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:]AMEVAHlifr .

l. l l .ns perrreHHfl 3aAaqr.r

i l 1 - t t r r - u ,  0 ( x (  l ,  0 ( l ( o o ,

I  u ( 0 ,  l ) = 0 ,
'  ' '  l r r ( 1 ,  l ) - $ .  :

u (x, 0): sin (nx) f 0,5 sin (3nr)

ONYCAHHbIM BbIIXC METOAOM MbI

a) BpeMeHHo or6pocnna Kousexruennft qreH -u B r.Icxo,qHoM
ypaBHeH HH.

6) nununreM peuenr4e cueiuassoji sahaqr 6es xoHsexruBHoro qreHa

u (x, t) - e- ""t sin (n.rr1 -l- 0,5e- trr)' / sin (3nx),

n) yuuoxHM sro peueHne Ha KolrBeKrHBHuft Saxrop s-Ft * s-t vI
loJlyqlrM oKeHqarer'rbHoe peueHue ncxo4noft za4.a'us

. u , ( x , t ) : g - t [ e : n ? t s i n { n x ) - | 0 , 5 g - ( r n ) l l s i n ( 3 n x ) ] .

2. Vpaaueuve KoHsetcmuenoil }uQSgsuu i

tt t : dzlt ix- UH s

(xoaQ$uuuenr o rBrflercr KoHcraHroft) raxxe Mo)r(Ho npeo6paao-
Barb  K BH, .Y  

wt :q 'zzu :cn '

Coorsercrsyrcrqee n peo6pasonanr.re r.r Meer BHA
' U (X' f1 : 2t:1x-at/z)/za2A (X' tl'

9ro npeo6pa3oBanfie BbrAeJrffer gKcrroHeuuuallHuft MHoxurctb,
xoropuft ueJlHKoM o6ycnoenen ABr{xeHfleM cpeAbr. Orr',rerlrnn, uTo
sror MHoxr{reJrb onHcbrBaer 6eryuryro BoJrHy, pacnpocrpaunro-
uylocs c,'reBa HanpaBo co cKopocrbr,o ol2. {urareJrn eIr1e npeAo-
eraBuTcq cnyuaft BocnoJrb3oBarbcr srrN,t npeo6pasonaHueM.

SAIA.IH

1. Peu:ure 3aAaqy

(yqn)
I(ryr {- (

' (Hv)

xoHsexrueHoft

l l 1 : l ) * * - U r t

a (0 ,  l )  :0 ,

u ( | ,  l : 4 ,
u (x, 0) : s)c/2,

4u$Sysr.ra
0 ( x ( 1 ,  0 4 1 4 o o ,

0 ( l ( o o ,

0  ( . r (  l ,



'i" ,,'t,

*. i .

!i:''
,;,:fo;...
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Hacrr'2,

3aAaqv.
,r. HeuHTe 3a,q,aqv

(vr{n)

(fv)
(Hv)

a#* t ;  s '  ' ,

Jlcx4xa 9. Peuienr4e Y{Fl r,rerogot,t pa3roxcHrt n9 co!91!._Qyxx5llm 6'

MeroAoM npeo6paeonaHnn K 6onee npocroMy ypaBHeHnro. Ha qro
noxoxe, peueune? Iloxno ,u,arb cJreAyouyro Hnrepnperaqup erofr
saAaqu! u(x, t)-t<oHqeHrpauufl HeKoroporo BeqecrBa B ABr.rxy-
qeftcs cperre (cpe.4a ABHxercr cJreBa HanpaBo co cKopocrbro o: l),
HaqaJrbHoe pacfipeAeJrenue Kor{ueHTpau[u 3aAaercfl {rynxuuefi exlr.
Ha rpaufiuax KoH[e]rrparrufl no.tuepxnBaercr Hyneaofi (nnoxHo cur.r-
Tarb, rrro raM crosr Sn;rr,rpur). Cooreercrsyer ilr.r Baue peueur{e
rarofi uHrepnperauur.r?
Peuure 3araqy

g f ( . Y q $  
'  u t : u x x  t t { x , 0 < x < 1 ,  0 ( / { m ,
I  u f i .  / ) : 0 .

( f Y )  |  . . ) , ' . :  ,  0 ( / ( o o ,'  t  u \ t ,  t ) - - t ,
( H Y )  u ( x , 0 ) : 0 ,  0 { x { 1 ,

a) npeo6paeoBaB rreoAHopo4lrbre rpanuqHbre ycJroBr.ln K o,{sopo.q-

PEI.IIEHhE HEOAHOPOIHbIX YqN
METOAOM PA3nOXEHUfl

no coEcrBEHHblM OyHKUUflM

I  
,B neruus 6

HLIqHbIe ycJIoBHfl

HCHI,IC OCTACTCfl

34,[aLIa

(yqn).
{

(e. l)  ( fv) {\
(Hv)

I{enr uauefi .texlllul-ocBolrrb MeroA peueHnfl TaKHx 3aAaq.
Srot ueroA aHaJloraqeH MeroAy Bapvalg.uw ilpou3BoJlbHblx nocroflH'

3 .ra oot

Ilerqun I

2.

6)

n)

npeo6pasonaB HcxoAnoe ypannenlre K HoBor{y ypaBHeHr{ro, l{e
coAepxaueMy qJIelIa *4;
peuruB noryqr,rBruyrccn B pe3yJtbrare sr:tx npeo6paeoeaHuii

t t t : L t x x - \ ,  0 < f i < 1 ,  0 ( l ( o o ,

I  u  ( o , l )  : 0 ,
i  , t l , / ) : 0 ,  o ( / ( o o '

l r ( x '  0 ) : s i n ( n t ) ,  0 ( x (  I '

npr.rMeHfla MeTOA pa3IeJIeHUrl nepel\'leHHbIX HenocpeAcTBeHI{o
K r,rcxoAHoMy ypaBHeHuro H He npoBoAfl I{ilKaI(HX npeABapHre.rb-
nux npeo6pasoeannfi. CoanaAaer JIU no./IyqeHHoe Baiull pell]eHl'le
c peuer{HeM, no,ryqell}IiiNl panee noc.Tle npeo6pasonaHun

tt (x, l) : e- t u) (.r , l)?
[,rbr nosHaltoMltJlucb c TeM, KaK HeOAHOpdAHbIe rpa'
npeo6paeoeara v o1uopoduote. K coxanennlo, ypaB-
npn sroM HeoAHopoAHbIM H [epeA HaMH Bcraer

u t : & Z u x x * l @ ,  t ) ,  0 < x <  l ,  0 (  l (  o o ,
aru* (0, /) {-F.,a (0, l) : 0,

a r r t * ( | ,  t ) { 1 \ r u ( 1 ,  / ) : 0 ,  
0 (  I  (  o o '

u ( x , 0 ) : p ( x ) ,  0 ( x ( 1 .

IIEJIb JIEKI{l4l4l l-Iayuumcn peuarb cMeIUaHHble 3aAaqn
BfiAA

g ( V q n )  H t : d z a x x * l & ,  t ) ,  0 ( r (  l ,  0 ( f  ( o o ,

I  q , u , ( 0 ,  t ) + F r a ( 0 ,  l ) : 0 ,
( r y )  {  

' " ) . " :  
: ; ' ) , ' . "  n  0 4 1 4 m ,\ r e l  

\  o a u * ( l '  0 + F , a ( 1 ,  / ) : 0 ,
'  ( H Y )  u ( x , 0 ) : 9 ( x ) ,  0 ( x ( 1 .

PerueHue HeoAHopoAgoro VtIfI Mo>xHo saitru B Buae pflAa
o

u(x,  t ) :  I I "  ( t lX,(x) ,
n = l

rAe - Xo (x)-co6creeuuble {rynxuuu coorBercrBytoqeft oAHo'
pogHofi saha'uu

u t : d z t r x x ,  0 ( r (  l '  0 ( l (  o o ,

aru *5,, l)  * F,a (0, l)  :0.

a . ; t , ( 1 ,  t ) * f i " u ( I ,  / ) : 0 :  
0 (  l ( m '

u ( x , 0 ) : e ( . t ) ,  0 ( r ( l '

a cfyuNunu ?" (l) onpeleJlelorcfl KaI( perrleHl'Iq HeKoropblx o6ur'
HoBeHHblx AnS{epenutaJIbl{blx ypanueutlft.

ffqn)
t(fv) 1

(Hv)
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66 tlacrr 2. AreFOy3hoH{bE 3.Aaqx

Ef,tx u3 reoprlH o6HrHoeeHHux 4raSQepeHur.raJrbnbrx ypanneHufi n
HagbrBaercfl MeroAoM paoroxennc no co6crnenHuu $vnxuxslr.

Vles MeroAa HcKJrroqrreJrbHo npocra. Henecrno-, uro perxeHue
saAaqn (9.1) npn f (x, t):0 (rax 

-Haounaeuoii 
coorse.rcisvroqefi

o,4uopo4noft sa4auu) 3anncbrBaercff B Br{Ae pflAa

u(x, t ) :  i t  o,e-t^no) '  tXo(xl ,
n = t

r4e Xo (x)-co6craeHHbre Qyuxuuu 3aAaqH lllrypua*JIHyBr4JrJts,

(e.2)
X" + j \LX:0,
a,X' (0) * IrX (0) :0,
a.,X' ( l)  * $,X (l) :0.

3aAaAuucs BonpocoM: HeJrb3s Jrlr pe[reHue HeoAnopoAHofi eaaauu (9.1)
TaKxe HcKarb B BHAe prAa no co6crseHHHm Qyur<uurnr, uo 5o,ree
o6qero sHAa

u(x, t'1: 
'i 

r" \\ X^(x).

,ll,"tn raroro npeAnonoxeHr.rff ecrb onpeAeneHHue $uauuecKHe ocHo-
BaHHff. B caMoM AeJre, cJrafaeMbre 

-f 
(x, t\ onrcHsaror HcroqHuK

TenJIa, pacnoJro)r{eHuuli . sHgmpu crepx{HF. 3Hauur, 3aBHcr.rMocrb
perueHns or BpeMeHH 6yaer BB,rpalxarbcn He 3xc[oHeHraMH

g- (? tnz \ t  t  
,

xaK 9ro 6uno s cryqae o4nopop,lroil 3aAaqH, a r(aKtrMH-ro Apyruur.l
$yuxqnnuu.

.[,la roro qro6u noKa3arb gror N{eroA a 4ei'rcrnnlt rr He ycJro}K-
HrTb Lt3JIO)K€HHe ,&eTa.[flMr.t, r\,ibr npH,\,ieHrrir ero t( peueHt{}o o&rofi
or{eHb npocroft saAaqu.

llocrpoeH lre pe ileupr rr Mers&om pe3,;oy,{e irirrl
IIo coOcTBeHHblM $yFlHqilnivl

Pacclrorpnlr HeoAlropolinyro saaarry

r y t l n )  t t t :Q rz t . x " * [ ( . " " ,  l ) ,  0  4 . r . i : 1 ,  0  4 l  < i c , r ,

(e.3) (fv)

(Hl')

flpouecc peuenfin 3aAaqn npcAi'r'aBrrl,r B Br.rAe fiocJreAoBarer'rb-
HOCTII C,'IeAytOLI\HX [IarOB.

-rS\. "'

..t: i
,j lii

t . , a

' . ls#

I{r,l
, li:: '
,1,

I  u ( 0 ,  / ) . = 0 ,
i  r t r , i ) : 0 ,  o ( l ( e o '

u (x,  0):  tP {x),  0 (  .v {  l .

,r"s * l t ; :  1 - ' :  3
' 
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IlAf 1. OcHosuan aryefl MeroAa coQTolIT B' pa3JIoxeHI'II{ nJlor'
Hocra HcrorrHI,IKa f (x, t) B psA no co6crBenHulr't Syuruuau

f (x, t) : f , (t) x, (x) * f a(t) x 2@)+ . . . + t,(t) x,(r) * . . .

H onpeAeJreHfiH orKJIltKoB cucreMbl uo(x, t) ua sosAeftcrsue rcai$ilort
xounbueHru f "(t) X"(x). Ecnn nce oTKJIHKII 6yayr uaftAeuu, ro
perxeHr.re 3aAaqu 6yaet HMerb BI,IA

u (x, t): fru,(x, t).
n = l

OcnosHan rpyAHocrb B gToM MeroAe-pa3JIolI(eHHe n.noruocrh
r.rcroqHr4Ka Ha KoN{noHeuru f, (t) X"{x). OxagHsaercfl, qro MHoxI'l-
TeJrH Xr(x) n AaHHoft 3aAaqe fBJlflIorcr coicmeeru*tilu eercmopali4u
cr{creMhr lllryprua-trlwyounna, Koropafl Bo3HHKaer gpl{ pelneHuu
MeroAoM pa3AeJreHr..rfl nepeMeIIHbIx coomsemcmeAnqefi o)nopo1uofi sa-
)auu,  a HMeHHo

(e.4)
I)1:qzg** (ormerum, um f (.r, l):0),
u  (0,  t ) :Q.
u  ( 1 ,  t ) : 0 ,
u (x, 0): e (x).

3aAaqa lllrypnra-.IIIyBHJIJIn B eroM cryqae I'IMeer BHA

X" ]LzX:0,
x (0):0,
X  ( 1 1 : 9 ,

a ee peueHHflMH flBJlruorcn $yHxullu

X , ( x ) :  s i n  ( n n x ) ,  t t : 1 , 2 , 3  . . .  .

CneAoearefl bno, paslo>KeHl.Ie rt JIorHocrI{ I{croqHI{Ka n peAcraBl{Mo
B BHAe pfAa

(9.5) I (x, t):f ,,(l) sin (nx\*f ,(l) sin (Znx)!. . .*1"(t)sin (nnrlf . . . .

H saroueq, AJIfl rofo qro6bt safitn $ynrquu fo (l), yllnoNnrrl
o6e qacru nocJleAnero coorHolueHl,ts ua sin (mnx) u npounrerpfipyeM
or 0 Ao I no xoop,uHare ,.

B peey.rtotare noryqaeu
l @ I

t f i", r1 sin (rnnr) dx: 2,1" (f) 5 sin (nrrr) sin (runr) dx:
O n= l  0 -

: f,f ,{tl
3 r

l,tl

.,ii
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68 tlocr.l" 2. ,{rgcpyaxorxbrc 3aAaq,

unH (nocne BaMeHbr m na n\
I

f  , ( t ) :z j  l tx ,  t )s in(nnx)dx.
0

floc.ne4uee coorHor,rreHlre ycraHaBJIHBaer cBfl3b MexAy xos@u-
rIueHraMH f "(t) u nJrorHocrblo renJroBoro HcrorrHuKa f (x, i\,

UAf 2. (Haxo;r,qeHNe.orKlHKa u,(x,  l ) -X,(xlT,( t)  Ha BxoA-
Hoe Bo3Aeircrbue fo (l X"(x1.1

3aueHuu flJrornocrb HcroqHuxa ero pa3roxeHueM B psA

I @, t): X l" (/) sin (nnx)
.  n = l

uafirs HHAHBHAyaJrbHbre orKjrr4KH, T. e. $yHrulrH

a

u (x, t):  ) T, (/) sin (nnx).
n = l

Ilocroarxy pe[reHre saqaqu lrr{eer BrfA

u(x, t): i  a" (t) sin (nn.v),
n = l

TO lloAcraBrillr 9rO BbtpaxeH]re B ucxoAHyro 38Aaqy

ut:&'trxr+ i  t" ( l)  sin (rmx;,
n = l'  u  (0 ,  / )  :0 ,

u  ( l ,  t ;  : 9 ,
u ( x , 0 ) : p ( x ) ,

B pesyJrbra'r'e qero noryqfirl
€ 6

2.f ;, Q sin (nnx) 3 -. 62 I (nt ), I,, (11 sin (nxx) l-
n =  I  n = l

*,,i t, (t) sin (,nnx),
' o

(9.7) 2,7 "( t)s in 0:0 (y4onnerBoprrercn rox.qecrBeHno),'  
n = l

#rr,rrrsin 
(na) : 0 (y.qonreruopeercr roxAec'6egHo),

Q

I.f, (O) sin (nnx) : q (x).
n= l

I
I
Ir

r l

,{'t:

i '

I
l i

I
I

i|l
f  ' . *
I  " * : '

llex4xr 9. Paruexre VHII nerogom pa3noxeHhr no co5ctt, gyr*qt{tr

[lepenHcunan ypaBneHr]e r{ HaqaJrbHoe ycJroBr.re
' @

ryqn) 2 V i, ! @no�)z T n- f o (l)l sin (nnx1 :9,
n = l

@

' (HY) > ?, (0) sin (nax): q (x),
n = l

Mbr Mox{eM 3aMerurb, uro {ryHx{ulr Tr(t) flBJlsnrcfl perueutrqult
saAaqr.{ Koms

(e.8) T', ,1@no")zT n: f  nU),
I

T" (o) : Z j v (E) sin (nnl) di: a,.
o j

OAV nerxo peuarorcff H HX perxeHrrfl sanncbtBarcTcfl B

t

T *(t1 : eoe-Qtna)zt * $ e-t"t*rlt-t lf n{t ' ldti '  
' t '

0

Bce aru
BH{e

(e e)

orKyAa HerpyAno noJlyqurb noJIHoe pereHlle saaavn (9.3;:

(9.10) u (x, t): 
2r, ,(l) 

sin (nnx1:

- i,,1o,r-r,,nct)'r sin (nnx)l+ i. f r," trr4 f e-(nxatz(t -r\t, 1t1at In = t  n = r  L  0  J

t t
f lepexoAuan uacru (o6ycnoe- Cra[uouapuan qacrh (o6yc,roe,rgna
reua HaqaJlsnuu yc,ronueu) npanoii qacrblo f (r, l)).

I4s peureunx (9.10) BlrAHo, qro meilnepamgpuottt omKnut cocroltr
vs ilagx qacmed: nepBafl qacrb Bo3HHKaer 6laro.qapn HaqaJIbHbrM
ycJroBtrflM, a BTopafl escrb+6,'raro4apr nJrorHocrrr trcroqHHKa [ (x,t).
OtrraetuM, r{To TepM}r}I (cTau}loHapHatt qacTD He JIyqIIInU O6pasou
noAxoAl{T A4.R OnHcaHHfi BTOpOH r{aCTH reMnepaTypHoro OTKIHKa,
[ocKoJrbKy SAecb He noApa3yrueBaeTct, qTo 9Ta qacTb He SaBacHT
oT BpervleHu (craquoHapHufi pexHrr,r Moxer oKasaTbcfl nepnoAHqecKHM,
ecnr.r /(.r, l)-neprroAr{rrecKafl $ynruun opetteHu l).

3aAaqa noJrHocrblo perueHa. flpex4e uerr,t nepefiu.r K cJleAynqeft
Te&re, noKax(eM, KaK, HcrloJlb3yff onucaggnfi BbIIue MeroA, .peuLITb
KOHKpe'rHyr,o 3aAaqy.



70 tlacru 2. .{lgQysionHbte 3aAaqr,r

Peurenue KoHKpernofi ea4a.ru MeroAoM pa3roxeHr{s
no co6crBeHHbrM $yuxqrannrl

Pacclrorpnu flpocryro saAaqy

ffIln) t)t: dzltxxf sin (3nxi, 0 4 .r 4 l,

(e .n )  t rv )  { '1? '1 ] : : '  o4rqoo,
I  a ( 1 ,  l ) : 0 ,

( H Y )  u ( x , 0 ) : s i n ( n x ) ,  0 ( x ( 1 .

Haua ueJtb-BbrqHc,'tnrb xoarlxpuullelrrn To (/) s paa"rorieHun

u (x, t): i t, (t) sin (nn.v)

*,f

' li,',

[ "
| [ ,
t:
i ,  , ' ' ,
t :

l ' . i '
f l
l ] -
I

i  , .
t i
l , ' ,1
I u'
t :
I

I
I

J -
t : ,
f . l

r  : 1 , .

I 'J:'
i . .

I  . ,
I  l r

I rgl
l . '
I tt,

(co6craenHue SyHxquil arofi saAaqu X,, (.v) coBnalaror
Hnur $ynxquflMr.r npeAbrAyxlei;l). Ecnrr rroAcraBurb sro
B UCXOAHyIO 3aAaqy, Mbr noJryqltM cJreAyr.oulyo saAar{y
onpeAeneHnr SyHxuufi 7,,(l):,

Tna(nna)zT, :  Io (q :2 [ .  s in  (3nx)  s in ( r r . r .v )  , t " - ! l ^" " '  
d  l 0

T,(0) :2 J s in (n€) s in t r "* i  d; :  
{ l  ) } ' ;

c co6crnelr-
pa3Jro)KeHHe
I(orr-ru a,nn

t t - 3 ,

n f -3 '

flepenuueu gTH ypaBHeHHn nocJre,qoBareJrrrrio x,Jrs it:1, 2. . .

.  f ; f ( n a ) ! I , : 0 1
(n: l )  r i  1oi:  i  i  t  

t '  ( / ; :  s '-r ' ' " t . / '
T' '  - l -  (2nq. \2T. . :  Ql(n:21 r,  tOl:  O' j  =+ ; ' ,  ( /)  :  r) ,

( n : 3 )

@ 2  a )

T j f ( 3 n a ) x l , : l l

r "  (0) :0
7'n{ @no")zln :0

rh (o):  o

C.[eAosarerbIIo, pciueHHe 3anaqH [:ox{tlo ?anncar6 ts BH.1e

u (x, t) : e- Gra-r2 t s in (nx) + Oh, f! -- e - rz,a'>,/] s i n (3nx).

(e. l2) t  t
f lepexo4uui i  CrauuoHapHufrnpouecc(06., ig-
npoueccJg!tt.- JoB,'rer{ npanoir qacrbro yqil)
,' losnelr HV)

l ,

"blf r'

Ierqrn 9, Per.uenxe VHfl ueroAoar no co6cre,

SAfiTETTAHHfl

l. Mero4 pa3JIox{eHI.If nO Co6cTBeHnuu Qyut<IlgflM flBJleercfl 9AH1{M

ng uaH6olee MorrlHbrx MeTOAOB per.rreHHs HeoAHOpOAHbIX ypaBHe-

Hnil C qaCTHbIr\{H IIpOIr3BOAHbIir.ln. llOsxe, KOrAa MbI 1O3HaKOMI'1M'

cfl c HHTeTpaJIbFIbIMH npeo6paeoraHl'lflMl'I' Mbl yBI'IAHM' tITo cyue-

cTBytoT LI Apyrue MeTOAbI peueHlrfl saAaq sTOrO THna.

2. Co6-crseugue Qyurunrz x,J*), rro Koropbrr\r npoBoAlrc_l -pa3,Ilox{e-
HLre, 3a6ucflm or pernaeir,lofi gaAaql{' TOIIHee oT ypaBHeHvtk w tpa'

Hr.rr{Hbrx ycnoenft. gurare,nto npeAJlafaercfl petrluTb' sa4auy 4,

noMeUIeHHyro B Kogqe JIeKIILII4, qroSst npoleplrrb, 4eficTnurensuo
Jrr.r oH Hayrruflcs HaxoAr{rb co6creeHHlte $yuruuu X"(x)'

B. Ecnu qurireno noMHgr ocHo'Hbre Qaxru u3 Teopna o6Ht<uosen"

Hnx 4uSSepeHql4arbHblx ypaBHeHHti, To oH sllaer' qro peulenllf l ,

coorBeTcrByloqHe HeoAHopoAHbIM cJlaraeMblM BI4Aa'

1 sin (0x),
p, (x) e*x 

i .o, (pn),

rlro)riFlo nattu MeroAoM HeonpeAeJIeHHstx xoaQ$n4ueHtoe. To Ne

caMoe n s.[ecb. SaAaqa (9'l l) noxet 6strr peueHa raKI' lM xe cno'

co6otr,t.

SAAAqH

l. Perueuue saAaqg

(Yqn)  ut :u***s in(3nr) ,  0  <r< l ,

(fv) t; l?'| i :3: o(/( 'o
( H Y )  u ( x ,  0 ) : s i n ( n r ) ,  0 ( x (  I

Aaercrr rpoprrnynofi (9.12). Cooreercteyer JII1 9ro peIxeHI'Ie. BaIIII{M
L{Hryr{Tr.{BHbrM npeAcTaBreu[qN{? 9ro npe4craBJrfleT co6ofr nony-
rrellnoe pemeHue?

2. Peiuure EaAaqy

g(Vqn) ut:ux,t f  s in (nx)f  s in (2nx),  0 {  x ( l '  0 4 I  4oo'

I  a  ( 0 ,  l ) : 0 ,( r v )  i r i , ,  t i : 0 ,  o4 /4oo ,
( H Y )  l , l ( r , 0 ) : 0 ,  0 ( x (  I '



lii
t ' l

l l

' 4 .

3. Peuure saAaqy

Uqn) ut : i l * **  s in  (n, r ) ,  0  4. r  4  l ,  0  4 I  4oo,
(  u  (0,  / ) :  0 ,( r Y )  
1 r i , ,  t \ : o ' ,  o ( l ( o o

( H Y )  a ( x , 0 1 :  l ,  0 { x (  l ,

ileToAoM pa3JroxeHHrr no co6crsetrll;nr {ryrutItrrrlr,
rrarfAHTe peueHHe 3ana|jl{

(yqn)

(Fv)
(Hv)

(Vunl

(rv)
(Hv)

il.t: u,c*f sin (1,,.r), 0 < .r (
f  u  (0 ,  l ) : 0 ,

I  l * 1 1 ,  t ) * u ( 1 ,  l y : 0 ,  0  <

u ( x , 4 7 : 0 ,  0 g x g  I

I
tl

l ,  0 . 1  /  < o o ,

f  ( o o ;

5.

ueroAoM pa3,'IoxeHufl no. co6crseHnuru $yHxl1HflNr, ecv,nt i,r_itep_
nuft rop-eHu ypaBHeHHn tgl":- l. I(ax-osH co6crnesnue 6yu*-quu arofi sanaqu?
Peulrre gaAaqv

0 q x 4 l ,  0 4 t 1 o o ,
0,
cos /,  

(J 4'  /  z- oo'

) - { x {  I ,

npeoopaaonaB cHaqaJra fpar{HqHbre ycJroB}rfl l( rJyJreBblr,r. f lo,ryuire-
rilyrocfl npl'r gTOM saAaqy peulrre rvrero,rlolr pa3,rroxeHHfl no- co6-
crBeHHbrM $ynxuuau.

u r :  u x x

I  r r  (0 ,  t ; :

|  r u  (1 ,  / ) :
tt (x, 0), (

i ii:.. .?rr:'i'

Flerqran l0

HHTETPANbHbIE NPEOEPA3OBAHH'I
(cv1HY C- t KOCI4 HvC-n PEOSPA3OBAHI/9)

IIEtlb JIEKtll4l4r Bsectu IIoHflrlIe rlllrefpa,'IbHoro npeo6'
pa3oBaHLIn H IIOKa3arb, KaKltlvl o6paeon.rlp1tMeHeHHe I'IHTerpaJIb'

usrx npeo6paeonaHltfi IIo3BoJIfler or Vr{Il c n nepeMeHHblMH

repefiru K HoBoMy ypaBHeHLIo c n* I nepetueHuutwa.'B 
d'reKqLI14 noKasauo, qTo llHTerpa,'tbHble npeo6pasooanun

Mo)KHo nHrepnperllpoBarb KaK pa3JloxeHile BxoAHoro sosAefi-

CTBHrr Ha gJIeMeHTapHHe (pas"roxettue no qacToTaM)' HaXOXAe'

HHe peaKquH cncTeMbl Ha SJIeMeHTapHr'le sogdeftcrsHq u nocJle-

Ayroqee cyMMI.{poBaHse Bcex noryrleHHblx pesyJlbTaroB. . .'  
f lpu Hurerfanruux npeo6pa3ouaHuflx onepauufl AHSSepQH'

ulcpoBaHI, InngpexoAl , ITBonepaqu}oyMIIo) I (eHuf l l t 'cJIeAoBaTeJIP.
Ho, HeKOTOpl,Ie qacrHble npoH3BoAlible, nepefi4yr n alre6pau'
TIECKHC BbIPA}XCHII'I

Cltryc- H Kocuuyc-npeo6pasonallut BBoAflrcfl AJIn peuenun

au$$ysironHrlx saAarl Ha HeofpailllqeuHblx npoMol(yrKax. flo'

f'ryqeHHoe npH STOM peIIJeHI.le ul{Tepecflo reM' qro coAepxHT

$yur<uuro, AonoJIHHreJIbHyIo HHTerpany BeponrHocrll.

kluterpallHnu n peo6pa3oBaHHelvr
lune, Koropoe xaxAofi QYuxutlu / (l)

$yHxur.rro F (s) no $oPuYne

F (s): $ r< {r, t) f (t) dt.
A

Sartvieruu, rlro HcxoAuaa $ynxunfl saBlIcHT or t, a pe3,yJlbrl'Ipyloqafl-

or s. Oyuxuun 1( (s, l) 
- 

HasHsaerctl flApoM npeo6pasonaHnn. 3ro

ocHonnofi-3JIeMeHT, orrurlarcu,Hfi oAuo npeo6pasonaHue or Apyroro.
o6uqso n4po eu6ltpalor raK' 'lro6lr npeo6paeorauue o6naAaJlo HeKo'
pbrMti 3aAaHHrtuu caOilcTBaMI.I. flpe4enu nllrefplrpoBag1lfi TaK)Ke 3a'

BHclr or BIIAa nPeo6Paaonauun'
f.nanHoe, IITo Kpoercfl 3a HHTerpaJIbHblMI'l npeo6paeoraHnflMg' ero

BO3rvtoXHOCTt Hg6asutr,Ct OT IIQCruHUX npOUeeOdUOtX nO O4nOft I'I3 He-

saBrrcHMbrx neperueHHbrx. 3Hauur, n npeo6pa3OBaHHOM JpaBHeHI.lH
6yger ua oAIIy nepeMeHHylo MeHblue' qeM B HcxoAHoM' nanpl{Mep'

ecJru npnl{enl.trb }IHTerpaJIbHoe npeo6pa3oBanl{e K ypaBHeHIaIo

ui :  u t5at

o6uqno HaoblBator npeo6paaoBa-
cTaBHT B COOTBeTCTBLIe t{OByIO
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.rro6hr ,ws6asurucn or npou3Bolsoli no Bper,reHu, Mbt nor'ryrluxl o6trx-
HoBeHHoe auQQepenuuaJrbnoe ypatsHeHHe c uesasucuMofi f lepeMeH-
HOII .r. L Apyrofi cTopoHbr, ecJrrl x ypaBHeHr.rio

, r*  Hr ,  *  t t r r :  g  .

npr.rMenrlTb npeodpasoeaHne @ypre no [epeMeHHoli x, ro ilpor.r3BoA-
Hafl ux,r 6y.u,er acx,nlor{eHa, a B HoBoM ypaBHeHHil ocrauerct roJIbKo
ABe He3aBLIcHMbrx nepeMeHHbrx g u z. MoxH<-r, r{or{er{Ho, nprlMeHlrrb
npeci6pdsooaune. tDypre eul.e oAHH par, vro6u HcKrroqurb ,iur* uany
nepeuenflyro. Tor4a noJryqHrcR o6slxHoseuHoe 4Hrp$epeHUraaJrbnoe
ypaBHeHne c oAnofi ocraBulericrt le3aBr{cHr\rofi rrepeuenuofi. [pyrurr,tu
cfloBaMr,r, r.rHrerpaJrbHue npeo6pa3oBangfl yilporuaror HcxoAHyto BaAa-
rly. JareM npeodpa:onannan gaAaqa peuaercfl n, rrpr{Menrrn K ee
peuex{r4ro^ oipamuoe npeo6pasoeanue, flonyqarcr peueHr{e ucxoqnofi
iana'{n" Cxeua, H3Jro}r{eHnoro aJrroprrrua uio6paNena na puc. l0.l

Peweuue npocnoil sadauu
{ Aa? 2)

PHC. 10.l. A6uaa cxeua npHl,relteHtR HHre,rpa.aurrr,rx rrpco6pagoaaHlrrl.

- Ha puc. l0.l au4Ho, qro c Ka)xAFrrM npflMuM t.rnT€rpaJrbHblM Epe-
o6pasooaHueM cBr3aHo o1pamuoe npeo6pa:ncttntrc, Koropoe Boccra-
HaBJrr.rBaer nepBoHaqaflluyro $ynxuuto r.{3 npeo6paaonauHofr.

flpnuoe u .o6p_arHoe npeo6pa:onanun rrpHr{nro Ha3brBarb napofi
npeodpaeoeannft. B ra6n. l0.l npuaeEeHbr HeKoropbre napbr npdo6-
paaonanaft, Koropbre 6yayr ficnoJrb3oBarrrcn flaMs npfi peueuu{l
yparneHnft c qacrHbrMn npon:tBoArlbrMn.

Ornretnll, qro B arnx npeo6pasoeartnsx ucno.rrb3yrorcn ABa sHAa
o6osnaqequfi., Hanpr,ruep, B c.ryqae npeobpasooanr.rd .nannaca o6o-
3HaqeHue 9[f] yxazlrBaer, qro npeo6paeyerr:n Synxuras f, a ro xe
BpeMq ooo3uaqeHr.re f (s) yKa3brBaer, qro B pe3yJrbrare npeo6pasooa-
Hr{fl rrofiyqeHa Qyurmn, saBncru{ar or s.

B- uacmxqefi nexqun Mbr He craagM 3aaaqy H3yrrHTb sce napg
npedpamuasufi. Mu ocraHoBuMcr ro;rbxo r{a cufiyc- u t(ocr.ruyc-
npeo6pasonarnfrx tDypue (naqn I u 2y. Hecxoaoro flosxe Mbr r.t3y-
gIaM H Apyrfle rr3 gTr{x nap. flo Mepe snaKomcraa c npeodpasona-
HunMu Mbr BbrfcHHM r{x [penMyqecT,sil H HeAocTarKr,r, y3HaeM KaK

Jlexqrr 10. Hurerpanuxue npeo6pa3oraxxt T5

Ta6nu(a l0. l
Hexoropue napbr nHrerpaJlbrlblx npeo6pasonannfi

Cuuyc-npeo6p a3oBaHue
Oypre.

O6pamoe cuuyc-npeo6pa.
SoaaHue

Keanyc-npeo6paaonarnc
tDypno

06parnoe xocunyc-npeo6-
pa3oBaHr{e

ftrpeodpaeoeauue Oypre

O6parnoe npeo6pasoeanue
{lypre

Koneqnoe cuHyc-npeo6pa-
soBaHne

O6pauroe KoHeqHoe cnnyc-
npeo6pasonanue

KoseqHoe rocleH]c;npeo6-
paSoBaHr.re

O6parnoe KoHeqHoe KocH-
uyc-npe06p a3oBaHue

:

flpeo6paeonaxue "rlannaca

O6pariroe npeo6paaonaHue
llannaea

, 7
ff ,tl l: F (0,) :; 

J l(,) srx (o/) dl
0

o

f;l tFl-l fO: J i" 
(to) sin (ro/) dro

o

6

, ( >

ff "Ifl: F (r):i J / (/) cos (or) d,
0

@

ff ;1 lFt: | (t) :5 o ftl cos (tol) rl<o
0

I
I

r .  {
I
i.
f
t

2 . {

I
l.

(

I
3 . {

I
t
(

I
4 . {

I
I

t

{
I

5 I
I

t
(

I
6 " {

l
t

+ @
r e

tr tfl: F (or): --} \ I 1x1e-i,or dx
Y z f l : *

ff -, rFr : t trl : =)-*f o,', gi<or 4(tD
y 2n _J_

I

, ?
ff" ll l :S": 

i J I 
(r) srn (nnxlL)dtt

0

6

ff;! tFnl: f (x): ) S' sin 1n,nx7l;
A - l

L
, P

f f " l l l :  c":+ J /  t t )  .ot  (ntrxlL) r lx
D

. : - . -
f f ; t  IF nl :  t  @:++f C"coslnnxTl;

, ' -  1

- t  t f  l ' : F  r s ) :  I  I  d )n - r , a t' . 1  "
, 0

r + i o
r n

A - t I F l : / ( l ) :  *  \  F 1 s ) e . t d s
!

'  C - 1 6
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flpo4onxeuae

7.

/ / t l r : r , ( t )- i rJ
, 0

@

I/-r [Fo]: | (r) : $
0

"($r) f (r) dr flpeo6pasonaHue Xanrens

o6parHoe npeo6pasoaauNe
EJ "(Er) i., ([,) dE _ *r,,*"n"

I
ri ,
',rl

oHIt cBfl3aHbr MexAy co6ofi, KorAa npr.tMeufirorcfl u r. A, O4uaxo;
npex/qe qeM npr.rcrynr4Tb K H3yqeHuro uHrerpaJrbHux npeo6pasoBa.
Hnft, no;Ie3Ho 6yAer paso6partcn e roM, trro flpr.rHrro Ha3brBarb
cneKmpoJtl Qgnrc4uu (unu cnercmpa/tbHbt.tt pasnorceuueu QyHrrran).

Cnexrp SyHxqun
l ' lurerpannHue npeo6pa3oBaHHfl r.r creKrp 0ynxuua recno cBff-

saHbr. 14 B caMoM AeJre, XHTerpaflbHoe npeo6paeonaHHe Mo)KHo rpaK-
ToBarb KaK pa3JroxeHHe SyHxuurr B Her(oropuft cnexrp KoMnoHeHT.
9Tor cneKTp 3aBHcHr or ru6pauuoro npeo6pa3oBaHnfl, rro KaxAafl
QyHruua o6naAaer onpeAeJrenHbrM cneKrpoM orHocureJrbuo. AaHHoro
npeo6pasonaHun.

ii'l

PI4C, 10.2. PasroxeHue nepnoAnqecKoft tpynxuau B plA no cnHycaM
IIOC,'IeAOBaTeIbHocTb nprMoyroJlbHbrx uMnyJn coB annpoKcHMr{pyeTct
KocuHycaMr{.

HanpHuep, paccN{orprrM pa3,rroxeHr.re nepuo4lruecxofi
pfA no cHHycaN{ n KocuHycana (pna (Dyple) r: \

f (x): 
|rO-cos 

(nx) f B" sin (nx)l
(cu. puc. 10.2).

_,_ lo:." xoa$$uqr.reHTo: A, u B, npe1craBrrflror BKJTaA cos(nx1 w
stn (nf) B QyHKur.rrc / (,r), B ro >Ke BpeMfl Beflrrr{HHa

tlZ|'"TE;
t) F-r* noApo6no pa4r,r {Dypue paacMarpHBaorcn o aexqxu ll.

l.r Kocr.lHycaM;
cHHycaMu r.r

QyHxqrH n

Jlerqlr l0, hnrerpanrnute npeo6pa3olaHHt 77

(uasuraeuan cneKrpoM Qyrxqun) roKa3blBaer ry AoJIa aMuIHryAbI
Svuxurllr f (x), roropafl npHxoAl.Ircr Ha qacrory n'" 

Hanpr.rrurif, ec.tru Syttxutts I (x) npeactaBrqer co6ofi npocro cyMMy
cr.rHycoB H KOCI,IHyCOB

f (x) : l * sint+ + sin (3x) *cosx* |cos (2x1 *|cos (a'r;,

TO ee cneKrp
puc.  10 .3 .

(AucrperHuft) 6yaer BbIrJIffAerb raK' KaK [oKasaHo Ha

CqurHsaR c rpaQnxa sHarleH[e
(xlpeAeJIItTb Be,'II4qHHy aMnJIHTyAbl
r0Topaf HMeer qacToTy n.

BeJHrrHHril {6--9'^, Mbr MoxeM
rofi rounoneHtu tfyHxquu l(r)'

._-i:::* n
PHC. 10.3. nucxperuufi cneKrp $yHxuuu f ('v).

I\epu@uaecrcue.ipynxunn pa3,'Iafalorcn s 1ecrcoueunate padw (oun

HMeroT 4r.rcxpernnft inexrp), 
-n 

ro apeUa KaK HenepuoAuqecnUe rbyHx-
rufi AoJrxHbI o6laAarr HenpepbtaH'bt.ti cneKmpor4. Ecnu SyHruun
onpeAeJreHa TodlbKo Ha KoHeLHOil npoJu%tcgmKet TO ee l{oxHo II€pI{o:

Auqecxn npoAo.rxl'trb Ha Bcn ocb H pa3JIox?ITb B prA- @yple, Ko'
ropuft 6ya'er npeAcraBJlrrb Hauy $ynxuulo BHyrpI-{ o6nacru onpe-

AeJIeHHn.- 
14 xors HenepuoAnqecKyro rpynxur.ilo HeJrbsr pa3Jloxl{rb s 6ecxo'

He,{UHfi pnA nO cuHycalu H KOcHH}'CaM' Illbl MO}KeM IIOrIbITaTbCfl Ha'

nHcarb H.enpepbujt{btrt auanoe pflAa Qypbe:

,  + Q

t U): J tt trl cos (ar.r) + S (eo) sin (ox)l dro,

rne syHKrlru s(ro) u c(o) cJryxar.vepofi cneKrpaJrbHofi nfloTHocrH
cuuyb-a n Kocunyca u Sy"n_,,t:" l(t):jjultu'4nna

f S'((D) * C'(or)



cJryxr.rr uepoft noJrHofo BKJraAa qacrorbr to r QyHxurlr,o I (,r) v Ha-
3brBaercr cneKrpoM (Henpepunutrrra) $yHrI1uu f (x\. Onnpanci rerrepb
Ha npHBeAeHHoe Bbrrre r.rHryr4ruBnoe onpeAeJreHr4e cneKrpa $yuxqun,pag6epeM (no BHHTHKaM) r-rHrerpanrsHe npeo6pasonaulrs.'cnaqa,ra
BbInI{IIeM re HecKo.IIbKo ceoficre 9rr.{x np6o6pasonaHafi, Koropbre
6yaeu ruupoKo Hc[oJrbsoBarb.

AU[Hyc- [r KocnHyc-npeo6pa3oBaHns npoH3BoAHbtx

L F ,Lf'l: - rtr "lff (4oxasuaaercn ulrref prpo.

2. F ,[1"]: # t l  (Ol -o', tr" [ I ] .  
Bar{HeM no uacrnu)'

(lo.l) s. tr"Lf,l:f ftoi*rff"yl.
4. F "lf) : - + f e)-. ' ,ff "[f].

Hexorop.ue Apyfr4e csoticrsa ttprMbrx r.r o6parHux cr.rHyc- H Ko-
cnnyc-[peo6pasovawuft npr.rBeAeHbr s ra6.nr.rqe B Korilre KHHfH. floxa-
x{eM Terrepb, KaK c floMorrlbro crrHyc-npeo6pasoaauun Mo)KHo peuarb
o4Hy eaxnyro cMerraHHy0 3aAaqy.

PeueHue An$$y3noHHofi 3aAaqn Ha rronynpnMofi
MeTOAOM Cr{Hyc-npeoopa3oBaHuf

- 3a1a.ra, KoropyFo Mbr xorr.rM peruarb, Qoprvrynupyercs cJreAyrurrluM
o6pasou:

ryqfr)
(ry)
(Hv)

(cm. puc. 10.4)
t

u 1 : a . z i l r r ,  0 4 x 4 o o ,  0 ( I ( o o ,
u ( 0 , t ) : A ,  0 4 / 4 m ,
a ( x , 0 ) : Q ,  0 ( r 4 o o .

PHC. 10.4, 4n46yrnonnu s, sa6a.n -o noay6ecroue,rsoft o6;racru; u (0, t; :
= A ,  u ( * , 0 )  J 6 .

[IJAf |. PeureHse saAaqu paso6rcu Ha rpr.t Aocraroqno npocrbrx
ruara. EyAeu 4eftcroooarb corJracHo c.ne4yr,oqeMy nnany. Fia nep-
BoM ruare tshrfloflHtrM crzuyc-rpeo6paoonaHne Oypne no nepeuenruorti,

I l 1 = a 2 u s 6
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TorAa Mbr floflyrruM o6uruosenuoe,qn$,S€peHul{aJlbHoe ypaBHeHI.]e
no nepeMeHnofi l. ,[I,rn peanugauun sroro nJIaHa npHMeHHM cltuyc-
npeo6paeoraHne K o6euu qacrtM ypaBHeHnt c qacrnbtMn npolrsBoA-
HbrMH. B pesynurare noJtyqaeM

{ ,lurJ:atff ,tu**1.
Paccuorpuu KaxAyro rracrb groro coorHorxeHur.

ffrlurl: rlacrHyro flponsBoAnyro utB erofi ea4aue MoxHo Ha3Barb
exewueii npousao1uod, nocxo.rlKy Mbr npl.rMeunew npeofpasoeaHue na x.
B srou cryqae Moxuo Hanucarb

tr ,lr,l: * i u, (x, t)sin (co.r) rl.r :

: ! * "E  t  "LuJ :
d: f ru ( t) '

3Aecr Mbr BbmecJilt onepauulo AItSSepeHuHpoBaHHs 3zl sHdx I'tH-
Ter pa Jra, Bocno,rb3oBaBuucb coorBeTcr Byroqeft reo peuofi HHTerpaJIb-
HOrO HCql{CJreHHr. 3aUer'Hrvt, qro ucxoAHar QyHxuHfl tr 3aBItc}IT OT
nepeMeHnbrx x u t, a ee o6pae

tr"lu):U (a, t)

3aBHcHT or nepenreHHbrx (0 H l. Hosas nepeMeHHafl o 6y,ter Hrparb
poJrb napaMerpa B Hoeoft 3aAaqe H, cJIeAoBareJIbHo, MoxHo cqllTarb'
vro o6paear SyHxnuii saBucflr roJIbKo or oAnoil nepenaeuuoii l:

t r , lu l :U ( t ) .

ff , lu*rf: A.nn aroro q,'reHa cnpaBeAJII4BbI cJleAyrorqne laBet{crBa:

F,lu*,1 : Z'u (0, t) - azff , lul :

L au $. l )  -ozU (/)  :

2Aa
.  i  _ - @ a u  

\ t ) .

OrlrerHrr,r, qro npu BbrBoAe coorHomeHnff (10.1) MbI cqara.rLl

$yuru1uro I $yuxqzeii oAuoii nepe,veHuof.t x. 3Aecr xe Hect(oJlbtto
rruoi.l c,ryuail, rocxo,trxy u(x, t). zasucwt \1 or x, a or t. O4u6xo
Mox(Ho noJrb3oBarbcrr reMIJ )Ke $opuy,aamx, ecJil{ npeo6pasona4ne
npoBoAlirb no oAuofi nepeueriuofi, a ocraJrbubre cqHTarb KoHcraHTai\rII.

: +l+i' o, r) sin (co'r) orl:
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B Faueu cryrrae npeo6pasoeaune BeAercfl rto nepeMeHlofr x,
a SHaqr'{T, [epeMeHHyro t MoMHO Crrr{Tarb r<oucraHrofi. o6paruu our.r-
MaHI{e Ir Ha ro, qro yxe Ha gToM STane peIUeHLIn sal'aqil ucnoJrr,-
syercrl rpaHr{qgoe ycJroBr.re il(0, l):1. l]oAcragnss saliAeHuue
BbIpalKeHUfl B ypaBHeHLIE il1:d,gt*r, Mbt noJrvr{fitvt O6UfgOneHHOe
AHQqepeHuHa JrbHoe y pa BHeHHe

+:or f  _oeu ( t \+  2Ar1
u o  L  

' -  "  l '

Elnnglgeun-qe, sero raru lrer, oro HaqaJrbHoro ycJroBnn 4.na QyHr-
uun u (l). Mu no.ryrr^r.rM ero, npnMeuuB npeo6pioonaurre 

'K 
naqaJrb-

HoMy ycJroBun u(x, 0):0:

ff , lu (x, 0)l : U (0) :0.

Sruu sanepnradrcn_ nepnuft t'rar nocrpoe'Hr perueHrl' MeroAoM r4H-
TetpaJrbHoro npeo6pasoBaHr{H-BMecro HcxoAnofi cueurasHofi saaaqlt
MH noJlyqr{Jllr saAaql Kou:l.r l.Jrfl o6uxHoeeHrroro 4uQ$epeHr{r.raJrb-
HOrO ypaBHeHfln:

(oAY) # +,ozq,z[J
(Hv) u (0):0.

(r0.2)

, 1 . .

ii.

, IIIA| 2. \nn perre'ufl nonyuueueficn saAaq' I(oun Mo]r{Ho
Bocno,'IbgoBarucg arc6uM ug gJreMeHTapnblx MeroAoB peueHurr o6ur.-
HOBeUHbrx AnooepeHuHaJibHbrx ypanueunfi. B peeynrrare norryqaeM

U (r):ffg -o-, 'o.", ' , .

Vrax, nepeA.. HaMH- pe3y,'r.brar npr{MeueHun crHyc-npeo6paeo_
BaHHfl r< Ucrouofi QyuxuHu u(x, t). Ocra;locr coneplrHri nocJreA-
Hnfi urar-npl{MeHurb o6parHoe . npe.o6pasoBaHue K 

'rpynrunu 
U i/1In noflyrllTb ricr(oMoe peue]rtle u (x, t)z

tt (x, t): F;' [L]f.
UIAI 3. .[,;In roro qro6u rtoflyr{ffTb peuegue, Mo]!(Ho nu6o He-

nocpeAcTBeIIIIo BbIr{HC,'Il.lrb rrHTefpar'r, BxoAglqrat? n o6pau{oe rlpeo-
6paeoaaHlre, nw6o Bocnodrb3oBarbcfl ra6nlrqauu npe66pasonaHnft.
ElocnomsonaBuucb ra6nuuaun, HaxoAuM

u(x, t \ :  I  erfc (xlZal l1),

r4e erfc(r)-synxqfifl' AonoJrHr.rrerbHafl K r{Hrerpiury BeposrHocrrl
H OlpeAeJIfl eMaf, COOTI{OUIeHLIO|vI

@

erfc (x) : :: I e- F dt.
Y  2 n J

x

. ..Ilexr{rr 10, Hr.rrerpanunsre npeo6pagoaaHgr 8i

fpaSnx sroil Q1'HxuHl.r llso6paxeH Ha pzc. 10.5.
l4HTerpa,'I BeporrrnocrH u Aonod'rltHTeJIbHafl K HeMy SyHxuun ue-

pea eJreMeHraplrbre $yuxuuu He Bbrpaxaorcs. OHn xopouo npora-
6ynnpoeaHu, u coorBercrByrouue ra6.anu,sr Molr{Ho sal.iru B cnpa-
Borlgr.tKax no QuaHxe tz xutrnu.

PllC. 10.5. fpaQurn rfyHxrruft erf (x) n erfc(.r).

nHTepnpeTaqHq peueHHfl l

Perueuue
u (x, t): A erfc lxlZ"{ tl

Aaer o6snrHyrc nurqy AJrfl pa3N{brurnenHfr. Ha plrcynxe 10.6 npnbe-
4enu rpa$urn QyHxullu Aonornurenr,nort r( r.rnrerpafly neponriocr*
trpH pa3Jrr4qHbtx 3HaqeHnRx eperreHu l.

pt{C. 10.6. Pacnpege,reune rcMneparypu n no"ry6ecxo}reqHolr crepxrre, t{a Koitr{€
KOTOpOTO no.rl{e pxlrBaercfi nocTof HHafl reMnep aTyp a.

Osu ornnqatorct ,{pyr or Apyra ro,rlbr(o xapa6repgbrNt Macrx'ra-
6ou no oct x, C pocroru BpeMer{u gro'r rraclura6 pacrer a rpaQun
HHTeIpafia qeposTHocTH (pzlcnJrbtBaeTcfl>,

SAAAITH

&

l .
2 .
3 .

,l-loxa>x nre roxAecrBa
Peurare saAaqy l(oullz
C nonaou,rru cuHyc-

( 1 0 . 1 ) .
( r0 .2) .
LtJrLt Koctrr{yc-fipeo6pasoeanna peuure

erf (e) = HanezL'an Se,oonruocm$

I eri'{e} + erf t(ill=t

erf c@)



12 qacrr 2. Ar+eygxor.rxue sa,qaqri

8aAaqy
U q n )  t ) r : d . z t t * p  0 ( * ( o o ,

( f Y )  u , c ( 0 , t ) : 0 ,  0 < l ( o o ,
(HY) u (x, 0): H (t - x), 0 (.r ( oo,

rae H(x)-$ynxunq XesucafiAa

[ 0 ,  r ( 0 ,
H  ( x \ :  ' ,  . 'r /  

t l ,  0 ( x .

Bxo,qsqas B HaqaJlbHoe ycJroBne SyHruHn ueo6paxrena Ha
pr.rcyHKe.

x

5.

Kar 6y4er BbrrJrrAerb rpaQlrx peueHue B pagr'rr4qHbre MoMenrbr
npeueuu?
Hafi4rre npoo6pas KoHcraHrbr npr cr.rHyc-npeo6paeonaHHu,
r. e. HaiiAHre I (x), ec.nn F (ar) : c: coflSt.

Jlerr lrr l l ,  PrAsr.r,r  npeo6pagoeaxlre (bypre 83

flerquaq ll

Pgflbr u nPEosPA3OBAHl4g OyPbE

IIEJIb JIEK(I414: Beecrr noHnrne pasa Sypre r noKa-
3arh' KaKr.rM o6pasou [epuoAflrrecxyro qrynxI1ww f (x) [,rox{Ho
npeAcraBtrrb B rr{Ae pflAa no cr.tHycaM H Kocr,r}rycaM:

, n . S .
t  @)  = .  ;  +  

A lo"cos  
(nnx)  f  l r "  s in  ( r rn r )1 .

Ecnn xe $yHxuun /(x) uenepuoAr.rqecKafl H oilpeAeJretra Ha
(:-*, *-), ro rroKa3arb, KaK pn4 Oypte flepexoArlr B npe-
o6pasoeanue Qgpoe 14 KaK $yHr<uHio l(x), ruoxno pa3Jroxurb
B HenpepbrBuyro coBoKynnocrb npocreiiurux SyHxurali. 3ro pas-
Jrox.(eHfie (uHrerpan Qypne) Mo]KHo 3aflficarb e xol.{nflexcuofi
Qopme:

r T[ r *,Y ̂ I
f (x\ : --= 

\ | ,i== \ / (.r') e- iE, dx I ei:' rt!,
V 2n :_L r .uu .!'_ J 

"'

orr(yAa rroJryqatorcn rrpnMoe u o6parnoe npeo6pasoeanlla Oypue

nt/ l :  F (€): 
i" f  t ,", e-iEr dx

f r - , l l c . l  : f  (x l__ l :
V 2 n

Qyuxuun

f \ x l : x ,  - L < x < L ,

f  ( r  +2L):  f  (x l

(npnuoe npeo6paaoea-
Hne 0ypre),

F {-;t ei3' dE (o6p:rtt-oc npco6paso--  \ ' r '  -  
Barure $ypse) .

( ycroene nepno4ruHocrr),

+ 6('
t
J

BaxHaq poJrb pflAoB @ypse B reqpnfi ypaaneunft c qacrnbrMH
rrpol{ 3BoArrbrrvra. o6yulourena reu, q.To nepfi oAHqecKHe SyHr< uuu, on pe-
AeJreHHHe na {-oo, **), uttu $ynxq.uu, onpeAeJreHHbre Ha rcofteq-
HOil| Utdmepq&ne, Mo>KIro pa3JIoxKTb B pnA rro cr4HycaM H KocHHyCaM.
3ro nossonqer yrrpocrnrb HcxoAHyo 3aAaqy. Fianpnuep, nnaoodpaanar

. ;
..i i::
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Hacrr' 2. . .QxqQy:ronxrre 3cAasr

nao6paxenHar Ha puc. I I .1, Mo)Ker 6url npeAcraBJleHa B BIIAe
peAa Oypbe

t  @t : t *
€
t

n = l
[ao cos (nnxlL) ] b" sin (nnx1L)f,( l  r  . l )

B KoropoM xoa$$nqneHru Oyprc a, u bo HaxoAnrcs no $opuyaan
9fi.nepa

L
I  C  " ,   

 

n  r  Aa o : T  J  l t r )  c o s ( n n x l L ) d x : 0 ,  n : 0 ,  l ,  2 ,  . . . ,
- I,

( r  1 .2)  L
l n

b,: t J f 
(rl sin (nnx1L) dx:- (-:-l)" (2L1nx1, n:1,2, . . . ,

- L

9m HnrerpaJrbr JrerKo Bblqnc,'Ifftorcs. tlto6u BblBecrt{ tpopuynu 9fi-
Jepa AJrfl XOS$$UUHeUTOB Au n Dr, yt'lHOXnrU O6e qaCTH pa3JIOXeHIts
(ll.l) Ha sin(nnxlL) Hnr{ cos(nnx1L) H npotrnrerprpyeM noryqnB-

PHC. ll.l. Pasroxertue un'loo6pasuofi QyHruuu r pnA @ypre.

rueece coorHouenlle or -L ro L. Opmoeoua'zoHocmb rpyuxuttii

lsin(nnxlL)l u {cos(rln.rull)} noeno.nrer c-pa3y rorlyqnrb tpopuyml
irnn xo$6riuueHioe an H bn' (crra. aalaqy 6 B- KoHqe nexquH). Ans
nu.noo6paeuoft $yHrunll pa3/loiKeIIIIe B p:lA ellyple npHllllMaer BI-IA

e r . f  I  t  . . ' | .(11.3) f  (x) :=ls in(tx1L'1-7 sin (2xxiL) l -5 sin ( : jax1t-)-  .  
r

Kax,qoe cJlaraeMoe ptAa npHIIflTo Ha3blBarb rapmoHnxoti' qacrora

raxAoft c.nelyroqefi rapMoHHKH Bbl[Ie ilpeAr,I,,tyruefi. Qacrolbt scex
rapMoHHK KparHbI ocuosHofi qacrore, neplloA rolopori coBnaAaer

f(r)

._.1'-,rS'

Ierqxn 11, Pnper r npeo6paeoaarre (bypss 85

c{_epnoAg}d $ynxunx I (x): OauH H3 HeAocrarKoB pffAoB O}rprc
cocrouf B ToM, qro B psA Oyple MoxHo pa3Jroxnrb roJrbKo nepuo-
AuqecKvto QyHr<ur.rro. KoHeuHo, ecJlrl Synxuaa onpeAeJreHa Ha Ko-
Heqdow uHmep*ane (uanpuruep, f (x):x npn 0 (x( l), ee Mox{Ho
flepnoAnqecKH npoAo,'DKHTb Ha qctu qucnosarc ocb H 3aTeM HcnoJrb3o-
Barb pa3JroxeHr.re (l l . l).

Tor tparr, qro cyMMa pflAa @ypre onpeAe,'reHa H nepfioAurrna
BHe HHTepBaJra [0, l], HI.{r{eMy He rtporr.IBopequr, r]ocKor'rbKy Mht
HHTepecyeMcfl noBeAeHHeM QyHxIrfiIa roJIbKo BHAmpu r{HrepBara.
Ha cauolr Aed're A"'rff $yHxulru, onpeAe,'reHHofi nHytpll Hr{TepBaJra,
Mo>rHo yKa3arb MHoro pag,'urlHbrx pasnoxeHuft B pga @ypte, no-
cKonbKy Synruurc MolKHo [poAo.lxr.rrb sa npeAeJrbr r.rnrepBa ila pa3-
rrlrIHbIMH cnoco6aun. Cpasy xe orMerfiM, rrro noJlyqeHl{bre pflAbr
6yayr cxoAr.{Tbcfl x l.rcxoAnofi r$yrrxu,llH c pa3.rrHr{nbrMrr cKopocrlMr{.

tlurare,rr He Ao,rxeH AyN{arb, qro Bcqxyo fiepuoAnqecxyro $yur-
uaro MoxHo pasJro)Kurb B pqA @yple. floxa vu BHaeM 'r'o,'rbr(o, qro
ecfiH rpyHxullrc l(x) Moxr{o pas.rro>xurrr B pqA Oyple (l l . l), ro
xosQQnuaenrtt an H bn HaxoAnrcfl no Sopugltau }i laepa (11.2).
bofiee roto, Aaxe ecJIH tpyHxunn pa3JIoxHMa B pqa <Dyple, rvth
He gHael{, Mo)KHo JlH pflA noq.neH*o )uSQepentlupo*qnxb, h s caN{orvt
IeJIe, JIefKo BI{Aerb, qro npo}IsBo;1Hyto $yHxuuu f (x):r (nrnoo6pas-
nofi SlHxuHu) He,rbsr Hafiru noq,'reHHbrM 4r.rQQepeuul{poBaHr.reM
p n a a  @ y p r e  ( l 1 . 3 1 .

B nureparype, nepequcneusofi B Kouue Kl{l{rr4, lvlo)KHo nartrn
moqvue Acnosun pa3nox<HMocru Qyuxuuu f (x) n pra Oypte, a raKx{e
ycnoawn noqreHuofi lHQSepeHulrpyeMocrH no,'iyqarcirr,erocs pnna.
Hau 6y4er AocrarorrHo o3HaKoMHrbcff c H3Becruofi reopdrrofi JJnpHx.ne.

. Teopena,il,upuxne (AocrarouHue ycJroBr.rfl pa.s;roNurrocrn
rpyHxuan B pnA <Dyple):

Ecnu f ("v)-orpaHraqeHHarr nepnoAuqecxan $yuxr1us, HMero-
Iqaff Ha Kax.AoM nep[oAe KoHeqHoe qrIcJIo r\'raKcur\ryi\4o8, MITHI{-
MyygB H roqeK pa3pbrBa, ro psA <Dypte $yuxul.llz f (x) cxo4r.rrcn
K l(Jr) s xaxAoft roqKe HerpepbtBHocrl Synruau uxcpedueng
snaqeHrlro npeAeroB QyHxullu cJreBa fi cnpaBa n xaxAofr roqxe
pa3pbrBa QyHxuurz I (x).

Hanprmep, Ha,pnc. l l . l  pna <Dyple cxoAurcff  x QyHxuuu l(x)
BO BCeX TOr{KaX, 3a HCKI}OqeHHeM TOqeK X:} :L,  93L, . , .  ( ro. Ix t l
paspuea). B xaxAofi roqKe pa3pbrBa pflA cxoAlrcfl K r{ynto (cpe4nee
apaSueruuecKoe sHaqeune $yuxuuu B rorrr(ax + L Lr *L).
, Tenepr nu nqr.roroBJreHbr Lnfr sHaKorlcrRa c npefiitasonaHuerl

Qgpoe. OAHaro ue.irgcoo6pasHo 6yAer rro3HaKor,rH'lbcr cHaqafla c tto-
HfiTHeM qqlfttomHoeo cneKmpq nepuoAuqecxofi Qyuxuur-r.



Hacru 2. An$SysroHxbre 3aAaqr,l

,[ncrperHHfi 
' qacrorHbrfi cneKrp nepnoAnqecxofi QyHKIIHH.

Ec.nll I (.r) - nepuoAuqecKaR $yirxuun, ro pa3Jloxenne B psA
Oyprc MoxHo HHrepnperr.rpoBarb KaK rpeAcTaBleHue $yHruuu l(x)
nocJreAoBareJrbHocrbro quceJl lcrl svtrc

co: t ' f l j - f r ,  n :0 ,  l ,  2 ,  . . . ,

r,ue xosQ$uulreHTbr c,j cr'ryxar lrepoii BKJIaAa coorBercrByl.ournx qac-
rorubtx KoNrroHeHr n tpyHxttHto I (x). I-lanpnlrep, nr.noo6pasxar
QyHxuHn I (x) pae"raraercn B pna Oypre

f (x) :  *  [ r ' "  
(nxtL)- ]  s in (2xx1L\* ]  s in (3txlL)-  

]

rr, cJIeAoBareJIbHo, qacrorsufi cner{Tp {r,rl 3anHcbrBaercn B BHAe
c o - 2 L l n n  L i l n  n : 1 ,  2 , . . .  f f  c o : l n o l : 0  ( c u .  p u c .  l l . 2 ) .

, (\ocnonnofi cnetrnp)
\ - *a_

PLIC.  l l .2 . ,D.ucxper i r r , r f i  , racrornui i  cneKTp nH.r006pasuoi i  Q1 : l rur iu :  d-ocuoBHaa
qacrora (nepno4 21,) ; 6 - n- an faprlollnKa (napuoa, 2L I rt).

flocreAo sare,rbHocr b {c,, } u a n ol'i uH aer c ner.ir pa "'lbrroe pa3!'Iox{eHxe
6e.noro cBera rro uBeraNr E cnexrpocKone.

BseAeM renepb noHRrr{e npeo5pasonaHun Qyple.

l lpeo6paeoBaHrre Sypse

Kax y>xe oT\lerra"rocr, paFIr;.er ttenepr{oLiiqect<ire {,yutiuHrl, 3allarI-
HbIe Ha ( - - ,  *  oot ,  r rc  pa3;a i r l rorcs B p la i , r  Q.vpre.  OAxanc A,r r
HeKOTOpbtX TaKilX r!;r ' i lr.;r$lx Frioli. i ir0 trocTporl;r, al-Ia"lof pnrla @ypb,^. .
I '{e BAaEaficb rr irc'rf l.nfl ,r.cirrJfl- i i j ,,,,Llrnl, \ 'r i . i)r{j lo vrBepi{"iJl i ' ib, rr: '{)
AJIF l{e[('prrorr.rqectrl]r ri;yunrtlr i i , ci lperc;errHbrx ua (-*, @), pE/],..,

1 2 3
+

r l i

(:ypre

r;:3; ; . ; ! :  ,
?1r

Iexqr. r r  11.  Pn4ur x npeo6paeoeaxxe Oypue

nqpe4oArir E uHmeepan @gpoe (pasnoxeune rro He[pepbrBHoA{y cneK'rpy
r{acror)

@ @

! t - - .  0  , * ,  / ?  \  , e ,  ( r  r r ,
I \x): J a (E) cos (5x) dE + J 0 (E) srn Wc) dE,

0 0

rrro uHrerpaJr Oypse ocyqecrBJrfler pa3Jrox{s
cneKrp no 6cefi qacmomatw 0 < E < oo (a ue

8t

( l 1 . 4 1

@

(x) cos (lx) dx, D(E):IJ f O sin([.r)dr.
0

TAC

( 1 1 . 5 )  a r e r : l f i
. . J

0

l {s ( l  1.4) nulHo,
Hne $yurunn f (x) a

PHC. 11.3, Llacrornue cneKrphr HeKoropbrx $yuxusft.

TOflbI{O nO qacTOTaM, KpaTHbII\r OCUO9AOT qacmome, KaK 3To
y nepaoAurrecKrrx @yHxrruft), flo asa.norHn c psAaMn @ypre
AeJII,TM qacroruuft cneKrp no Sopruyne

c (€) : l/a-1517'161.

6uao
orps

c(E) =0(5 -50).

l.lunynw 6 n,lg
f(e) = sin ( [s e)

c(E)=\41#l



l ; :
r{acrOrHuir cner(rp c,tVXHr uepofi BKJIaAa qacrorbt E u Syux'
urro I (x).-  

da'  nuc. I  1.3 uso6paxeHbl HeKoropue $yHxuuu f  &) H Hx cnexrpbl '
Ha p'c i  l l .3 s1rAlro,-uro $yuxulu, rpa$Hxtt  Koropbtx I t t \ , teor yr, ' Io-

"o,"'ro"n", o6na,,1aro'r nH por<uv qacTorHblM cneKTpoM. O6r,scHsercq
sro reM, rITo Artt flepeAaqu H3,'IoMa rpa$Irxa rpe6yrcrca BblcoKoqa'
croTHbre cnexrpanruue xounouesrtr. c Apyroft cropoltbl, ecflH

i t* \ :s in[ . . r-npocrar nepnoAhqecxan rfyHxlrut l '  ro ee ' lacrotHulf t

[".'*rp-oOir}uaercr B HyJrb B*oAy, 3a IrcKJIIoqeHHeM roqt(u E:Eo.
Tehepu Mbr roroBbt x roruy, qro6u no3HaKoMttrbcfl c e'cnoHeH'

4ranonoh eopnort npeo6pasoeixun <Dgpo_e (Sopnaynr,r I 1.,5 ttesecrHst
t(aK cHHyC- u KocHHyc-npeo6pasosannn @yple). Bocnorlayenaca $Op'
r'aY'noii 3finePa 

sio - .or g a i sin o

u nocJre HecfloxHblx npeo6paeonaHHfi npneeae,ll (ll '4) x aray

I
( f  1.6) I  (x) :  

VE i t;r T ro' n-o'o*JeiErdE'

+ @
P

\
- @

F (E): i*+fs

KOTOpoe nplllltlro
OrcrcAa noJlyqaeN,l

F lfl:r (E): i*
( l  1 .7 )

I
tr- ' lFl: f  @l:v-

B cne4yroueit let<uulc Mbl ocTanoBllMcfl
n peo6pasonatttl i l ,

SAME'TAHHfl

l. Oypse'o6pae F ([) tpy-uriurrrr i ('r)
suaquofi 4tuun$ert. HanPttveP'

I i") : {01..* 
I  e- ' ,

tDyple-o6pa3oM tBJIff erctl

IIagblBaTb HHTerpa,'lbHblM npeAcTaB,'rel{t'IeM .Oypfe'
napy HHrerpa"' IbHblx npeo6paeonaHui' i

f k\ e- it* dx (n Pn rnroe n Peo6Pa-t  \" t  -  
3oBat{tIe <DyPle)'

-+. o

\
- @

F (E) eiE" dE l,:rXt";r*,: ,lr?:o"!:

Ha fi3yr{el{HH CSOiICTS grHX

MO)keT ol{a3aTbctl

;1nn tlynxuuu

x < 0 ,
, v > 0 ,

r{oilnneKCilo-

2. A6conrornafl BeJrr{quua $ypte.o6pasa lF ([) | nasnBaercn qac-
rorHbIM cneKrpoM $yHxuurl | (-rr). Hanpv Mep, qacroruufi cnexrp
QyHxuuu f (x) rr3 npeAbrAyurero 3al\erraHnt olpeAeJrrercn
$opuynofi

/-------
l F (E ) l :V  v77 ;ag

(qfiraTeJl, AoJIxeH yMerb Haxo/lr.rrb MoAyJrb KoMnJleKeHoro
qHc,'Ia).

3. He ace Syuxurau MoxHo roABeprarb npeo6pasonaHr.rru Oypte
(uHrerpan 

^ (11.7) t\{oxer H He cyurecrnoeart). Hanpuuep,
thynrl(l lH f (x):c, sin x, et, xz $yple-o6pa3a H,e uJuewil. eio
HMeror roJrbKo re Qyuxul.u.r, xoropble Aocraror{Ho 6ucrpo
crpeMqrcf l  K Hyan npu f  x | -*1) .  B npHxnaAHbtx sa.qaqax
t4bl npHMeHf er\,r npeo6paeonaHue Oypte K reM[eparypHr,tM,
BOJTHOBbTi\,! tr ApyfHrvr susuuecxu:vr no,rrsN4, r.ioTopbte cTpeMFTcR
I(  HyJIa npH lx f  + oo.

:
SA2AIIH

o I. Pag"ryolxrrre B pl4 Oypre no cr.nrycaM $yrrxltnro
- l  < r ( 0 ,

0 ( r (  l ,
(ycnonue nepno;tll.ruocru).

q

r J .

I  - 1 ,
i  ( x )  : 1  

l ,
f&-y-27: / (x)

floclpofire rpaQuxH cyMMbr nepBr,tx 2,3 n 4 c,raraeuux, uro6u
lpocJreAxrb sa cxoAlrMocrbro plAa x / (x). flocrpofire rpa$ux
qaciorHoro crreKrpa $ynxuau I (x).
Iloxaxure, qro ecJrr.t noqJreHHo lpolllrbqrepeHuHpoBarb prA
Oypte .(l 1.3) nuloo6pasuoil QyHxiurr, ro rod'ryqlircs prA,
xoropuii He cxoArlrcfl K npor3Bo.qrrofi nu,roo6paeHoft SyuxuHn,
llocrpofire. rpaSnxu qacrornoro crexrpa cJreAyroulux nepno-
AIrqecKHx $yuxunft :

a) / (.r) : sin r,
6)  I@l : s inx *  cos2x ,' 
c) I @) : sin x -l- cos r + 0,5 sin 3r.

'  4. Flafiwre Sypre-o6pas F(!) n r{acrorHbri i  cner<rp C(€): lF(E)l
$ynxuirn

!) 3,tecr pe.ru Hrer roJrbxo
Il pu.u. pe1,

- l  < x <  l ,
B OCTAJIbHbIX TOII I (AX.

o xraccuqecxoM npeo6pasoaaunu Oypre.-

/ ( " ) : { r '
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yKA3AHI4E. Cuaqana yMHoxbre qLIcJIIITeJIb LI sHaMeHareJIb, Ha
I -ig, a sareM oceo6o/{trrecb or l(ot,tfi.nercHoft eAHHIIIIbI i
B gHaMeHarene.  r )

6. I lponeprrc optnozoHartrl io(tl1h (r1'uxurri i {sin (rrnxll)} 'rr

l ias(nnx1L)) na orpesxe l-1, l l :

l r (s)r - {#:

,t

I
I

I
I

90 9acru 2.  . {hQQy3%oHHhre 3aAaqH

5. floraxnre! qro a6co.nrcrHan

paBHa

BeJr'rrrrHa Qyuxuur.r f (E):T+fg

sin (rnnxlL)sin (nr.t/L) Or:l1}r, 
':,:,:,'

cos (mtrxl L\cos (nr.r//.) Or : 
\U,-, :;:,:r:,'

sin(mnxlL)cos(nn"v/L) dx--0 npl l  Bcex f l t ,  t t :1,2, .  '

N PEOS PA3OBAI 1T4E @YPbE
IA ETO NPhMEHEHI4E

K PETUEI'{I4IO YPABHEHNN
c qAcT!-lblMN nPOil3BO.qHHMt4

r) frponre lf (€)l:n+b:rft* -ttpuett- pel.

i
I ,1:.

IIE/Ib JIE KI{l'114: flpounlncrpl4poBarb HeKoropbre BaxHble
csoficrea npeo6pasonaHillt (rypt,e H noxa3a'tb, xaK MoxHo acrloJIb-
3orarb oru cnoiicrBa nptl peureHtrrt yqn. B qacrHocu4' noKa'
garb, KaK noA Aeftcrstrel,I nfeo6pasoBalltltl Oypne anepaqun duS-

$e p e u 4 u p oe a H u n s auelnercfl A.M ilotrc e H Lte.M rr 4udt$epen-t1u aJI b riue
ypaBHeHHfl npeBpalqarcrctl B aJlfe6paliuecxtle. B oroft JIeKUI'ifi
BBO,U.HTCfl nOHflTHe CqepnLKu..

Jlexrltq 12. fipeo6pagoaaxhe Oypue ,a ero npxr*leNexue x per.leHrro Yqn 
4

Ec.ru ffuxuua f (x) onpeAeJreHa rrpil -oo( r (oo, ro ee Qypre-
o6pas orlpeAefltercq Qopuynoft

( r  2 . l ) trlf l:F (E):#
I

| (x) e-tExdy.

3nauur, ecJru y Frac ecrb rlynrrlHa I (x), onpe4eJreHHafl Ha Ber{eL.r-
seHHoft ocrl, noAcraB.rrfler\'r ee n Qopnryny (12.1) u no.nyuaeM HoBylo
Qynxuuro F ([), onpeaeJle]IFrylo A"Trrr -oo < € < oo. flpn oroM HeJtL,sfl
sa6usarl o6 ycnoeunx c)'ulecrBonflilHa npeo6pasoBaHHrr @ypre (s aau-
HOM C,'Iyqae - K, ' laCCHqeCt<OfO. )

B ra6,r. l2.l npureAeubr HeKoropue Qynxqrrn H rlx rpypre-o6pa-
sl,r. Eonee o6urrpuan rad,nuila $yuxurii H ux Qypue-o6paeoe npl!Ee-
neHa B npnJIo)KeuIIu. Vlz npIIBe.{eHHoi.i ra6lnuu BtrAHo, ,lro $ypte-
o6pas Syur{r{u r{oxer oiia3arbcfl Kor,rnJleficnoeua,rnofi Qysxulrefi ap-
ryMeHra [. B nepeor{ nprrNrepe us arorl ra6rllur,r $yurqun f (t) co-
Aepxrrr B KarrecrBe I\4tlolKllreJlf NIHitMyro eAIllHtly i, ll, taxlrlt o6pa-
g.oM, flBJr-rrercl non{rlr'rci{c}lcsuaqricii (iynxrlueri eeLupcnleeH\oeo ape7-
nieuma (f n:l ieunercfl. or -@ lto **). l(pyrlruu cr'roBaMp, apry-
uenr -E - BerqecrBeHrtr*l i, a 3HaqeHutt Qynxui,ru-Kot\rrrJreKcHbre.

l lpeo6pasonauue (Dypr,e (Nax u 6o,rlullHcreo Apyrux HHrerpaJlh-
nsrx npeo6paeooaHrrii) oi, ia3,aJrocb oqeHb norTe3rrbrr\r lorot{y, qro oHo
Bat{eHfi er oncpaurno autp$epeH[upoBaHul onepaurrcii yuHo]KeHr.rl 11,
raKnll o6pasolt, n peBpaulaer AHQ$epenuuaJlbHbre ypaBgeHrrg e a.rre6-
pauqecKrre. Cl'ulecrnyer N,rHolKecrBo u ApyrHX cnoficrn, Koropbre Ae-
narcr n pco6pa3oBa Hrre Oypne yAo6trbrM r.t Hcrpyl,reHroru peureuHa ga ;-;,.u.
&1u: nepeuuc.[r.rr\r 3necb To,nbKo naxHefiuHe rI3 Hr4x.

Ta6nvua 12.1.
flpeoSpasoaaHun Qypse HeKoroprJx rpynxrrlli

f rpco6pasor ra ; rHe r l ypue F  ( [ )

- $

r  l .  *  I

l c ,  x < :

r ::: 0,
.;r < 0.

< . r  <  l .
-  l ,  x ; : ,  I

f  , -  tr ( ; ) : - i V  +  r - -Y  r r  t - i g ,

( i ior . ln, rexcrran r ] r1 'ux rLnl) .

(i c i;.0ar ijc li i.r a irr

I
t ' I  l . - - - - - - -  ?

Lt ::3. / (..r)

r - i r . r ax  r i  vn r< r : i r l ) ,
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92 t {acrs 2,  f l rcpQyrxoxxbre 3agaqH

Gsoficrna npeo6pa3oBaHr{fl Oypue
Caoficreo I (flapa npeo6pasoBaHr4fi Oypre)

flocne nprlMeneunfi npeo6pasonaur.rr @ypre r Qynrqnu l(r), on-
peAeneHHofi Arr -oo I x .--oo, Mbl noryqaeM HoByro Qynxunrc F ([)
no sopuy.ne 

+@
trf f ] :r G):h.[ t t"t e-iE*dx.

Ec.tu npuueHr.rrb K QyHxuur.r f Cl, *p.aeleHHofi /Urfl -oo(t(oo,
o6paruoe npeo6paeorauue Oypre

{- ' lFJ:f  (x): iU

!o noJryqr.rM rdcxolnyro $yHxunto /(,r).

rr€l f(cl

PLIC. 12.1. lpa$uxr.r rFynxuuu n ee tfryple-o6pasa.

Hanpnuep, (crrr. puc. 12.  l )

- f T  r  f r - r
Y  ;1pFL 's - t ' � l

1 f

"

Ceoficreo 2 (IIunefiHocrb npeo6pa:roBaHnfl)

flpeo6paeonauue Oyple flB/Iflercn nuHeitsuim npeodpasonanueM,
T. e.

ff Lof + bsl: atr ffl I b,r [s].
B lrou JretKo y6e4urrcr. Qnratens Moxer norparlrrb rrecxoJir,Ko

Munyr, tITo6bI flpoBepr{Tb aro csoftcrno, Koropoe ncnoJlbsyercfl .(r{a
Kax(AoM rrary). Hanpuuep, npeo6pasonauue @ypre Bbrpor{e}rufl

e-x -1..3s-)c' 
.l l

fiMeer BI'IA 
-qr r--.r'r r ?^?- r.,,-xrr{ Lt-"1--l- 3.f, le-"'l

e-lrt 
F,

t ( ( . )

/
I

Ilexq,rr 12, nped6pa:oBaHXe Oypue h ero npr4meHeHhe x peu.renxo VHf l 9l

Cnoficreo 3 (flpeo6pasoBaHne rracrul,rx rpoHBBoAHbrx)

Ecnu Hac l.{Hrepecyer, xar npeo6pa3oBaHne iDyple 4eficruyer
Ha npor.r3BoAHble, To B nepByro oqepeAb cJreAyer o6parurr BHLTMaHHe
Ha repeMeHnbre, no KoropblM ,qu$Sepeuuupyercs $ynruua. Hanpn-
Mep, ecJrr.{ npeo6paeosaHue (Dypre BbrnoflHrercq no nepeileHuort x
(r. e. no nepeueuHofi x npoBoAr.rrcfl r{lrrerpupoBaHrre n npeo6paaosa-
Hun) u ec.r*r npeo6pasoBannro noABepraercfl qacrHafl npotr3BoAHafl
Synxrtlrr.r u (x, t) no arofi xe nepeneunoft .r, ro cnpaBeAJrnBbr npr-
BeAeHHbre Huxe Sopuynu npeo6pa3osanus npou3Bo.qubrx

ff fu,l: i*

ff lu,"l: i tr

ff lr,l: itr

ff Lurtf : 
ifr

u" (x, t)e- iExdx - iEaT |ul,

ilr* (x, l) e-iErflsi: -12{ luf ,

u, (x, t) e-iErdx: 
* 

O lul,

u t t  (x ,  t )  e- i \ "dx:#o t  J .

+ €
r
I

- @

+ &

I,]

C.,gpyrofi croponbr, ec,'ru noABeprHyrb npeobpasonaHllr,o gacrHyx)
npon3BoAHyyt u1(x, l) (a neperreHHaa HHrefpr.rpoBar{Hn B npeo6paso-
BaHHn, KaK v npexAe, 6y4er x), nonyuaeM cJreAyaque Qopuynu:

+ @

I
- @

+ 6
r
I

- 6

Cnoiicrso 4 (CnortcrBo cBeprKH)

I(axAoe HHrerpa,qbHoe npeo6pa3oBarr[e o6naAaer raK HagbtBaeMbrM
ceoficrsorvf cnepmnu. fleno n ro]1, qro $ypae-o6pas npouseeileuur AByx
Syuxullfi, soo6qe ronopgr rce flaeeH npoueee)enua Sgpte-fipasol grttx
$yHxuuf i ,  r .  e.

ff Lf trl e w))* ff lflff Lt:].
' '  

OAHaxo B reopnlt npeo6pasonaural:i ecm oflepallHfl, HagbrqaeMan
cneprxofi $yHnullft t u g (odoanauaerca lxg), Koropafl B HeKoropoM
cMbrcJte r{rpaeT poJrb npoHsBeAeHr.rfl, a HMeHHo cnpaBeAJIHBo cooTHo-
UIEIJTJC

(12.2) tr Lf*sl: tr lflr Lsl.



94 9acru 2.  , { rgSy:raoxxbre 3aAaq,

cBepr-

Herpy4uo rroKasarb, qro coorHotueuue (12.2) 4ericronrc.nsHo BbrnoJr-
Hrercl. I4s onpe4eJleHufl BHlUto, tlro cBeprKa AByx @yut<unft I (x)
u g (x)-ero HeKoropafl HoBarr rpyHxuua (f "d @) apryMeHra r.

llpuuep BbrqucJrenr,Ifl cBeprKI{ AByx $yHxqnfi

flycrr AaHbI Atse SyHKqLTH

f ( x ) : x ,
g (x) : s-x'

TorAa HX cBeprKa paBna

9ro xe 3To 3a rar4HcrBeHHaq oflepaqna fx:$, HaSSrBaeMarr
roir? Ona onpeAeJrflerca rpopuynoft

(12.3) (l*s) (x) :.#T t O-r, E (E) d€.
y  . J \  . )

{ rr-El e-E'dE:xl{2,
J- €

Hcb HsBecrHoft $opuynoft
+ @

P - -

I  c - E d E : V  n .
. l

- a

(I"s)(x) :iF

3aecr MbI BocIIoJIb3oBaJI

Baxuocrr nonnTrlr cBeprKLI (12.3) cocror.tr B ToM, r{ro oqenb
qacro npfi peueHrlu ypaeuennii c qacrt{blMu lpol{gBoAntilMu MbI npu-
xoAr.tM x seo6xo,u,aMocrr.r npr4Meuurb o6parnoe npeo6paeooanue Sypse
K Bbrpax{eHr.rro, Koropoe flBJIflercfl npotasBeAenl,IeM AByx Qypae-o6pa-
goa. T. e. MbI Aor'IXHbI gaftrlt

(12.4) tr- ' l tr t l lrtsl l.
flpnuennn o6paruoe upeo6pasoaaHl{e K o6enu qacrflM \12,2r, nolly-
qI.{M

(12.5) f*s:{-'ltr Ltltr [e]].
CneAosarenbuo, AIIR onpeAenenl{n (12.4) MH ,q,on}Kl{t{ saitru upoo6-
pa3br KaxAono r{g coMuo}Kureneftn t. e. Synr<qurl. f v g, a Bareu Bbr-
qr,rcJrr.trb HX cBeprKy. Tenepu MbI roroBbl rlpucrynuTb K pelxelll{K)
oAsoft saxuofr garyaqr reopuH ypaonerm& c qacrHbIMII npoHsBoAHIJMI{.

Jlexqr,rr 12. flpeo6pagg_Llfi_l1Qypse x ero npr^ exeHxe r peureHxb yllf'l 95

Peurenne 3aAaqn Kouu.

Pacclrorpuu 3aAaqy o pacnpocrpaHeHun rerrJra s 6ectconettuat
crep_xHe, ecJrn saAaHa HaqaJlbHafl reMneparypa u (x, 0) : g (x).

3ry sa4auy npHHqro Ha3brBarb aa1aqefi Kowu Ans ypaBHeHeq
TenJIoIIpoBoAHocril v,nn sa)aqefi, c uaq"a,aaHuilu Ac,aoBufl.tt4u

g o q D  u . t : q ' , u x x ,  - m ( x ( o o ,  0 4 l 4 o o ,
(12.6) (HV) a(.r, 0) : q(x), - oo ( .r <oo.

PeueHue 3a4aer N{o)r{Ho pazdurr Ha rpri ocHoBHL,rx uara.

IIIA| I (ilpeo6pasoBaHr.re saga'+r).
l locxontxy rpocrpaHcrBeHHafl nepel{ennafl lc H3t{eHflercr B npe-

AeJrax or -oo 4o f oo, rurr noABepfHeM ypaBueuue u HaqaJlbuoe
ycJroBue (12.6) npeo6pasonauur,o @ypre no repeMenuoli .r r) (x-ne-
peMeHHafl r.rHTerprpoBaHur B npeodpaaonauuu). C4enan oro, noJryqr{M

f fLr , l :ezf  lu** ] ,
ff fu (x, 0)l: f, [,p (x)1.

Bocno.rrlsyeucs cnoficrnauu npeo6pa3oBaHpTrr Oyprc. TorAa

!!#L: -q.,E IJ (t),
t 1 9  7 \\ ' - "  ' r  U (0) :  CI (€) (srecr tD-r j r) .pue-o6pa: t lyHxuHu q),

rAe U (t) : f f lu(x,  l ) ] .  t {urare;rb Ao,rxen odparHrt BHr.rMaHHe Ha
To, r{ro QyHxqrrn U (t) ua car!io.!,r ,&./:ie saBLrcHT He ro,'IbKo ot l, uo
u or !, Ho, nocKo,'rbxy e luri$epenfi.r4a.nbHor{ J,paBHeHuu (12.7) aenu-
uuua i }trpaer po,ltt, KoHCTar{Tttr, Mbt He 6yaei,t 3aill.tcr,IBarb ee B qlrc-
JIo aprVMeHToB, T. e. 6yler.r cln{Tarb, qro {./ : U (t').

I I IA| 2 (Peueuue npeodpasonauso: i  :anauu).
, flocxo.nrxy HoBan ncpeuerrnan r.tipaer po,rrb l.oucraHTr,I B 3aAaqe

(12.7), ee pe[JeHue Jre]'Ko Haxoar.lrur:

(r  2.8) U (t) :{D (E\ e - ." ; ' t

IIIAI 3 (i iaxo;ltAeHtte ofperuoro npetfipa:,onanxn).
l4cxtir 'rce perueHue u (.t, ty Hax{)j l i{rcrr no rfopt.ry,re

--Lr: -

r) f ipe.a.no,raraercr{,  qrc npeb6pasoearule <Dypre l .r trx rfynlrunr' l  cyuiecrByer. -
l7 pu,rt. ptd.
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Bor BAecb Hac BblpyrtHr reopeMa o cBeprKg (12.51. I4cnonusya
gfy TeopeMy, noflyqae\'t

.2 e) ,{*, D:r::lffi#-illJ*u,i:
:g(xpf ^ $- s-xzito''tl (naur.nu n ra6nraqe)-, . , L r r ! "  r
: 

*h J + fEl e'tx -il'/A'a't dE'

Ae,ro cAenauol Ooprr,ryna (12.9) Aaer peueuue saureii 3aAaqt{.
flpex<4e qeM nocraBllTb rotlKy, 4anafire npoallarl{sl.IpyeM noflyr{er-

unrii fleey.nr'rar. OtuerlrN't, llro rIo.{blllrefpa;lbuafl QygrqHn cocrol'tr
t|3 AByX couttoxurenefi:

l. Haqanruofi revneparypst cp(.r),

2. @yuxuran G (x, l) s-(x-ll 't4a2t, Koropat l{asbtBaercfl
2a l/ nt

$ynxrurefi l'prHa unu SyHrqneii ucto'{Huxa.
Moxuo noKasarb, uro $yHruun ucroqHHl{a A @, \ on}tcuBaer

offi.tdluue cucreMbl Ha Haqa.nbHsli.i reuneparyp Hr,ul eAunnqgnfi IIMII yJlbc

PllC, 12.2. Orrrur< G (x, t)  t la reMneparypnsrf i  r tunynuc B ro'rKe a:[,  rpa$ux
0 (x, t) noxox Ha npa$nx HopMa,tbHoro pacnpeAerelllltr, nplr eron Bperlt llfpaer
poxb cpeAneKBaAparutrecKol 'o yxnoneuns: a-Syuxuun G (x, l)  npu ue6onru,:rx
grra,reflugx l; 6-Qyuxuun G (x, l) cyn\ecrneuHo ylllellbullJlacb.

B roqKe x:8. , I lpyri lN{Ll cf loBaMlr '  (PyHl(I l l4t l  G(x, t)  onHcblBaer pac-

npeAeJIeI{He Tel{neparypbl B cTepxHe B l\'lo,\'iellr tspeivleHl'l ,' ec,'I}I Ha

rouxy x:E noAeficraosan e}uuurtttdtii ntenttoeoit u./,rnAMc (cru'
puc. 12.2).

Tenepr Soprray.rre (I2.9) rrloNno AarL c.rleAyloll\ylo uurepnperaqlltoll
Haqa"'rbHyro rer\{neparypy u (x, 0) : Q (x) mo>ntto npeAcraB,'Iflrb KaI(
KOflmu H A Alrb flae itrroC!rcCrido ToqeqHblx ItNIny JIbcOs xaxAofi BeJIlIq!{I{bI

f '
i
I
I

g

fiexqxr 12. fllpeo6paro.aHr,tc tDypre r{ ero.npxMeHeHhe K peutexlo Yr{fl 97'

q,(Et (e roqKe r:E):- ltlxauA roqeqsnfi HMnyJlbc Aaer pacnpeAeJre-
Hrre reMneparypbr flE) G (x, t). Pesyntrrapynqee pacnpeAerreHr{e Ha-
xoAHrcn cWMr.tpoBAHr.reM (uHrerpHpoBaHueu) reMneparyp roqesHbrx
lrcror{H}tnoB n-o $optry,re (12.9). lloexe Mbt yBr.rAHM, qro 9ro oAHo
Ir3 rrpoflBJreHnr? o6ulero npHgrrnna cynepno3ulul{.

SAME'TAHHE

frasuurii HeAocraroK
[ .roxgo npHMeHRTb He Ko

He nnreior Qypte-o6pasa, raK KaK

npeo6pasoaauila <Dypue B Toil,r, qTo eto
ecerr,r Syuxulllrnr. Hanpnvep, $yHrur.{H Bt{Aa

I (x;,: g.rr1,

f  ( x l :  e ' ,

/  (x )  :  s inx

tr tf1:i*

HHTerpa,rt

+ @

I / (xl e-tE*dx
J

pacxoAl{rcH. <Dypse-o6pag HMeior ro,i lbKo re SyHxunll, Koropue Aocra-
roqno 6ntcrpo crpeN{qrce K Hy,to _npfi lr l- oo. Kporrle roro, H€Jrb-
3R npHr\,rerrnrb npeo6paeoaauue (Dyple nb apevrehu A,'rs peueHuh
Baaaq c HarlaJrbubrr{n ycJroBlrnNrri, TaK xax 0 ( I (oo (ec,na He pac-
cl{arpnBarb rlpoaoflxeHtrn $yHxuuft Ha no,'ryocrt B coorBererByloqeu
K.racce { yHxrruri).

SANAqH

l . Hafiaure $ypue-o6pae Qyuxuuu

('): { ::., iIl:
ucnoJrbgyn ta6nuttu, npuBeneHHbt€ B npil"rro)K€Hltfl:
V6eAurecr B ToM, sro ilpnMoe H o6paruoe npeo6paeonaunn
Oypne RBJrffrorcfl nuueftHurrrrH npeo6pasonaHnfl Mrr.
I4cno;rtsyn npeo6pasoaauue Qypne, peurHre sa4ar{y Kbun

9

, 3 .

, (VAnl Ltt:c.zuscx,

( H Y )  u ( x , 0 ) : e - x ' ,

*  m (  f  ( o o ,

-  oo< x  (oo ;

, 4. flponepbre cnpaBe,u,'rfiBocrb coorsorueHn&

ff lu"l: i l{ [u],
ff Lr**7: - [!fr[a].

4 ttr 60l
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98 9acrs 2. flngQyar,roxnbre saAaqH

yKA3AHI,{E.,Bocnornsyfirecr I{HTerpHpoBaHueM no qacrttM.
5. flpooeprre, qro cBeprKy AByx SyHKttufi f n g MorxHo sanncarb

B AByx gKBHBaJteHTuurx $opuax

(/"g)(x) =iE l (E)e(x - -E)d€

I

{

(/*g)(.r): (x-E) s (E) dE.

flerql,rn l3

NPEOSPA3OBAHl4E NANNACA

UEJIb JIEKI{l4l,I: Bsecrli noHtrke npeo6paaonanur "rlan,raca
@

g t f l :  F (s) :  \  f  ( l )  e- ' t  dt  (npeo6paeonauue Jlan"raca),

no3HaKoMH rrca c $op r,,ty.nofi o6pautettu n n peo6 p a 3oBa Htl t Jl an n ac a

t  
c +  i 6

g- ' lF l : f  U):  + J r{r ; , " 'Js (o6parHoe npeo6pasonauHe
c-  i@ 

J lannaca)

'H rrporrJrJlrucrprrpoBarb ltx csoficrga.
Ilpeo6pasonause Jlannaca HMeer BaxHoe nperMyuJ,ecrBo ne-

pe4 npeo6pa3oBaHHeM <Dypse, raK KaK B noAbtnrefpa,'tbHoe Bbt-
paxeHY€'BxoAHr 6ucrpo garyxamulufi usoxnreJlb e-sr, il ro-
gToMy npeo6pasoeasue ,rlannaca npHMeHI.Itrlo r 6o"lee [uI4poKoMy
Iuaccy SyHxuHft no cpaBHeHHrc c npeo6paeonaHneM Oyple.
Kpoue roro, npeo6pa3oBaHr4e Jlannaca HMeer Ae,'lo c $yHxutln-
MH, OnpeAeJIeHHbrMr.r Ha npoMexyrxe [0, oo), 2 3Haql,lr, oco6es-
Ho yAo6Ho rpoBoAurb ero no nepeueuHofi /.

flocne 3HaKoMcrBa c ocHoBHbIMl-t csoficrgauu npeo6pasona'
uvls Jlannaca Mbr peur.IM HecKoJIbKo BaxHbIx 3a.u,aq r,'Ifl ypaB-
ueuuri c qacrHbrMH npoH3BoAHbrMH.

Jlerr.tra l1 f'lpeo6pa:ooarlr€ flannaca

I4e Bcex
sroft xrtnre,

(  1 3 .  1 )

HHrerpaJIbHr;x 'npeo6pa:ooaHrfr ,  paccMarpt tBaeMblx B
npeo6pasoa awre fiatrnaca

no-.BHAHMOMy, flBJrflercfl eAHHCTBeHI{blM, C t{OTOpbIM t{l{TaTeflb yxe
Bcrpeqarcn paHee, nocKoJIbKy 3To oAHH H3 MoIIlHbtx MeroAoB npeo6-
pa3oBaHns o6rrxHoseHHux 4HQ$epeuuHa,'rbHbrx ypanuenuft e a.nre6pa-
r.rqecKr{e. Eonee rono, npeo6pa3oBaHne Jlan;raca no3Bo.rfler npeo6pa-
3oBbrBarb ypaBHeHHe c qacrHblrul4 npoH3BoAHbIMH s t)6stxHoseHHoe
auQ$epeuuuaJrbHoe ypaBHeHHe H ero Moxno rIpoBoALIrb rlo .rrro6oft
I l3 Tex nepeMeHHbrx t, A, z, t ..., Koropue H3N,teHnlorcq or 0 Ao oo
(qaqe Bcefo rpeo6pa:oaanne Jlannaca npoBoAflr rlo nepeMeHuoii l).

Ecnu npu fipHMeHeHHH npeo6pasonaHtts ,rlannaca x o6uxHoBeu-
uorvry au${repenu.Ha,TbHoMy ypaBHeHurc nofiyrtatorcfl anre6pau,recxne
ypaBHeHr-rR, ro B crJliqae ypaeHeuuft c qacrHbIMH npou3BoAHbIMH npe-
o6pasoeanHe ,rIan"qaca npuBollr.rr nn6o x HoBoMy ypaBHeHHIo c qacr-

HbrMH npoH3BOAHbfivrH C MeHbUrHr\r qncJIOM IIepeMeHHbrX, fiU5o x o6utt-
HoBeHrroMy au$Seperrrtua/'rbHoMy ypaBHeHH!o. f locle grot'o Bo3HHKaer
Bonpoc o eor6ope N{eroaa peuennfl npeodpaaooansofi sa-Aattr (uoxer
6srrs, cne4yer tlpu[{eHHrb dpgeoe npeo6pasonatue, vnv pelxarb ee
MeroAoM pa3AeJIeHr{n [epeMeHHblx u r. a.). I- lpex4e qeM npncryflLlrb
K peueHHro or{eHb uHTepecHbrx 3aAaq, nepeqacflHM Hexoropue cnoft'
croa npeo6pa3oBaHHR .Ilannaca.

Cnoficrsa npeo6pasoBanne Jlannaca

Csoiicreo I (l- lpauoe u o6parHoe npeo6paeoeannn) i
flpeo6paeoeasne Jlan.naca u QopruyJra ero o6paqeHrrn r.rMeor Bt{A.

c
- g l f l : \ l ( t t e - s t d t*  t - , 1  J , . ' r -  

- - ' t

0

(13.2)

@

o
S lf J: f (s) : \ f (t) e-'t dt (npeo6pasoaauue Jlan.naca), ;

'  o  

c + i @  :
-  |  P  " ! r i '  " ; '

g -,1 Fl: / (l) :-; \ F (s) esr ds ($oprrry.na o6parqeg.r.r,n).L *nr  
r j r * .  

,

flpeo6parooaHue Jlan.n ac a odna Aaer BalxrrbrM n per.rMyu\ecrBor\{ no
cpaBHeHHro' c npeo6pa3oBaHr4eM (Dypre. 3ro npeurr,ryqecrBo o6yc.rron-
fleHo HaflHr{HeM 3aryxapqero Muox{r.{TeJrfl e-st B noA,blHTerpafibHoM
BblpaXeHHI4, IITO O6eCneqUBaeT BO3MOyIIOCT6 npUMeI{eHHa npeO6pa-
3oBaHLrr trIannaca x 6o.nee uupor(oMy Kaaccy Qynxuuft (uuoxnrenn,
eiEl .e npeo6pa3oBaHr.nr <Dypue He rBflreTcn saryxanqr,rM, nocKoJrbKy
MoAyflb aroro MHoxlrre.rrff paBeH e4nHHqe). 6o.nee roqHoe rrpeAcraB-
JreHr.re o6 grorlr K,'racce $yuxuufi Aaer cJreAyr,orrlaff TeopeMa:

4*



"ti.''t'

, f i

: '
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,n[ocraro,rHHe ycJroBr{fl cyqecrBoBanus ]
npeo6pa3oBaHr{fl JIan.naca
Ec;m:

l) a.nr ,ro6oro noJrolKnre,,rbHoro qficJra A'Qy,HxuHn /(l) xyco.+Ho-
HenpepbrBua Ha uHrepBa;le 0 ( I (.4; r

2) cyuecrayror raKr{e KoncraHrbr M, a y I, uro l/(l)l(i4e"t
AJrfl Bcex i>7, ro npeo6pa3oBaHue ilannaca

@ j

g [ l  ( / ) ] :  F (s) :  \  f  { t \  e-"at
0

cyrqecrByer npr.r Bcex s > d.
_ npuseaeM nprrMepH HeKoropbrx SyHxuHfi I ux npeo6pasonaHufi
JIanraca.

B onpe4eneHuu npeo6pasoBaurrfl /lan,raca noApasyMeBaercffi. qro
s-Aefi cr Br.rreJrbHafl nepeMenHa r, n pr{ HaA"rexaqan n poMexyrry (0, * ).
OAgaxo MoxHo (a sauacryn xenarenrHo) pacnpocrpaHr.rrb aro onpe-
AeJreHHe Ha KoilnneKcHbrc graqetnn s. 9ro flosBo.rrfler uanucart i!op-
uyny ofpaqeuun npeo6paeoeauuil Jlanraca

c + i a

.  :  s - ' lF \ :+  JFr r ) r " 'a r .'  
Q - i q

I4cnorlgosauue erofi $opuy.rru noApasyMeBaer BHaKoMcrBo c rex-
Hllxoii uumeepupoeaHufl no KoHmgpa.ilt s ro\,rnrercuofi nJrocKocru tr
reopuefi BbrqeroB. Mu se craueM orBJreKarbcr Ha u3yqeHue 3Aecb
srux BonpocoB, a npu.o6paqeHuu npeo6pasoBarun Jlannaca 6yaet
noJrb3oBarbcs ra6nuuefi, ttpnBe,4eHHoft n npHnoxeHtra.

Csoficreo 2 (flp.eo6pasoBarrus qacrHblx npor.rsBoAHbrx) .
f lycrt u(x, t\-SyuxuHn rrepeMenublx, H uu xoruu uaftrH pe-

gyJrbrarbr npHNler{eHafl npeo6pasonanun ilannaca K pasJrr4qnbrM rtacr-
HbrM npolr3BoAHbrM un utt, u*, i lx, .... l locxo,rrxy npeo6pa3oBaHl.Ie
trlannaca npoBoAtrrcn no nepilueHnoil t (t-nepellenHan unrerpnpo-
uauur) , npaBuila npeo6pasonaHuR' r.rMenr BHA

@

' c
S lur l :  \  ur(*,  t )  e-st  dt :  sU {x,  s)- t t  (x,  0),

, ,  0
o

glurr )= 
5r , ,  (x ,  t )e-s t  d l :s l I l  (x ,  s) -sa (x ,  O)*us (x ,  0) ,
0

I [u,]

9[u,,]

u* (x, t) t-st il : s).

"€f

.41'
. r"r

s;

AU
v;\x,

@

r: \
0
@

_ \
J

u** ()c, s) e-sr dt :ffi @, s),

Jlexr.lxe 13.' l-lpeo6paeoaaHHe flannaca l'01
1 l

1 . f ( t ) = 1 , 0 < f < o
( M = 1 ,  a = 0 )

2 . f ( f i - e ? t ,  o < t c c o
( 1 4 = l , a = 2 )

rc)=*z , s'> Z

rfs )

F6)=;z+61

F(S)  - i.-"rt 
="t

: i :

> s

3 . f ( t ) = s i n ( a t )
U v l = l , A = 0 )

4, fG)=ett ( ae uueen npeodpaaoflonua /lannacql

q;

f (t)

f  G )=  ez l

f(t)

f( t) = sin (ar t)

F(s)

PHC. 13.1. fpa$nxn HeKoropEtx Qyuruufi r.l llx l.roo6paxeunfi no Jlanaacy.
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ryz Hacru 2, Ah+Sy3HoHHbt€ 3a,q,aq,

-j,g

;
\t{F /

.

(  r  3.4)

ITJIH gKBHBa;reurHofi tlopuynofi

(r3.5)

I
I

t

Jf.

tAe U(x, s): 9lu(x, t)]. i lpanu.ra npeo6pasonalvfl npon3BoAHbrx
uJ. H uxx Bbrreraor r.{3 TeopeMu o 4uQQepeHuHpoBaHHH nHTerpavta
nO napaMerpy

o  i . .  3  o ,  .
7,) I {x, 0 da: ) fr (x, a) da,

a a

a $oprraynn ann npeo6pa3oBaHgg npou3Bo,aHbrx ut n i l l , MoxHo lo-
flytl lrrb UHTerpHpoBaHHeM no qacrfM.

Ceoficrso 3 (Teopeua o cBeprKe)

Cnep-rra Hrpaer 3Aecb ry )Ke por'rb, qro u B reopun npeo6paso-
BaHHn Oypre, Ho BBoAnrcfl  HecKoJrbKo HHaqe.

Onpepe.neHue KoHeqHofi cneprxn

Koseqnan cBeprra 4nyx $yuxuufi f u g onpe,[eJrnercn rpopvyuralll.r
( :

|  )  t t " l  g ( - r )d r ,

f " g ) ( / ) : {  
' ,

t ;
l \ / t t - ' t ) g ( r ) d r
( d

(voxno .aoKa3arb, qro 3rn HHrerpaJrbr panHn). 3Aecr [HrerpHpoBa-
HHe BeAercs no KoHeqHoMy npoMexyrKy or 0 Ao l, a He no 6ecxo-
HeqHoMy (- *, * oo), KaK sro 6sr.to pauee ttpu onpe,ue;leHrH 6ec-
xoHeqnofi cBeprKH.

llpuseAela npHMep xoueqHofi cBeprKu anyx SyHnrrnfi. f lycrt

f  ( t ) :  t ,  s  ( t ) :  t ;

roraa (f * d U): J t (/ -t) dt : tsl6.
0

Kar u B cryqae 6ecxoneqnoii cneprxn, ee eaxHefiuee cgofictso
on peAiJrfi eTc n Qop rrr y,rofi

e [f " ef :9 tfls ts]

s- ' l l s l tJs ts l l : f *s .
9rr.l $opr,,Iy.rru nosBoJrflror o6pariarr npeo6pasoaaHue Jlannaca

B Tex cJryqanx, NorAa usodpaxenue Mo)r{Ho npeAcraBnTb B BH,[e
npousBeAeHur g [f) " g [Sl raKux coMHoxl.treJtefi, ,qnR Koropbrx

tpyHr<unr f u g flerKo Haxoarrcn. flocne ro[o KaK Syut<LttlH I u g
safiAeHrr, MoxHo safiru ux cBeprKy. Flanprruep,

t
_ .  r t  I  I  Cs ' '  l " ; f u1 : J  s i n  t ' d t :  l - cos  l '

- f  
t  0

J L - . - . . - . - -
t l
i ( ' ) :+ f l  [U) : t  b tq i - l  s ( t ) :s in t .

Tenepl Mbr noAroroBJleHbt AJIfl peueHns saxHofi cueuansoii 3aAaqlr.

TenaonpoBoAnocrb B nony6ecroHeqnofi cpeAe

Paccuorpnrra rny6oxr.rft pe3epByap c xtliAKocrblo, z nyctr 6oxct-
BaB noBepxHocrb pe3epByapa rerJIoI.I3oJIHpooaHa, llyctl tto-Haqanb'
Han TeMneparypa xIrAKocrI4 H nycrb rel\{neparypa Bo3Ayxa HaA xl'{A-

PVC, 13.2. Cxenatr4qecKoe uso6paxeHlre sa,Eaqll refl.rlonpoBoaHocrlt: d-ren,ro
r e q e r  B H y r p b ,  e c $ L t u ( 0 , 4 < 0 ,  u  u a p y x y ,  e c i l A  u ( 0 , 4 > 0 ; 6 : ' p e s e p a y a p
HacroJrbKo n.ny6or, qro rpauuqHoe ycnoBl{e Ha AHe He B.IIHter Ha pe[IeHl'te npfi
nHTepecypulHx Hirc sHaqeHutx r.

Kocrbro paBHa ny.nro (uauaJlo orcqera AJIfl reMneparyp) (crrn.lpuc. t3.l;.
Hanra saqaq,a-Hafirr reuneparypHoe [oJIe B xHAKocTH HA pa3flHr{-
iux r.ny6nuax H B pasfiHtruble MoMeHrbl BpeMeHH. ,4pyr4rytr46qppnaH,
sau ueo6xoAnMo peuIITb saAaqy

(13.6)
g q n )  t t 1 : t t 2 a y t  0 4 x 4 o o ,  0 ( / ( o o ,
-  ( fY )  u * (0 ,  t ) - u  (0 ,  l ) : 0 ,  0  q  l 4  oo ;
( H Y )  u ( x ,  0 1 : u o , O ( x (  o o .

Ans pelueur.rr arofi saAaqu Mbr npuMeHunr gpeo6paqoBa;Ine ,IIau-
Jraca no nepeueHHoft l. 06parare BHr.rMaHr.re: uu uorns 6u npgue-
HHrb npeo6paeonaHae Jlannaca u no fiepeueHno t, _nocKoJlbKy
oHa r.rsMentercfl or 0 Ao oo. flocne rpI{MeHeHHfl npeo6pa3oBaHus

."{
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(13.71

npHxoAHM r o6HxHoseHHoMy 4a$$epeHquaJrbHoMy ypaBneHuro no rre-
peueHHofi .r.

(OAY) sU (x)-uo:ffi , 0 q r 4 oo,

(rY) f fOl:u(0)
(uu npeo6pa3oBa,rr, ToJrbKo ypaBHeHHe H rpaHHrrHoe ycJroBue, Ho He
Haqa,'rbHoe ycJroBue). y HaC nor'ryqunocb o6HrHoseHHoe an$sepeu-
IrllaJlbHoe ypaBHeHHe BToporo- ng-pflAKa, Ho roJIbKo c oaHHM rpaHl4'{-
HblNl ycJIoBLleM B TOqKe x:0. Ha caMoM Ae,Ie BTopoe fpaHr.rrrHoe' yeJroBr{e ro)Ke ecrb. ouo onpe4e,'rflercq QHsuuecruua ioo6paixesilnuu
H gal r f lcbrBaercn B BHAe U (x)-+ 0 npl l  r **oo.  Ouierurn l ,  qro
AJI' ylpoqeHlrfl sanr,rcu Mbr BesAe orrycrrrJrH napaMeTp s r.r3 rtr{cJra
apnyMeuroB Qy"{$lnt U (r. e. nuecio U (x, s)'naurerra U (g, rax
KaK ypaBHeHHe (13.7) rBJrrercs 4nQ$epeHuuaJrbnbrM ypaBHeHHeM
ToJrbKo no r).

!,nn penreuufl saAaul (13.7) BbrnurxeNt o6qee peueHue (o6rqee
pelxeHHe oAHopoAHoro+ qacrHoe peueHrre HeoAHopoAHoro) OA.]1

U (x): srgt/-'r * cre-V& * uols.

flo4craHonxa groro BbrpaxeHnfl B fpaHn'.rHoe yc,,roBte (13.7) no-'gBorter'onpeAeJIHTb Korrcranrbr ct 14 c2 (cpasy xe flcno, rITo cr:0,

o

: :

{,:

1t1-'

.ii., '

? ; . , .

:  - "w'
I'r

PHQ. 13.3. I lpaQux Hnrerpa"la
rxr (er{c).

rnarrgeTpgneparypa 6yaer HeorpaHrrqeHHo pacrn c pocroM
HaTbI t). pnpeAenHe KoHcranry c2 us tpaqwqgoro ycJroByfl
x:U, noflyqaeM OKOHqaTe,'lbHO€ BI:Ipd)KeHrae 4nn U(X)

u(x):,,{#ft}*,

BepoflTHocru (erf) n aonoauure,rssoji x uer,ry $yxx.

KoopAH-
B TOqXE

( lt.8)

Ocra.nocr cqBepurlrb nocne4Hufi uar. ,[lnn onpeAeneunfl
rypHoro noilfl u (x, l) ueo6xoAuMo BhrrrncJrnrb

u (x, t):  9- '  [U (.r,  s)]

, , f

erf (c)=t-er fc6)

reMnepa-

J lexq , rn ' l3 . , f lpcoSparoganre  J lannaca ' t05

(rr,rx eeprry.ttucb K sarlHcH Bcex apryt\teHron $yHxunw IJ (x,-s)). ,II,nn
o6paqeHun npeo6pasoaaHnn llannaca BocnoJlb3yeMce ra6Jl?luaMlt'
Koropbre npnBeAeHbI B npllJloxeuHH. B peyJlbrare noryqaeM

(13.9) u(x, t)-uo ao[erfc (xl2l/7) -Ferfc (f l+xlz{1\r*t7,

TAE

er fc  (x)  : : : (  e- i 'a t
y  f r J r

- $yuxuunr aonoJrHHreJIbHae K ttHrerpaJly BepoflrHocrll. Fpa$ur
eroii $yurulru nprlRelteH Ha pnc. 13.3. AHa;rus sroro peueunt no'

l o 0
l=0,1
t= 4,2

i=43

l o o O

Pt'lC. 13.4. Teruneparypa BHyrpr.r no,ry6ecxoueurofi cpe4u B pa3nxqHble MoMeilTH
BpeMeHu.

rpe6yer coBceM Herlrnoro ycarnfi. Ha prc. (13.4) npnBoAnrct pe-
syJlbrarbr qucrenHoro aHaJrH3a, noflyr{euHbre ua 3BM, o6opy4onannofi
rpaQonocrpoureJeM.

3AilEqAHN9

l. flpeo6pasoBanue ,ilannaca MoxHo npurueHnrb H K HeoAHopoAHoMy
ypaBHeHHn c qacTHbrMr,r npor.rsBoAHbrMr.r (AJIff rrpuMerieHlrfl MeToAa
pa3AeJreHur neper,reHHbrx ypaBHenrle Ao,rrxHo 6urr o4Hopo,[ui,irii),
Ho ero He,'Ibgfl, eoo6qe roBopfl, nphMeHsTb K ypaBHeHHgM.c ne-
peMeHHbr MH xos$$tlnueHran,tu (rvrero,q pae,4e.neHNil'i lff€li€meRnux
MO)KHO npnMeHrrb H B cJryqae ilepeMeHHbrx xosrp$Huueriron).
B ra6n. 13.2 yxasanu o6nacrs npHMeHHMocTr4 rax(Aoro r{3 AByx
MCTOAOB..

2. IIpn peureHuq cMeilaHHbIX It KpaeBbrx 3aAarr [cno,'rbgylor raKxe
npeo6pagoeanun Xaurens H Me.nnusa, Koropble, oAHaKo, orJrtr-
qarorcfl or npeo6pa3oBaHus ,Ilannaca B oAHoM ornorueuHH. flp€-
o6paeoeaHue Jlanlaca 3aMeHfler nponsBoAHyro onepaqnefi yr',rHo-
xeHnfl no tpopuy.rre

S La'!: sg Lal- u$1,
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Cpannenue MeroAoB npeo6pasonaHun
H pa3,u,eJreHr.rg nepeMeHHbrx

T a6nw:sq^a.13;2
.ilannaca

a upeo6paaoBaHr.In XaHxenR a Me;r.nrlna eaMeHflor MHolKHTeJreM
uexoropufi Ar.r$$e penuuanrsufi on epa rop. Han pnnaep, 4;r a n peo6pa-
goBaHr.rq XauxenR, onpeAeJlretuoro Qopnynoft

cnpaBeAJI[tBo cooTHoneHHe

, lr tr) +* s' ef : -EuH fsf.
Taxlrnl o6paeou Moxno peur.ITb cneufia/'rbHoe 4uQSepeHrruaJrbnoe
ypaBHeHHe c nepeMeHHbIuu xooQrpauneHraMll (ypanueHue 6ecce.nnl.

3. flpeo6pa3oBaHHe Jlannaca no nepeMeHsofi I ruoxHo HHrepnpertr-
poBarb KaK npoeKTHpoBaHHe xl-n.nocxocru Ha ocb .r, B pesyJrb-

u " ( 1 , t ) + h a ( l , t ) = 0

u (0,t) =0

U(o)=0

H lsl:i r,r,1tr) s (rS dr,
0

l I 1 = d z  t l s a

i l l
uk,0)  =  S1s1

/ 2 i l t , I )

sU( r ) - f (o=s '21 { *+a r .

HeoAHopo.qrrue VLI[]
HeoAuopoAnne fV
flepeueuusre roaQQauneutn
Henusefisue ypaBueHutt

2.

3.

'.' - ,t

Jlexqxr 14. Flpnnr.lxn ,{,oaraenr 107

TaTe KOTOpOTO ,lCXOAHbre ypaBHeHr.rff, rpaHHqHbre rr HaqaJrbHbJe
ycJroBufl npeo6pasyrcrcff B uonoe an$SepeHufiar,rbnoe ypaBneHle
lu HoBbre rpaHuqHbre ycJroBHff (crrr. ttpuBeAeHHy]o Bbrue cxeuy).

SATAITH

l . V6e4urecr B cnpaBeAJrHBocrr4 c,'reAyr,oulefi Soprrry.nu 4.rn npeo6pa-
soBaHHs qacrsofi npousno,4Hofi lrr:

I  lur(x,  t ) f  :  sU (x,  s)-a (x,  0).

C lououlrro npeo6pa:oeanus "rlan.naca peuure 3ar,aqy Koun
(Yqn)  i l1 :d .z t t , * t  -  oo  (  x (  oo ,  0  (  /  (  oo ,

( H Y )  u ( x ,  0 ) : s i n , r r ,  - m  ( t <  o o .

C nouoqrrc npeo6pa:oeas,un Jlannaca ro nepeueuuofi I peurnre
3aAaqy

g ( V q n )  t l 1 : I t x ; a t  0  4 1 4  o o ,  0  (  I  (  o o ,  r :  l

( f Y )  u ( 0 ,  t ) : s i n l ,  0  4  1  4  m ,
(HY)  a  (x ,  0 ) :  Q,  0  ( ; r  (  m.

Aafire Susuuecxyr,o HHrepnpera[Hrc srofi oaraqr. :
Penure KpaeByro 3aAaqy

( o A Y )  # _ � s I J : A ,  0 ( x ( 1 ,

f  9 r o r : o
(fv) | o'

I  u ( l ) : O .  '  :

fiexqran l4

nPhHuHn }qtoAMEne
IIEJIb "TIEKIII4I'Il l-loraearr, KaK c roN,rou{bro npeo6paso-

BaHilr ,Ilannaca MoxHo BbrrBHTb l.rHrepecHbre oco6eunocrH pe-
uresuil auQ$epenuuaJrbHbrx ypaoHeunfi. B uacruocrl.l, nyreM
a.nre6pauuecrux ripeo6paeogaHufi nso6paxenur no Jlannacy
HeKOTOpOTO perueHl.rr ypaBHeHrrfl c qacTHbrMfi npoHsBoAHbrMlr
Moxno noryqnrb xopouo ussecrHufi npuH,4un !,naNem. He-
Becrna HnTepnperarlns ororo npunur{na B TeopHH o6gxsonen-
Hux an$SepeHunaJrbHbrx ypaBHeHnii, Ho uu noKaxeM, KaK rlM
[oJrbsoBaTbcfl npr{ peueHHu HeKoropbrx cMeuaHHbrx SaAaq
a.irg VtI[.

4.
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108 9acrs 2. .(xe$yrnoxnbre 3aAaqll

flouuuo roro rrro npeo6pasonauue Jlannaca-9To uou{Huii MeroA
perrleHHfl ypanueHuft c qac'r'Hbr\,rH npor{3BoAHbrMrl, oHo nogBoJlfler
BcKpblrb Qusuuecxyro cyxlHocrb no,'ryqeHHbrx peueHuil. C nouoquo
npeo6pasosasun Jlannaca Mbr npor.rJrJnocrpt{pyeJvr oqeHt eaxHlrfi H
nHtepecHufi npuHqun ,il,nauetn. flpexge ueu o6parurbcff K npnHur{ry
AIoaMeJIt,  paccl\ , loTpl. l tvl  3aAaqyr KOTOpaff OqeHb r{acTo BO3HHKaeT B
TCXHHKC.

Ten.nonpoBoAHocTb B crepxHe,
KOHqbr KOTOpOTO nOAlepx(l|BarcTcfl
npH saAaHHofi reMneparype

Oqenrracro Heo6xoAHMo Hafirs reMneparypy Bnyrprr o6nacrw,
ecJltt r{gBecrHo, lITo Ha rpaHl.Iue o6nacru ona r{3MeHRercg Bo BpeN{eHr{
no saAaHHorlry 3aKOHy (AAeucn4ue om 6pe.t+teHu epoHuttHue gcnosun).

r, (0, t)o 0 u 0,t) . 51tr7

Itaqanttat tnemePanlPa = Q
PHC. I4..1. lpauuuuue ycJroBur, 3aBr{crrrqr.re or Bpe[tetra,

Hanpuuep, paccMorprlM renJror.l3oJrHpoBaHHbrft crepxeno, npanuii

f_oHe1 Koropofo noMepxfiBaercr npH reMneparype / (l) (crrr. pnc. 14.l).
Heo6xo,qur'ro peurlrb 3aAaqy

( V q n )  I ) 1 : L t ' , 6 t  0 ( x ( 1 ,  0 ( l ( o o ,

I  u 0 .  l ) : 0 .
( 1 4 , 1 )  ( r Y )  {  

"  o ( / ( o o ,
t  n  ( 1 ,  t ) : f  ( t ) ,

i  ( H Y )  a ( r , 0 ; : 9 ,  0 ( " r ( 1 .q.

: - ' Moxso
nocKoJrbKy
parypa Ha

(r4.2)

HaAefirbcfl, rrro perxrrb ory BaAaqy (14.1) 6yaer Jrerro,
Mbr 3HaeM perxeHr.re 6olee npocroft Ba4avu, KorAa reilrne-
KbHUC NOCTORHHA:

U q n )  ( ! ) 1 : ( e s a t  0 ( . r ( 1 ,  0 ( l ( m ,
I  a  ( 0 ,  l ) : 0 .

( F ) ' )  
l r i t ,  t ) : 1 ,  o ( / ( o o ,

(HY)  @ ( .v ,  0 ) :0 ,  0  (x (  L

.,H s caMora AeJre, ecJr I oAHoBpeMeHHo_perrarb o6e aagauu ((l4.ly
u fl4.2)) c noMorrlbro npeo6paaoraunr f,lannaca, ro Mbl ycraHoBHM
aaMeqarerbuufi pesyrurar - petueHue aa\aqu (14.1'7 wpamaemcn qepes
pewevue aa1a+u. (l 4.2).

kltat<, peuat oAHoBpeMeHHo o6e 3a4aqn, no,'r) qaeM

' l / 'k

JIezrcan aetdaqa (14.21
(flocronHHue fV)

flpnueHneu npeo6pasonaHue
Jlannaca x galaqe (14.2)

t
#-slZ (x):Q,

IZ (0; :9,

V  ( 1 1 : 1 1 s .

Pen:eHHe O!,V

I
w(x, s):+[.#i#l

HaxoAlru o6parHoe npeo6paeo-
BAHI{C

to (J(,

: "+*, I ! l ) ,  e-@"t ' tx

x sin (nnx)
(perueuue 3aAagu c noeroflHHblM
rv).

t
t ) -

Ierq;;r 14, flprx,r4rln ,Qroamerr f gi

Tpydxan sadarta (14.1)
(3aaucaulue or operr.reHu fV)

flpuueunem npeo6paaonaHne
Jlannaca x gaaaqe (14.1)

I
#-su (x;:o,
u (0) :0,
U ( t1 :  f  15 ; .

I
u (x ,  s \ :F (s )  

i *# ]
Ae.nrarr,t rr yMHolKaeM Ha s

J
u (x, s) :F, (s) {, [+$#]] .

U (x,  s) :F (s)  I [*r7.
CreAogare f l r go , ' t t , \ ,  t r t

u(x ,  t ) :9 - r  lF  (s )  I  [ r , J ] : .  .
:  ! -  1[F (s)]r+9- ' [ r , ]  -

: f  ( t ) * a r ( t y :
t
o

:  \ t o r @ , t - ' t l l $ ) d r -
0

(noc.i le HHrerpupoBaHHn rlo qa-

erau)

14cno.rrsyn coorHoueHrre
9 [*r]:  sV( -a (x, 0),

nO,'IyqaeM



w (x, t -r) f' (r) dt {

.  + [(o)w(x, A'.
(Peuenue 3aAaqr.{ c BaBr.tcflrrruMu
or BpeMeHH fV ssrpaxeHo qepeg
peueH:re 3allaqu c nocToflHHbrMr{
tv.)

Vtaw, Mbr Bbrpa3nJur peueHl4e 3aAaq I c usr4eHnoulltJnucn so epe-
ileflu epa&uqtdbttrru acnoBun.Mu qepe3 peueHHe 3aAaqH c [ocToflHHbtMr,r
rpaHnqHbrMH ycJIoBI{flMr.r. Coorsercrsyou1ne Sopuynrr HNrercr BuA

I

(14.3; u g, t):  S ,,  @, t -r)/  (r) dt :
o,

.  :  J ,o  (x ,  t - t )  f '  k l  dr* l (01 w (x ,  t )

r{ sBJrflrorcfl Marer\rarnr{ecxofi Qopuoft npflHqxna ,[name.lr. Teneps
Anfl no,'ryqenufl perxeunr sa1aqil 114.1) ocraJrocb noAcraBurb perxe-
HIle ,saAaqu C nOCTOflHHbIMH IpaHHqHF,IMH yC.lIoBHqMH n QOpnty"ny
(14.3). Cre4yer orMeraTb, rrro B AaHHoM cryr{ae MH AoJr}KHbr Boc-
rroJlb3oBarbcn eropoft Sopr',rynoft r (14.3;, nocKoJrbKy prA Arn w(x, t l
HeJrb3R no'{JreHHo 4uQ$epeuuupoBarb no flepeMeHuofi / (nov.neuHoe
,qa$QepenqnpoBanrre rpuBoAxr N pacxo}nu4eugcn pnny\.

llpuHrtnn Aroartrenn o6naAaer r{ Apyrauu noJre3HbrMr{ csoiicrsaN4u.

Baxsocrl flprrnqnna Anaprens

B paccuorpeHHoM npr.rMepe Mbr peur.{Jrr{ cHaqara flpocryro s]laqy
c,nocToflHIIbIMtr tpaHIrqHbIMIt ycJIoBHgMH, a 3aTeM BOCTTOJIb3OBaJILCb
npHHqHnoM Atoanreflq (1a.3) H noryquru peueHne 3aAaqu c repe-
MeHHbt\Ir4 fpaHnrIHbIMH yCJTOBHTMH. oqeUl qaCTO, OAHaKO, AaXe npO-
cTyr,o 3aAaqy c nocTorrHHblMr.r rpaHHqHbrMH ycJIoBURMH HeJrb3fl peuHTb
aHaJrHTHqecKa. B grom cryqae pelxeHne ga1aqr c rrocronHHbrMr.t
rpaHhqnbrMlr ycJIoBI4flMI-r MoxHo gafira lKcnepunteHmallbHo, T. e. ocHa-
crarb ycrauoBKy coorBercrByroqr.rMr.r n pu6opauu 14 r.rsMepr{Tb orKJrr.r K
chcreuu. 3areu, acnoJrb3ys npr.rHru{fl .Il,roalrerr, rlro>xHo HaxoAr.rrb
perxeHHe SaAaqq npI{ Jrpor43Bo,rrbHbrx H3MeHqroulHxcr Bo BpeMeHr.r
rpanr4rrHbrx ycJtoBr.rrx. B cauou AeJre, ecJrn B p$yJrbrare Ha6,rrc4e-
uufi Syur<urrft @(x, t), coorBercrByloqan nocroqnHbrM rpaHr.rqHbrM
yCJIOBITSM, HaM LI3BeCTHa, TO pelxeHHe PaAaqV C npOUSBO/tbHbtJt4U tpa-
HI{trHbIMH ycJroBxrMn, coAepx{aq,nuu SyuxuuLo f (t), HaxoAr.rrcr ro
ipopuyne (14.3).

: )
0

Jlerqxn 14. l'lph]tqtan Anarrrenr f lt

SAilTEqAHHS

cyurecrnyer H Apyras Qoprraa nprtHurna ArcaMer-n. oHa nogsonget
Bbrpa3urb pemeHue 3aAaqH

( V U n ;  i l 1 : t t , y  0 < x ( 1 ,  0 4 l 4 o o '

I  u 0 .  / ) : 0 .
( 1 4 . 4 1  ( r Y )  

i r i , , t ) : f ( t ) ,  
o 4 l 4 o o ,

( H Y )  a  ( x ,  0 ) : Q ,  0  ( x (  1 ,

rrepea peueHHe a (x, l) Apyrofi npocrofi 3aAaqlr
'  

r y q n )  a t : @ t x ,  0 ( x ( 1 ,  0 ( l ( m '

J eet (0 '  1;  :0
(14.5y (ry)  

i  ; i ; :  , i : i t , ,  reMneparypnuft  r runynrc nptr  / :0,

( H Y )  a r ( x ,  0 ; : Q ,  0 ( ' r {  l .

B orou c,ryqae coorBercrByroulaa $opuyJla l{Meer BI'IA
' t

u(x ,  t ) :  S ,  @,  t - � r ) [ ( r )d r
0

' r no3BoJlfler Hafiru rel{neparypy u(x, l) npu rpoH3BoJlbHofi.rpauuu'
uofi reuneparype l(/), ec"iu u-elecreu oTKJIHK cllcreMbl w(:c, t) na

TervrnepaTy pHr,tfi lttr'tny,lrc.

SAnA.IH

2 .

d .

,[,oxaxure npHHutlr Atoaue.rls (l4:6), rIpHI\teHttl npeo6paeonauue
Ian,raca x gaAaqav (14.a) n (1a.5) u HcnoJlbsyf l  re x(e coo6pa-
x{eHus, qro H nptt  BbIBoAe (14.3;.
yKA3AHL{E. I,fuo6paxeH}re ro Jlan.nacy unnynlcuofi $ynruHu
6 (l) Haxoararct no tpopr,,ryne g 16 (t)l: l.
floxaxute, qro qacrHyto npot 3BoAHyto tl/ (l) $yuxutlll 

,

a (x, t) : x * +>) + s-(nntzt sin (rtnx)
n = l

Hedrb3fl Bblr{HCd'IflTb nOqdleHHbIM AHtprpepeHuupoBaHI'reM ptlAa' rlo-

cKor'rbKy npoaus$epenuupoBaHHblfi paa pacxoAlrrcs npu ,rrc6ou .r'
l lpeAno;IoxuM, qro nenufr KoHeu rerIJIoH3oJIHpoBanHofo..crepxHt
noA4epxnBaerct npu u'y.neooft reMneparJpe' a npaBblfi nonBep-
raeTcff I,tNlI]yJIbcHOMy TenJIOBOlvly Bo3AefrCTBHlo. tIpeAnoJIoXIlM'
qro HaqaJIbHafl TeMnepaTypa cTepxHtt paBHa Hy,' Ia (HeKoropaf

HaqaJlbHatt TeMIIepaTypa OTCqe Ta), a nOCJIe BO3Ael ' ICTBtl f l  Ten JIOBOTO



112 r{acru 2. ,{aggy:.r.roxnbte 3iAaq}t

l , tMnyJrbca IlpoHsBoAr.rTcfl r43N,lepeHHe Teruneparypbr B Tor{Ke c Koop-
Auuarofi x:0,5 B nocJreAoBarer'IbHbre N,toMeHrbl apeneHlr. B pe-
SyJlbrare no,'IyrIeHa ra6nuqa

Bpemr
t1
t  - 9 t
e 2 -  - t l

t s : 3 t 1

t , :  f t t t

Tenaneparypa
wr
w,
w,

t u t :& |u *x ,  0  ( x  (  l ,  0  4  I  4  oc ,

I  ' 1 9 ' 1 ] : o :  o < / ( o o ,
\  a ( 1 ,  / ) : s i n / ,
a ( x , 0 ) : Q ,  0 : < . r (  l .

{.

Hcnonoeya oTH AaHHbIe, Hafi4ure npn6nlrxenro reMfieparypnurfi
orKrruK a (0, 5; l) npu fV suaa

a l  u  ( 1 ,  / ) :  s i n  1 ,
6 )  u (1 ,  t ) : f  ( t )  ( / ( l ) -npoH3Bolbnan QyuxuHn) .

I4cnontsya npuHunn .ll,roamerR, peruHTe cMeuanHyro 3aaaqy

(yqn)

(fv)

(Hv)

:

i,i

gi:.':'

3i' L.'

fieru,ran 15

KOHBEKTI4BHbI'| L{TIEH U "
B .qhoov3l4oHHon 3AEAI{E

Ao cux nop MbI HMe,'Itt AeJIo c renJlonpoBoAnocrbto (I{JIH HeKo'

ropr,rM BHA.M iu$$ysuH) B oAHoruepHbrx c'creMax. Paccuorp,M reflepb

3aAaqyopacnpeAeJIeHl , |HK,HqeHmpaL+l lUHeKoTopofoBeI I IecTBa'Bblxo.
Aflr{ero H3 3eM"'lrt u noflaAa]oilIero B BocxoAnulHe noToKH BO3AyXa_..

Eyaerra yqHTbrBaTb Xax anQsysuro BeulecrBa, raK u rcOUeercmueuwrt

nepeHoc Bo3AyxoM, roropufi ABilxerctt co cxopocrurc V. fcHo, qro

B AaHHOM CJryqae KoHBeKTITBHHft MexaHusM nepeHoca BeilIecTBa l{rpaeT

6onee saxHylo po"Ib, ueu aH$SygHoHHuii (pons KaxAoro MexaHH3Ma

OnpeAeJrflercfl orIIo[IeH14eM x.oaSQunraenroe AH0+ysHIa H cKopoqrH
nos1yxa.) .[u$$ystln-3ro npoHHKHoBeHHe Beil lecrBa qepe3 Bo3Ayx'

aKoHBeKu t l f l _3T0nepeMeu leH l . l eBeu ] .ecTBaBMecTecAB l . { xyu l l tMc f l
Bo3AyxoN{. FIana saAaqa - BbtBecTLl ypaBHeHHe KoHBeKrHBHoft ,Atl$'

Qy:ut t

u r :  D I l t * - V u *

UEJIb JIEKI{1414: lloraears, KaKnM o6paaom c,'Iarael{oe tts
n an$$ysuoHuoi't saaaqe

I t t : D u * t * V U *
. r ' \

.f i ,u$$ysrrousufr qnes KoHeexrttsHufi q,rett

onlrcuBaer flBJlettt,te KortBeKuHH. flpune.ueHHoe Bblule ypaBHeHHe

KOHBeKTUBT.TOfi AH$sySr.tH Bo3lrfiKaeT BO N|HOTHX SaAaqax H onl4cbl-
Baer KaK alr$rfy:Hro, TaK H KoHBeKuHIo. Poll xaxAoro H-3 STHX

Mexar.ru3MoB onpeAer'Inerctt orl loueHrgHr xoeQSrEuueHroB D n V.

flocxonrt(y KoHBeK[]tt l tseqecrra. o6ycnon.neHa ero ABHxe-
uueM BMecre c oKpyxarouleii cpeaoft, ro ecrecrBeHno nepefirH
B CHCTeT\ty Koop,tIllHaT, KOTOpafl ABHIKeTCtI BI\tecTe co cpe,u,oft.
B pe:y.trirare'rat(ofo npeo6pasonanun xoHsexrtlsublfi qJleH

6yaer ucr(JltoqeH H IIoJIyqHBlueecfl y_paBHeHHe Ii lo)KHo peulrrb

o.q.HHl\4 g3 H3BeCTHbtX MeToAOB. flpeO6pasOnaB nOJ'IyqeHHoe pelrle'

Hue K HenoABt)xHofi ctlcrelte orcrlera, [o./IyqHM peu]eHlle ucxoA-
Hoft saaaqt-r.

f i HayqHrbcfl ero peuarb.
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t{ro6u y6eaurscn B npaBr4.[bHocru ypaBHeHHl KoHBexrunHoir 4r$-
$5rsuu, Mbr BocnoJrb3yeMcfl degun ocHoeHbt.r4u &arcmaau.
' l. Ilomox, ffiycttpatteunotd rconeercquert.
' '  Koueercmueuoui noffioK' BeuecrBa.cJIeBa HanpeBo qepeg nofleperrHo€

ceqeHlre s AaHHoii roqKe paBen Vu(x,l), .Ae V-cxopocrb AB,H)KeHllf l
cpe4bl  (cu/c) ,  a  u(x,  / ) -xosueHrpat lHr  BeurecrBa ( r /cu)  (pnc.  15,1; .

I

u ,  + V u -  = 0
( Vpa |nenue nepeHoca
nep6oeo nopndxa)

u ( x , 0 ) = 0

PLIC. 15.1. Ko,rHqecrso BeqecrBa, ne- PylC. 15.2. 3a.na,ta rlucro xoHBeKrLB-
peHocuuofo B ojlHy ceKyH,(y qepe3 llo- llofo nepeHoca.
IepeqHoe ceqeHHe B TO'iKe r 3a cqeT
r(oHBeKuDH, panno Vu (x, l),

2. I ' lorhon,'o1gcnoeaeuuttrt IuQQgsueil.
fltt(t$gsuonnofi. nomorc BexlecrBa cJreBa HanpaBo qepe3 nonepeq-

Hoe ceqeHue s AaHHorZ roqxe paBer -Dur(x, t), rr;.e D-ro3$$u-
uueHr 4HQQysHH.

Ecnu noAcraBuTb orr{ ABa BbrpaxeHr.Ir B saKoH coxpaHeHun ns
JreKuHr, 3, ro no.nyurrM ocHoBHoe ypaBHeHne c qacrHbrrulr npor.r3Bo.(-
HbIMH

u1:  Du"* -Vu* .

9ro6sr paso6parsca B Tol\{, KaK BJ'tufler KoHBexr}tBpbrfi qleg Ha
xapaKTep peueHufl, paccMorpHM cHaqaJra morbKo'xoueercmueuoui
nexa+usil nepenoca. Txnaqsufi npuMep-3a1aqa o c6poce HeKoro-
poro BeqecrBa B peKy (cxopocrl reqeHr.rr pexu V). flycrr x-pac-
crorHue BHlt3 no reqeHun or Mecra c6poca. EcrH serqecrno nc )ue-
6q+0WnUaW, p, BoAe, m KoHuenrpa:ull.n,u(x, t) BeulecrBa sBJrrrerct
perrreHHeM cle4yrcqefi 3aAaqr, (puc. 15.2):

U q n )  i l t : - V u * ,  0 4 x 4 m ,  0 ( l ( o o ,
( fy) t (0,  / ) :P*fJocroRssan KoHueHrpauuf l  B Mecre(15 .  r  )'  copoca,

(Hy)  u(x,0) :Q*-r lucraq pe6a B Haqa,r lsnf i  MoMeHr.

flpex,qe qeM peuarb 3a,qaqy, cJreAyer saAyMarbcfl HaA reM, KaKHM
.qoJrxHo noJryrrurbcfl peureHue. OqesuAuo, qro 3arpflsnenne peKrr

, l

s

I.

i i .

v
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(nonrruecreo BeureclBa B Bor.e) 6yner cualana paBr{o HyJIto' a 3areM'
rroAAeplKHBaeMOe nocloflHltbtM B ' loqKe x:0, 6yAeT cMeulaTbcn BH43
no reqeuuto co cKopocruro /. t{ro6st y6e4urlcn B' 3roM' Aaeaftte
perruM saAaqy (15.1) .  l - Iocxontry ypaBHeHHe (15 ' l ;  nunef iuoe H rpa-
HrtqHoe yc,'IoBHe rox<e nltueituoe, MoxHo HaAetlrbcR Ha pe[IeHue

aroii saAa,tl,r MeroAot\r pa3AeneHutl nepelteHnblx uJttr MeroAoM uHTg'
fpaJrL,Hbrx npeo6pa:onastlr 't. oaHaKo nocKoJlbKy KoOpAHHaTa X SAeCb
He orpaHHqeHa, To MeToA pa3aeJIeHafl nepeMeHHbIX HeIIpl{MeHHM.
I4cnonosyelr npeo6pa:oaasue ,rlannaca rto epeuenn l.

PeueHue ypaBneHnfl nepeHoca MeroAoM
npeoopa3oBaHltfl Jlannaca :
' C nonnoururo npeo6paaoBaHI{r llan,raca

2
U (x'1: ) ,  (r,  t) e-st dt

o ,

gaAaqy KoHBeKTuBHofo [epeHoca (15.1; moxno cBecrl 'I K BI'IA

s l J  ( f l : -VX ,  0  ( r  (  oo ,

peuras sry or{eHb "lJ];"J;auy Koun, noryqaeM
U (x\:  O" '<s'ctvt ls.

flo ra6nnuau o6paruoro npeo6pa3oBaHur Haxor,llM peueHne 3aAaqlt

u (x,  t )  :  9- 'LU l :  P H ( t  -  x lV),

rAe 11 ([)-crynenqaraf l  QyHxunn XeeucaftAa

CneAoearenbHo, pe[IeHuo Haulefi 3aAaIII{ Mo)KHo np*n|*t 
-rq.nyo

$opt'ry:
f  0 ,  t  lx lV,

.  u  ( r f ,  , ) : \P,  12 x lV.

KoHeuHo, Bce sro oqenb npocro! He cJloxnee, qeM c6pacunars
vro-Hu6yAr Ha Jrenry rpancnoprepa, a 3areM Ha5,'to4arn 3a ero
ABHxeHHeM. O4Haxo Bce craHoBnTcs oqeHb HHTepecHbIM, ecflu npu-
uecr; duffign1upgem.B cpeAe. t{ro6st paeo6parucr B-roM, tlro npo-
HcxoAr.rr c 4euxyqeftcn oonnoir npn Hailwqvu 4nQ$ysaa, 

'pentdu
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cneAylouylo 3artraqV:

PUC, 15.3. Kougexrrrgrrag sonHa:
eAHlru[y Bnepe.4 BoJrHoaoro $poHra.

( ) ' q l l )  u , : D u , , - - V u , ,  -  o o  (  x (  o o ,
(HY) u (x, 01 : | -* H (x), .- oo ( .{ ( oo,

(15.21

rA€,, ,r(ax o6uuno, H (x)-  {ryHxuua Xesucaf iAa. HaqanlHoe
Ae,rreHrre KorileHTpannu uzo6paxeHo Ha plrc. 15.4.

l

pacnpe-

q

!;
t , _

'' ,:
Rl. . ; i ' '
f f f  . .  

- '  ' r

*4

a

a.
t l

{.

\

-  
a r \

' u ( r , i l = a

- t t \  6

u ( 2 , 0 )  z

a - nepegHuft{rponr npHMeca; 6-ua ogny

l .

: '

.4. .

8".; !

O6paruu BHur\raHHe Ha ro, qro B 3aAaqe (15.2; tubr oroABHHyJrlr
rpaHHqy B -oo (renept peuaeTcff sadaqa Kowu\, raK qro oHa He
ora3brBa.e-r^renepb BJtHrHue Ha oueHKy peueHlre. 9ro6u peulrrb 3a-
Aa{}r (lo.z), N,roxHo Bocnor'rb3oBarbcfl npeo6pasonaHHeM Jlannaca

t -H(r)=i l  r ;3

PHC.' 15.4 Hq)a"'rulrue yc"roBnfl B saAaqe roHserrusHori gurpsyanH.
. . . - 9 t i  A t . .

no _nepeueHHofi t unu npeo6pasooaHrreM Oypte no nepeueHHofi
r. OAHaro B groM cnyqae ropa3Ao ,.rnTepecHee nocrynuTb coBceM
no.ApyroMy. BseAer,r HoByro cHcreMy KoopAHHar, Koropa.fl ABn-
xeTer BAoJrb crapoft co cxopocrlro V. !,pyrnuu cJroBaMrr, BMecro
crcreMbl KoopAHHar, npuBrsanHori r 6epery peKH, MBr paccMorplrM
cr.rcreMy _KoopArrHaT, KoTopar ABr4xercfl co cKopocmbrc qpoHmq
npHMecH (roueuHo, npn ua"ruuNH qr.rQ$ysuH rpponr 6yaer <cruas,agr). ,C roqKr{ 3peHlrfl MareMarHKH aro oeHaqaer, qro MbI satueHite}I 

'

rrpocrpaHcrBenHyro KoopAuHary .t Ha HoBylo E:x-Vt,

Jlerr4tan 15.  KouEerr l rsHur l  qaef i  ur"  e ,qx$Qy.sr , rqnxof i  gaAa'{e. , '  l lZ

Tenepr flcHo, qro

KorAa E:0 ,  
'

xor4a  f :  l ,

x o r A a  t - - 1 ,

Hanra saAaqa-npeo6paeoBarb l4cxoAgyl'o saAal{y c HV

Uqn) ut:  Di l**-Vtt*, - o o ( x ( c n ,

BeJllrrrnHa. TaxHe o6osHaqeHl{s BBeAeHbI
ryraHHubI n nocnilAylolqux Qopmynax.
9ro6u 3an!tcarb ypaBHeHI4e c qacrHbtMll

rrpoH3BOAHblMH B HoBbIX KoOpArlHarax
(8, t), MbI Bocno,'Ib3yeMcfl cJleAyloulltN{Ir

$opnty narr.lu nepexoAa ;

Lr 1 : ugEl { u"r, - -vuz * u, i
l l* :  l lEE*: t lg,

.[Jtfl Toro, qro6u lts6exaru

u**: (uE), : a€,8€" - l/EE.

@gurcquonaibvan luaepanua Ha Pvc.
15.5 .qelaer srn Qoptuy.nu coBceM oqe'
BI{AHbIMH. 3ra Asarpauua oco6esHo no'
Jre3Ha npI.I BbIIIIICJIeHI'IU gaCTHbIX npOH3'
BoAHhrx SyHxunfi tt u ug no nepeMeHHbIM

E u r, nocKoJlbKy E sasucur H or .r, H or
cl.tr roJrbKo 6r l. 9ro Bce, qro Kacaercfl
I lroAcraBI{M uaftAeuHue BbIpa)KeHHtl ttt, ux
U IIO.rIYIIHM

-Vuz* I t ' :  Dttgg-Vug,

Ivlbl I{axoAI{N{cff

npuMecH,
rubl HaxoAHl\lcfl

Qpoura,
Mbr HaxoAIII{Cfl

$poura.

Ha Sponre pacnpocrPaHqlourefics

Ha oAH)'eAHHHUy AJIHHbI BnepeAfi

Ha oAHy eAttHIIuy i,rrrrHsr nosaail

Pl4C. 15.5. .II,uarpauua, n,n'
Jrrocrp!t pyK)ue't 4yHKuI'lonanb'
HyIO SaBUCHMOCTb nepeMeH'
Hblx.

l .  f lepeueHHafl r 3aBII-
npeo6pasoeaHHfi. Teneps
H Ltxx B ypaaneuue (15.2)

(HY) r.r (x, 0; : l -H (x), - oo ( f, ( oo,

B trosyto sa\auy B ABuxyueficR cHcreue KoopAHHar' pe[Jurb HoByK]

3oAa{yr a sareM nonyueHnoe pe[IeHI're npeo6paeonarb K crapHM

*oop4ri"^tuu (x, /). Ilpoae&erra iuaqana oatneHg nepeJ,reflHbDc..(saueHy

Hsayucui1brx nepeueuui,x), Buecro crapblx KoopAHHar (x, l) aeo4nnr

HoBHe ([, t) no Qopmynau

E:  x -V l ,
t - t .

HaAo aauerfirb, tlro 6yroaun t u t olosHaqeHa oAHa w 7a x<e

(u,116l

orKyAa
u1 = Du6g.



1 1 8 Llacru 2.  lH+Qy3hoHHbre 3aAaqH

Cne4onarenbHo, HoBaff saAatta c Harla.rrbHbrM ycJroBlieM B nepe-
MeHHbIx I u t ultleeT BLtr

( V q r y  u " : D u 6 s ,  - m ( € ( - ,  : :
( H Y )  r ( 8 ,  0 ) : l - f l ( E ) ,  - o o  ( E ( o o .

Tax rax E: r nlu I :0, ro HoBbre rpaHnqHble ycJroBrrfl coBna_
.{aror co crapbrMn. 7ta saftaua 6una peueHa s reKrI}rH l2 c novoullro
I-rHrerpaJrbHoro npeo6pa30BaHHr Oypre, x ee peneHHe 3anucbrBaercfl
B BHAC

@

r.r (8, t) : 
#ffi J vtF) e-G-il'�/am 4p,

rAe p(B)-uavansHoe ycJroBH.. ai*oo"ureJrbHo, B HarileM
0

u(E, r) : -+ |  e-G-i l " t+or6p.'  2 V  D n t  J _

lloc,ne no,[craHoBKrt

t r -  € - P  s d  - l  t oP: iV-or' dF:, 
rr:ora9

noJryqaeM oKoHqareJrbunfi pesy.rrrar

il(E, r):tlrt @

I

: VTi

f pa$uxH ororo peu_eHur ^ AJrr pa3Jruqubrx MoMeHroB BpeMeHrr
ssodpaxrersr'Ha prc. 15.6. ocra,roir cAeJrarb nocne4nuii tuar -
sanncarb perlreHne saurefi gaAaqn B KoopArrHaraxxv l. l loAcrasrsq

E :  x - V t ,  r :  t

n $opuy.rrsr (15.31, norryqaeM

i * [ r + " 1 / r / / - r \ 1u(x,t\:Ji:":,'ff/l '
{T"'t '  \ ir :o,) '

, flepeA uarr,rN pelxeHne sanaql KoHBeKTI'IBHofr aratffiysnu (15'2;'

Ero oqeHr JIerKo HuTepnperllpoBarb' ecnu [peAcraBuTb' qro Mbt

ABa)KeMcr orHocHre./IbHb 
'tpaqiar<u, 

lrso6paxeHnofo Ha puc. l5'6'
u

PHC. 15.6. ,Il,uQ$ysun fie o6nactr'I sltcorofi KoHrteHrpaufiH- n o6nactt nngrofi

KoHueHrpaqHH. Ifeu 6onsure roerpQr'ruueur 4uQ'Qysux, teu 6ucrpee ycraHoBl{rcf,

cTausoHapsoe sHaqeHI'Ie.

.[I,pyrnurr cfloBaMH, B 3aBHcHMocrH or orHocl'ITeJlbuoft senHqusu D

1xblSQuuuenra alrQQyeuu) n V (crop-qcrn noroKa) peueHne ,uBtI-
xercr cJIeBa HanpaBo co cKopocrlto V H B To >Ke caMo€.. BpeMfl
nepe4ur,rfi QpoHt pacnnunaetcfl co cKopocrblor o[peAeJlffeMofi serl!'
,twlg'ofi D.

PHC. 15.7. Perueuue saAarln KoHBextusgoft AuSQysau. Beqecreo oAHoBpeMeHHo
ABfixercfl u,qacP,cpyHAllpyer.

(Ha pHc. l5.7"noxaaauo, KaK pacnJlblBaercfl nepeAHnft Qpottt
KoHUeHrpaquB.)

SAMEqAHHfl

Ilpeo6pasonaHr.re KoopALIHar fl Bfl fl ercfl BaxHbIM MeroAoMg&ulgu*ifl
ypanHeHnir c qacrHbIMH npoll3BoAHbIMI'1. Bu6pao noAxoAnuryK)
cr4crel{y KoopAuHar, MoxHo cyqecrBeHHo yrlpocrHTb ypaBneHl'{e.

?A,A,A'TH ]'

crlyqae

-" _lt - r '  O,  
l :

(15.3)

: !  + [ r+er r  (#) ) ,  €(0 ,- 
i +..r. (;7=) , o<8.

Vt) x,

Vt  {x .

l. Peurure 3aAaqy Kous:

ut :  I t x * -2 t l * '
u (x,  0):  s in.1c'

6 ,  0 ( l ( o o ,
oo.

( x { .
1 x 1

(  I  5 .4 )
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2. Hafialre peueHue saAaeh l(oulu Aan ypaBHenfir xouserrusuofi
Au@ysun:

l l1 : ! t t * -2 i l r ,  -oo  (  x  < -c r � ,  0 (  l (  m,
u ( x ,  O ) : e t s i n t ,  - o o  ( , v  <  o o . '

Bocno,rrayfitecl npeo6pa3oBaHueM Hs rexuHu 8.
3. Hafiaure peIUeHHe saAaqu nepeHoca:

f f q r y  i l t : - 2 I t * ,  ( r ( o o ,  0 i / 4 o o ,
(HY) a (.r, 0) : e'x' .

' 
nporepbre Bau .rBer.

4. Peusre 3a.[.arry
'  

u r : D L t * * - V u * ,  - o o ( x ( o o ,  0 ( l ( o o ,
,  u ( x , O \ : g - t " '  - o o < t < o o .

flpoaeprre naLue peuJeHr-re. Kax BbrrflffAr.rr peueHr.re B pa3rHrrHHe
i MoMeHTbr npeuenu?
:VKA3AHI4E. flepexoa K aBnxyueftcn cucreue orcr{era no3Bo,rfler
cpasy or6pocut craraeMoe Vu* v ypaBHeHIrI{ KoHBeKrHBHofr AurF-
$yaull. floc4e perueHr.rq Hosofi sa1aqvr

Uqn) *, : Dugg, - - o o ( E ( o o ,  0 ( t ( o o ,

I (HV) 'l,l (8, 0) :e-r", -- m ( E ( *'
'cAenaf ire 

3aN{eHy nepeMeHHbrx E:x-Vt,  r : t .
B Harueu cJryqae Moxuo B rBHor\r BHAe BblrtficJllrrb HHTerpaJr

u(8 ,  r ) :  - : :T  r -o '  e -G-F" i4D:4P.'  2 V D n r  J _

Taxofi uHrerpafl ylxe BcrpeqaJrcn B JIeKuHIl 12. Moxer 6utr, qnra-
renn 6yAer yAo6uee o6parurucn r ra6.nuuau nleo6pasoraHua Oyple.
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flerqnn 16

oRHOMEPHOE BOfiHOBOE yPABHEHVIE
(rhnEPEon hq EcKr4E yPABHEHUflI

UE/lb JIEKIII,I14r florasarr, qro xo"re6asnR crpynbl
OnI{CbIBaIOTCff ypaBHeHUelvl

411: o"Ilt**

H qro sro ypaBHeHlre - cJIeAcTBHe 3aKoHoB HrrcroHa. Pac'
cruaTprrBaroTcf u HeKoTopble lpyrHe BUAbI BoJIHoBoro ypaBHeHHfl:

t l i l :dzt ' * {  F (X '  t } '
i l t t :q '2ux,r -Fu1*?"u{F (x ,  t ) '  '

, II.o cux nop Mbr 3aHnr\raJILIcb $ustuecxnuH npoueccal\{H'
Koropbre orlrcbrBarcTcf oAHoMepHbIMI.I napa6onHuecKl'tMl4 ypaB-
HeHHflMH (4nS$ysnoHHue sa4auu). Tenepr MbI npucrynHM
K H3yqenuro eu1e oAnoro KJIacca ypaaneuHft c qacrHblN{H npo'
H3BoAHbTMH - runep6orHuecKnx ypanuenr.rfi. Haqneu c odnouep'
HO^O SOJal{OqOeO ApAeHeHUn, KOTOpOe O[UCbIBaer, B qacTHocrl4'

noneryuHbrc rcone6auun crpynbr.

Kore6asns crpynbr

Paccuorpulr r,raJrbre xo,re6anrs
uaur.r. flpe4noJlo)Kr.rM, rrro crpyHa
poAHofo MarepuaJra n rone6nercs

cTpyHbI C SaKpen,'IeHHT,IMH I{oH-
Tyro HarflHyra, cle,'rana ?I.3 oAqp-
i oaHofi niocroctrl (pucJ f6,T).

PIIC, 16.1. fl6ndpeunue xo.ne6aHus ctpynul: 4-cMer{eur]e crpyubr or noJtoxeuuq
p aBH oBecH fl.

,[eficrnueu c]rJr rffxecru Ha crpyHy 6yaeu npene6perarr. .ll,nn no-
crpoeHr4fl MareMarr.rqecxofi uoAenn rone6auufr crpynu paccMorplrM
Bce cuJrbr, geficreyroque Ha se6o,rrurofi yqacroK crpyubt (puc. 16.2).
Oxagusaerct, qro BoJrHoBoe ypaBneHr.re-9To He qro LtHoe, KaK 3ai{ou
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ABHX(eHr.re Hrnrosa (usrueHeuue nMnyJrbca paBno cyMMe 4ericroyruqux
cnn), npuueueHHlrft K crpyHe. f;rnAs Ha pr{c. 16.1, uu rt,Ioxen,l rlpedr
craBlrrb re cr.t.rrbr, Koropbre AeftcrBylor Ha crpyny o nanpaeneunfil
nepnendurcg/rnpvo.r4 ocrr )c. I

'  c &tA'F
PHC. 16.2. Manufi yqacror pc, r{Lxl roae6apqefrca crpyHu.

l. Cuna, o6gatoeaennafl Hamfrucevueil cmpg*bt (a'u**), Bennquna
nonepevnoft KoM[oHeHTbr cr{Jrbr Harsx{eHr.rs HaxoAHTcq no $opuyne

Cnna:7 sin 0r.-? sin 0r:
:T lun g.f  Lx, t )-u*(.r ,  t ) ] .

2, Buewunn cuna F (x, t).
BHeuHqq cuna F (x, t), npr4noxeHuafl K crpyne, Moxer npor.t3BoJrb-
Hnu o6pasoM 3aBucerb or )t u l. Hexoropbre npr{Mepbr BHerxHax cl,t,n
npr.rBoAnTcn HHXe: :

a) rpasurauuoHHar cuna F (x, t): - mE;
.6) nunynrcu, pacrpeAeregHbre BAoJrb crpyHbr u 4ericrayroqae

Ha Hee B pa3flHrlHbre MoMeHTbr BpeMeHHl
n) cn.uryr ,Bo3HuKaroxlfie npfi Aericrsua soyroeofi BoJrHbr Ha Koxy

6apa6aua (nosxe uu no4po6Ho r-r3yqr4M xone6aHHn neu6pauu, roroi
pbre onilcbrB3qrcfl BoJrHoBbrM ypanueHueu).

3. Cuaot.m'peHun, lertcmagnupe Ha cmpAHA {�.�.--Fu); EcnH crpyg4
rone6netcs B cpeAe, To Bo3HHKaeT cnJla conporuBJreHr.rfl, Koropafl
IIponoplluoHa!'rbHa cKopocTtt ar.

4. Boeepauqanu4an cu'ta (-yu).
, 9ra cuna HanpaBJrena nporr4BonoJloxuo cMeIqeHI.Irc crpyHn. Ec.nr-r

cMetqeHl,tg t [oJIoxHTeJrbHo, To cilJIa orpl{uareJlbHa.
Ecru ttpllMeHr.rrb renepb ypaBHeHHfl ABu)KeHHn Httorosa K . He-

6o*rtuouy yqacrKy crpyHbr, To nonyqlM

A.xp,u4:T lu, (x{  Lx,  t ) -u*( r ,  f ) l *  AxF (x ,  t ) -
-- Axpul @, t) - Lxyu (x) t7,

rA€ o -Jl4Hefisan rlJlorHocrb crpyubl. PasAerul\,t o6e qacru,3T0Io

idr lroueHus ua Lx u ycrpeM,v Ax-0. B pe3yJtbrare noJtyquM
xppgllo 143BecrHoe re.nerpaSHoe ypaBHeHHe

(16.  r ) t r t t : dz t l xx -Fu r - \ u *  F  ( x '  t ) .

B erou ypaBHeHulr cJIeAoBaJIo 6u paeAe;Iatl a, 0, 7 u F (x, t)
Ha p, Ho MbI paAlr npocToTbl coxpaHl4M Anfl STHX BeJII{qtlH npexHue

o6oiuaqeHuq. hcxoruoe ypaBHeHI4e noJyqeno. llpuneAeu lrHrepnpe-
TauHrc npocrqfiuero BoJIHoBoro ypaBHeHLIfl

(16.2)  t t11:Qzt t** t

ocHoBaHlryto Ha uHTyr.ITttrHux coo6paxeHl"tf lx.

HHrynrnnHafl I{HTepn peraqne BoJtHoBoro
ypaBHeHI{s

V qurare,rq Mo)Ker Bo3HIlKHyrb Borlpoci noqeN{y ypaBHeHI'Ie B}IAa
(16.2) aonxHo onucbrBarb Heqro raKoe, qTo rroxox{ei Ha xofle6aHuq
cxpll iruunofi ctpyHsr? Ilro6u paso6parrct B srol\{, seo6xo,lntlto IIoHflrb'

vzr<0 *  l l1g<0
(gcxopeuue cnpgnu uanpaSneru 6nue)

Totxa nepezuda'-\1 , I/urr>0 + 'til>0
(Vcxopenue enPgHbl
ilanpaEteno 6Aepx)

PI4C. 16.3.  HHrepnperaurt  Bo, ' IHoBoro ypaBHeHurl  t t t t  :d"zt txx.

qTO BeJIHqI{Ha Uu f B'I f leTCfl BepTUKa,' IbHbIM yCKopeHueM CTpy}lbI

B roqKe x. CreAoeare"rbHo, ypannenrre (16.2) MoxHo l{Hreprtper}r-
poBarb cJIeAyloutH14 o6pasou: ycKopeHue crpyHrl, o6yclorneHuoe
HarflxeHleM, n xax,{ofi roqKe reu 6ontme, ueu 6o,rlue BoeHgmoonb
crpyHbr ux,c B \aHHOfi rOqre (xoaQ$HuueHroM nponopttuoHaflbHocllc
cnyxrr  KoHcraHra q" ' :T lQ) (o '1.  puc.  15.3) .  1"r" .

SAME'TAHHfl

l. Bonnogo€ ypaBHeHI4e u6:dltt*, oIIHCbIBaer ral{}xe npoAo.nanne
n KpAmuJlbxorc xone6auul crepxun. B npoAoJIbHbIx xole6aHusx
cMer{eHufl [apaJIJIeJIbHbI crepxsrc, a qepe3 ulx, t) obosuaqaercq
BeflHrrHHa npo)0nonaeo cMeuleHHfl orHoclrTeJIbHo paBHoBecH())ro
noJloxeuprfl. Taxne xo.ne6anug BogHnKaior, HanpriMep, npH y,qape
MoJrorKoM no roptiy crepxHfl. Asa.noruqso onucblBalorcfl Kpyrlrflb'

s indl  =ra"(c, f )

, ri{n,
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Hue xore6aHrrR
tt , , :  ku**.

S.qecr A-vo4ynl lOura, xapaKrepr.t3yroquft ynpyrocrb Marepn-
ana. Marepnantt, o6naAar.oque 6o,'lrurHnr rtroAfneru lOura, xone6-
Jrnrcfl Ha 6oree Bhrcoxltx qacrorax. 3egxoaote Bo,,tHbt npeAcraBJtfllor
co6ofi npoAod'rbubre BoJrHbr.

2, Ecnu .aunertuan nltomHocmb crpyHbr p(x) saouculn or KoopAuHarbr,
TO BOJTHOBOe ypaEHeHHe SarIrtcbrBaeTcfl  B BHAe

du,, :fi1a, (x) u,l,

r. e. noJryqaercn VQII c i lepeMeuHuuu nos@Hru.reHTaMr{.
3. f locxo.lrtry nonHonoe ypaBHeHLte i ltt : a}u**'cogepxgT npoH3BoA-

Hyro no BpeMeHH BTOpofo nopflAKa, Ann nor'ryqeHHfl eAr4HcTBeH-
Horo peueHufl npH I ) 0 seo6xoAHnno saAarb doa H&qanbflux
gc/tosunt

u (r, 0) : / (x) (uaua,rrtHoe cMerqeHne crpyHr,l),
ur(sc,  0) :g(r )  (uaua,ruHan cKopocrb crpyuur) .

gruNr sorHoBoe ypaBHeHHe orJrnqaercfl or ypaBHeHun rerrJronpo-
BoAHocrH, Anfl Koroporo geo6xoAuMo 3aAarb roJrbKo oAHo HaqaJIb-
.HOe yc,'loBHe.

4. C 
'noruoutblo 

BoJrHoBoro ypaBHeHHfl Mox(Ho onrcarb pacnpeAer'Ie-
Hr{e 3J'reKrpHqecKoro roKa B npoBo,4e. I4g gaKorroB Kupxr@a
noJryqaercn cJreAyroilIar cr,rcreMa AByx )'paBHeslrft c qacrHbtMH
npolr3BoAHbrMrr lepBoro flopflAKa:

i , *  Co , f  Co :0 ,
ux+  L i t *  R f  : 0 ,

- KOOpAfiHaTa BAOJTb npOBOAa,
,  -BpeMf l ,

i (x, tl-pacnpeAeJreHr.re roKa BAoJrb npoBoAa,
o(x, t)- pacnpeAeJreHr4e norenutaila BAoJtb npoeo4a)-
C -eMKocrb ilpoBoAa Ha eAr{Hr.r{y AJrr4Hbr,
G -yreuka Ha eAr.rrru[y AJrrrHbr,
R -conporuBJreHue Ha eAlrHuuy AJrHHbr,
L - HHAyKrrrBHocrb npoBoAa Ha eAHHHuy AJrr.rHbr.
VpaaHeuNr (16.3) npuHflro HasblBarb cncreuofi relerpa$nux
ypannenufi. B raxofi $opme oun o6uqHo He HcrroJrb3yrcrcn. ,[|,nn
npeo6pasonauuR arofi clcreMbr npogu@epeHqr4pyeM nepBoe ypaB-
HeHHe no /, Bropoe npoauSSepen[HpyeM no t, yrrlnoxau o6e
qacru Ha C u aHqreM ns nepBoro. B pesynlrare noryqaeM

i ** {  Ga*- C Li  rr-  CRi,  + 0,

(16 .3)

rAe
tc

f le rqxr  16 .  OAno, r , repHoe BotHoBoe ypaBHeHHe 125

Bocno.nlsyeMcn rerepb BropbIM ypaBHeHHeN{ lrs (16.3)

1 ) r :  -  L i t -R i ,

oKoHqareJlbHO nOryI{aeM

(16.41 i*, : CLiy+ (CR + GL) i, + GRi.

9ro ypaoHeHne AJrr roKa, u3BecrHoe roA Ha3BaHuev meaeepa$-
' 
theo 

- 
[ paeueHutt, flBltfleTcs rfi nep6O"lUqecxAu ypaBHeH LIeM BToporo

nop"fna (ecna 
'xoHeqHo 

HH C, Hu l. ue paoHul Hydtlo' B npor'BHo\l

cryqae ypaBHeHue craHoBllrcfl napa6o,ruuecxuu).
Hanpnxenue onucblBaercr roqHo raKHM xe ypaBHeHueM:

(16.5)  u** :CLv.1+ (CR +GL)a,{GRu'
Ec.irr.r G: R :0, ro ypanneHnr (16.4)-(16.5; ynpoutaorcn:

,("16.6)

SAAAqn

r t  -  4 2 7 1e t l  -  n  " x x t

i f i :&2 i * * ,
az - | lCL,

l .

2.

flonyuure ypaBHeHne ^(16.5) r,rIn u Ir3 cllcreMbl 4rsYf ypanHeHHH
nepnoro nopnar<a (16.3)
3Han $nSr,rU-eCfUfi CtnlttC.rt Ka111AOro q;eHa BoJIHOBofO ypaBHeHHtl' tlTO

Bbr Moxere cKa3aTb o TIoBeAeHHI'I Bo BpeMeHI'{ peueHufl c'leAyrculeft

saAaqH:

(Yqn )  u11 : t1 , , - t r 1 t  0  < ' r<  l ,  0  4  /  4  oo '

r y )  l u ( o '  / ) : o '  o ( / ( o o ,
I  a  ( 1 ,  t )  : 0 ,
r , ,  / y ,  0 ) :  s in  ( r tx ) ,  A  /( H Y )  l " ' * '  v 1 r ( 1 ,
\  a1  (x ,  0 ;  :0 .

Kax surnsAlrr B pa3rnt{Hble MolileHrbl BpeMeHil peueHHe cJIeAy}'o'
t11efi SaAa.IH

3.

(VUnl t t11:t tse 0 <

(f y) 1 
a (0, l) :0'

( a ( 1 ,  l ) : s i n / ,

. (HY) {a 
(1' 0] : o'

'  
\u, (x, o; :  o?

x < 1 ,  j

0 ( l ( o o " , .

0 ( x ( 1 ,

4.
fiafire $usHuecxyr,o HHreprlpera[nrc erofi sa&aqn,

flna ypanuelHl/-fr ult:utrtc Hai4AHTe BCe pe[IeHHfl BHAa

u (x,  t \  -  eax+bt  .

Eyaer JrI.t peIUeHIieM cyMlvta AByx peueHufi raxoro strAa?
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flexqrac l7'

ooPMynA flAflAMSEPA

UEJIb IIEKI{1414: flocrporrru perxqHne 3irAar{rf KoLru Ann
BOJIHOBOTO ypaBHeHHfl

r y q n )  i l 1 1 : c \ t r , ,  - o o ( x < o o ,  0 q l 4 o o ,

I  u  (x ,  0 ; :  |  (x1 ,
( H V l  i  ,  ^  o o ( x ( o o .

I  u1k '  0 )  :  s  (x ) '

?ra sanaqa oflHcbrBaer ABnxeHue 6ecKoHgr{FIOlr crDvrl}r c 3a-
.u,aHHbrMH HaqaflbHblNnr yc,'roBnffr'ur. Ona 6r,rna ptuleHa ri i 150 roay
{rp aH uyscti u M Nrarel,tarrt xov Aa"rart6epolt, (Dtipuvna fian a ilr6cpa

u (x, t\ * |tt g -ct)+ I (.r + ct)J t-

nO3BOr'IReT nefNO gal'tfH peIUeHlle, eCd'Ill Il3BeCTHtrl Haqa/'lrrHble

ycJroBnff. Kpoue roro, oua no3BoJlfler Aa'rb fiHrepecHyro Snen-
qecKyio r{HTepnperaunro peuennr} Ha fl3brKe deryurux noRH.

Kax, HaoepHoe, troMHrlr qnTareJrb, e napa6onr.rqecKos{ cflyqae Mbr
cHalra,la peuaJ'IH 4rt$SysttoHilbre 3aAaqH Ha IioHeqHoNr orpe3rie (Mero-
AoM pa3AeJreHHn nepeNreHHstx), a yx(e 3areNr nepeur'rrl K r{eofpa}rirqeH:
HbrM npoMexyrKaM (-  oo <x < oo) ,  rAe nprrNreHnJrn npeo6pasonanue
iDypue. B runep6onHqecKoM cryqae MbI rrocrynilu Hao6opor. Ha.rsenr
c perxeHr.rn oAHo[repHofo Bo,qHoBoro ypaBHeH[q Ha ecett relicrsrrrenn-
uor? ocn, T. e. c saAaqN KouH

( y q n )  L I 1 1  : c z L ! " " ,  - o o ( J r ( o o ,  0 4 l 4 o o ,

(17.1)  {  u  (x ,  0)  :  , '  ( " ) ,
( H Y )  1 ^ ' ,  n \  - o o ( x ( o o ,  " :

I ar (x, u) : g (x),

coAepxarqefi ToJrbr(o Haqa,rrbHbre ycJIoBLrfl. 3ry saaavy Mox(Ho 6u.no 6ur,
peurr.rrb .nu6o c nor\4orqbro npeo6pasonaHnr Oypue (no nepenreHHqfi x),.
nn6o c rroMolqbn npeo6paeonanun Jlan.naca (no nepenaeuHofi l). O4uaxo'
Mbr BocnoJrbsyeMcn ApyrlrM MeToaoM (N{eToAoM KaHOHHqecKHx KoopAa-
nar), xotopufi, xax Nr,r HaAeeMcR, gaunTepecyer qlrrare,xn. STor MeroA
6asupyercr Ha rex xe HAeflx, qro H MeroA nepexoAa r Aeax<ynieiicg.
qlcreMe orcueia, c Koropbrr\{ r{bl no3gaKotlu.tJlucb B JIeKIrlur 15. I,Irar,
nplrcrvnuM K perxeHuto 3a4aqr.r (17.1).

g  t : )  dg

PeHe-Hup oAltoMepnoro BoJlHoBoro ypaBnenllfl'
Oopnny;ra .[alarrl6ePa

Pemesue saAaqu (17.1) pa:o6lenE sa HecKoJIbKo ularoB:

lllAf I (3anreHa KoopAHHar (-r, l) nonu[il KaHoHuttectu'uu Koop'

1uuama.uu (€, n)).
i  Ann peuenul saAaqn (17.1) aocnoJlb3yeMcfl reM' qro ecJII ' l  Salle-

Hi.rru IBe He3aBucltMble nepeMeHrrbTe )c H I HosHN{}.i npocTpaHcrBeHHo'

BpeMeHHblMH KOOpAHHaraMu

E : x * c t ,
'11:  x-ct ,

t l11 :  Cz l t t *

, l€q  :0 .

ecr'il, Bocno"lb3oBaTbcg $opuynauu npe-

r0 ypaBHeHue
!

npeo6paay"ercq s ] 'PaBlIeHlIe

B grol,r JIefKo Y6e.4Hrlca,
o6pasonaHutl KooPAHHar:

l l " :  U r 1  g n '

u r : c ( a = - l t n ) ,

i lxr:  i l t \12u41_ ttr,

u t t :  c2  (u2g*2u4*  t t t r r r ) '

BbtpaxeHHfl .{Jls npoH3BOAHblx B BOJIHOBOe ypaB'

rAe g (r1)-nepeooSpasuaa $yHxrrun g, (4), a r|l(E)-npol4sBoJlbHafl

$yHrur.rr. Vlrax, o6qee peueHne ypaBHeHxfl

uLn :0

( t7 .2)

I loAcragl f l f l  9rr1
HeHUe, noryqi lM

i lErr: 0'

flepnufi ruar cAeJtaH

' [IAf 2 (Peruenue npeo6pasonaHHoro ypanueHua)'
Ilpeo6pasoeaHHOe ypaBHeHue JIerKo peulHrb AByM-fl nocJleAoBareJlb-

HbrMlt HHrerpupoountain,tu (cuauana no nepeMeHuofi !, a SareM no q)'

Flocne HHTerplipoBaul{tl tto [, no,ryvaem .ir.,

u, (€, n) : 9r (1) - npou3BoJlbHaa $yuxuun or q'

tr4nrerpupoBaHue nocJreAHero coorHoileHHg no rl IIpLlBoAI.lT X ObUelr,ty

perrteuun
a( t ,  q ) :q ( I )+ { , (E) ,
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3anflcbrBael 'cf l  B BHte

( 1 7 . 3 )  u ( 8 ,  \ ) : q ( r ) + q ' ( € ) ,
rne q (rl) t4 rp ([;- npousao,'r], lrbte SyHxurllt cBort"{ apryr{eHroB. Hanp*-
lrep, quTaTe,'rr, MoxcT npoBepuTb, uro Qyrrxrlrrrr

x (8, rt)- sin r '1-+- t ' ,
t l ( 8 ,  q ) : l l q * t g € ,
a  ( E ,  q )  : q 2  +  e

flBilnroTcfl peueHufll,tH ypaBHeHHn r/n. :0. Bropor'r uar cAeJraH.

IilAf 3 (Bosnpaqeu-He K crapbr\,r KoopAnHarau r lr l).
,[.nR uaxox{eHue o6t4eeo peueHufl, T. e. Bcex perueuuii ypaBHeHHn

tI I - czll *r, noAcraBltM

E :  x -  c t ,
y 1 : x { c t

B peueHne
a (E, q): e (rl) + {, (€).

B pesynutare noflyqaevr
(17 .41 u (x,  t )  -cp (x-ct \  + l l ;  (x + cl) .

9ro o6qee pelxenHe BoJrHoBoro ypaBHeHr.rn. C $u:lu,lecxoft rouxn epe-
HtlR oHo HHTepecHo reNr, qro npeAcraBJrfler cyl{Nry 1rtgx 1eetluqux (wil

0 1 2
pl4c. 17,1. .Bo,ua rt  (x, t) :s- lx- ' l )" Anuxetcn c, leoa HanpaB" 

)

npouSSoltbH\rt QOpUot, ABtiXyUlHXCfl B npOTHBOIOJIOXHbIX HanpaBJre-
Hrlsx co cKopocrbro c. Hanpuuep, QyuxuHlr
u(x, t ) :s in(x-cl)  (nonHa, trBl . ix(yuanct creBa Hanpano),
u (x, t): (x I cl)z (nonHa, aBuxyuagcfl cnpaBa HareBo),
u (x, t): sin (x-ct) * (x * ct)z (lae oonHu, ABl{xyur}recfl B npo?H-

BonoJroxHbrx uanpaoneHunx)

tBJrnrorcl rHnItqHbIMn peueHntrr\4H BoJrHOBoro ypaBHeHrrfl. Ha pucyHxe
l7,l uso6pa)Keua npocrefluran 6eryu{an BoJtHa.

.{r

l i

l f '

i

;ri.

t

, ,  ] '
.  

: 1 i

l :

[IAf 4 (Vuer HauaJIbHbIx ycnonuft).
Hanolttillrvl qI4raTeJIn o6qaft-ueroA peulenl'le saAaqu Koruu s Teopt,tn

o6trrHoseHHHx,qu$SepeuurtaJIbHbIx ypaaueHl'rft. Cuaua4a HaxoAflr

o6qee peueHHe ypaBHeHlrfl, a SaTeM oHo noAcTaBJIfleTCfl B HallaflbHbile

vc,'roBHrr .u,!'rff Toro, qro6u gafiru KoHKperHbIe 3HaqeHHt npoH3BoJIbHhIx

iocroruHux. V rrac cr.rryaqufl aHaJroruqHa. ,[,nn ,peneHua SaAaqI'{

Kouru A,'tfl Bo,tuoBoro ypanHeHnfl MbI noAcraBHM o6qee pe[IeHI'Ie

t t (x '  t ) :eP (x-ct)  +4, (x+cl)

(coaepxauee 1ee r r r**r':::', 
{i!i *T) 

B HaqaIIbHbIe vcrloBl{r

ut (x ,  0 ) :  g  ( r ) '

qro6rt nairru
u r[r. flocne

( 1 7 . 5 )

(17 .6 t

(17.7)

KoHKperHr,Ie BbtpalKeHHfl AJlfl npol'l3Bo.IIbHbIX $yttxutlft Q
noAcTaHoBKl{ no,'lyqaeNt

q ( t ) + $ ( x ) : l ( x ) '
- cq' (x) * crl,' (x) : g (t)'

Ecnu renepb npouHrerpupoBarb Bropoe ypaBHeHI{e (17'5;' ro no'{y'
,lt'rcR anre6piuueir<aa cHcTeMa {Byx ypaBHenuft orsocl'ITeJlbuo Hells-

BecrHr,rx syHxuufi q (x) 14 {r(x). B caMoM AeJIe, nocJle uHTerpHpoBaHI{f

B npeAeJlax oT xo .u,o .r noJlyqaeM
x
e*cq (x)*c,1,(x) :  I  S(€) dE+K.
X6

Peruaeru renepb ypaBHenr1e (17.6) coeuecrgo c [epBbIM ypaBHeHneM

ir7. sl , nonyuu*i cneAyIoIrIHe ollpaNeHua l.rrn $yurulrftrp(x) n $('t):

rp(x) : f, t w+ ; J s G) dE* Kt2c,
)cg

tc

1 . .  I  r<p (r) :* t @)- ,- \ e G) dE-K120.
-  .  - | ' J

Xa

CneAoeareflbso, o6uree peueHue saAaqg (17.1) aaercn tpoprvlynoft

( r7.8y u(x,  t ) :* t f  @-ct)* / ( r*c/) l  **-  
r i l  , ' ,  

sG')dE.

t{.no oo.rrrHyra. Mu nolyutznu o6qee penq.Hqe aaAaqu QJ'tl'
peuiinne eraa 1t7.81 npfiHflro uagueart rfoprvry.rrofi ,{amu6epa. Hura'

TeJro npeAJraraercfl caMocTofl TeJrbHO rrpocJreAr.rrb 3a paccTaHoBKofi npe-

AeJroB r.rHrerpupoBaHHfl, qto6u y6e4urlcr B ToM' qro oHI't MeHgtorcfl

or x-ct Ao ,c+ct. 3a,'aqa noJlHocrblo pe[JeHa.

5  m o o t
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,i':, .

l : l i
It, ,
t .
' 1 .

']..:

i :
. : '
t . ,  . '

: ' 1 ,

' 1

I l i

l t '

I

1 i
. l,[.
' 1 .

, a :

,I,

I lpex4e qeM 3aBepuurb JleKul.tto, npltneAeM HecxotlbKo npuMepoB,
ttoxagbrBamuux, KaK npuMeHflrb rpopuy,ry ,fi.alarnr6epa B KoHXperHbIx
ga.IIaqax.

Ilpnrvrepu npltMeHenns OopMyJt Aunu*O.pu

l .  AnuxeHne cHHyco'rAaJlbHofi eorHul

Paccnaorpuu HaqaJIriHbIe ycJroBnfl BI{Aa

u (x ,  0) :  s in  x ,
r.r1 (x, 0) :0.

IIo tpopiray;le,Il,a,rav6epa noJIyqaeM pemeHue

t t  (x ,  t ) : I  J r in  (x-c t )*  s in  (x  +r / ) - | .

Ero uoxuo LrHrepnperupoBarb c,teAyroulHM o6paaorrl. Haqa,ruuoe
cMeueHue crpylibl u (r, 0) : sin x .u.eJlurcfl Ha rBe oAHHaKoBbIe qacrl't

sin x sln r-n- u -z-

KaxAan u3 qacrefi pacnpocrpaHflercs co cKopocrbo c n snre 6ery-
u1lrx BoJrH. OAHa us Bo,lH nepeMenraerctr crreBa HanpaBo, a B'ropafi -
B nponrBonoJroxHoM Han paBrelr4 u. I{ rtrarenro npe,ufl araerct no.tyMqrb
Hall TeM, KaK Bblr,rtAuT B 3ToM cJlylae pe3y,'lbTllpyloillafl Bo,'lHa.

2. PacnpocrpaHeHne npocrel?uero
npflMoyroJlbHofo HMnyr'Ibca

B orou c.r1ju?€ HaqaflbHbre ycJroBufl 3a.latorcr cJleAy[our.jM dbpasom:

ar * ,  o1 : {  l ,  
- l  <  x - - t '

u1 (-r, 0) :0 (n ocranluux rouxax). 
,

flocxonny HaqaJlbHoe cMeI{eHHe pacuenrserce Ha ,4Be noJly-
BOJItrbI, ABXXyqlreCg B ttpoTHBonoJloxHblx HanpaBneHstx, peSynbTl4-
pyrcuee ABuxeHne 6y,rer raxnM, KaK noKasaHo ua pnc. 17.2,

t ) : :
a "
ir ..

i t.

':..

: & ' . ,[+r" "

"qilillr,f5@w

, ' i
Ierqrn 17. <bopmyna ,{anam5epa l3l '";

l";

Pl4C, L7,2.  Haqansuoe Bo3Myuleqt{e pacnaAaercf i  Ha , r1ne 6eryu{He RoiHt ' l '

3. 3alaHa Haqa.I lbHar cKopocrt i

f lpe4nO"roxgM renepb, qro B HaqaJl lult f i  tr , tOpteuT C1 pyl la I IaXo1llrqf l

B noJIox(eHLIH paBHoBecHfl' llpr'r4aaum crpyHe Harla.nbHylo cKopoc'rb

(xax a QoptenuaHo) enaa sin x, r. e.

lr (x, 0) : Q,
us (x, 0): sin .rt.

PeureHue HaxoAt{M no Sopruyne .[,anarra6epa

r ' * ; '  l  .u(x ,  t ) :#  J  s in€dE: f  l cos  (x lc t ) -cos(x -c l ) ] '

ono ni"o"t ^"r:;' cyMMy 4ey-x 6eryut'X KocI{HycoI'IAarIb'bIx BoJr rI.
r{nrarent AOJrX(eH cnpOcllri Ce6n, Ka)Kercf JII{ eMy 9TO peUIeHIie

pa3yMHblM.' 
ita sroM JreKuHa 17 saKa'q'BaeTcfl, B cne.qyrorqefi .nerqnn uu

noxaxeii, xax $oplrty na fianam6epa noMofaer Aarb HuTepnperaquto
B IIIJI@KOCTLI nepeMeHHbrx lc Lr t.

5 +

. r&
. r '{ i{
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SAIAE']AHH9

l .

2 .

3, Meroa HaxoxAeHnfl o1uqeeo peaeHun ypaBHeHilfl c qacrHbrMu rrpous-
Bo.llliblMll Il iloncraH0BKlI SToro peileHHt B }Iaqar'lbHble yc!'IoBHg
He nBrflercfl o6ru,ltru MeroAoM peuenufl ypaeueHrafi c qacrHuuu-frliixts-nolnurnru. 

PerleHue, xoropoe paccMarpuBaercs e AaHHoft
JIeKuHr.r,-eAuHcrBeHHbIfi nputrep ucno/'tb3oBaHHs gToro MeroAa.
O6trquo HeBo3MoxHo vafnu o6uree peueHlre ypaBHeur.rfl c rracrHbrMu
npor.ISBoAHbtMH, HO AaXe eCJII,t yAaelCg 3TO CIe,'IaTb, oKa3blBaeTcff
oqeHb c,ro)xHbr\4 noICraBHTb 3TO peueHrre B r{paeBbre ycaoBufl.

3A]IAqH

O6qee perueHr{e ypaBHeHHs c qacrHbrMn nporrsBoAHbrMr.r BToporo
noprAKa coAepxur .\Be npougso/tbHbrc Qgnru1uu, a o6uree peueHue
oobrKHoBeHHOro AHQQepeHuHar'lbHoro ypaBHeHufl coAepxHr n,Be npo_
usBo/lbHbre nocmofr.HHue. JHaqHT, y ypaBHeHur c ltacTHbrMu rporrS-
BoAHbrMrr 6o.ntme peueHufi, qeM y o6urnoneHHoro anS$bpen-
IIHaJrbHOro ypaBHeHHfl .
JaMeHa nepeMeHHbrx !.Jrfr nptrBeIeHHff ypaBr{eHrrr c iracTHbrrlrH
npougBoAr{btut x 6onee npocroMy BrrAy flBd'rffercfl oAHr.rM us o6qsx
Mero,[oB reopHH. Hostre xoop4nualsr ([, 11) nptrHflTo HasbrBarb
KaHoHuqecKuuu xoop)uHamai4u. Mu 6ylerrl o6paqartca K Hr.rM
lt B Aa,'tr,Hefiruelr, oco6eHHo ltpH HgyqeHrtn runep6orurrecKux ypaB-
nenuft.

flporeplre, qro perueHr4e Aa,rau6epa (l 7.8) yAoBJlerBopfler Haqajrb-
Hbr\,t yc.rroBusM saAaqr (17.1).
noAcrasure (1.7.7) z o6ulee peureHue u(x, t ) : t1@-ct)f  { : (xf  c/)
Hr noJryqrrre tpopuy,ry,Il,a,'ralr6epa.
Hafi,4rrre peilreHrre sarauu Koruu:

i:Ail

l .

2.

r 3 .

ryqn)
(Hy) i

l l 1 1  : l l . a a t  - o o  ( . {  (  o o ,

u (x,  0)  :  e-x2
o 4 / 4 o o ,

m ( x ( o o ,
u  1 \ x ,  u ) : Q .

{r* Bblr,'rflAut' 3lo perxeHu-e- B pa3,lurrHbre MoMerrrbr npeueuu?
4. FIali4nre peuernre sa)Jartu Kou:ri:

( Y q n )  u 1 1 : u r 2 s t  - o o ( r < o o ,  0 4 l q o o ,

I  u (x, 0):0, / '( H Y )  {  - o o ( x ( o o ,
t '  u r ( x , 0 ) - x g - t " .

_ Iocrpofire rpa$ux pe[reHxfl B pasrurrnbre MoMeHrbr BpeMerrr{.
b. Peuas coBMecrHo ypaBlreHus (17.6) u nepuoe ypaBrreHrre aa (17.5),

no,'ryqure $oprrly;ru (17 .7).

r|err{r,rr 18. Oop*yl" Aun"*6.pu (npog.

flerr-1rn l8

ooPMvnA EAnAMEEPA (nPOAOnXEHt4El

I{E/lb JIEKI{l'll'L floxasarr, KaK c noMorllbro Qoplrynu
.ll,anav6epa MoxHo sailru peueHl{e Bo,'luoBofo ypaBHeHI'{r Ha
non!/oepaHuqeunod n pnuort

( Y q D  u 1 1 : c z L t * * ,  0 ( x 4 o o ,  0 ( l ( o o ,

( f Y )  a ( 0 ,  l i : 0 ,  0 4 1 4 m ,

( H Y )  l : . ' * ' o ) : / ( ' r ) '  o ( x ( o o ,
t u, (.r, 0) : g &).

,[.on o.nH u red'tbHo Aaercfl I., HTep n pera un a rlop my.nor Aa"rra rlr6epa
B KoopAuHarnofi nlocrocru x, t.

Ha npounofi neruuu 6uno noxagano, qro ecJlll SaAaHbl Haqa,'Ibuoe
cueqeune crpyHbl u(x,0):f (x) u Haqar'lbHat cKopocrb u/x,0) *9{x),

TO BHpa)KeHue

(18 .1 )  u (x ,  t ) : *L t@-c t )  * f  ( x+c t ) l+  + sG)d€

onr,rcbrBaer cMeIqeHHe crpyHbt B npog3Bo,'lbHoIft ltouesr BpeMeHu' B groft

JreKqH?r Mbr noSHaKoMtIM qltTaTens c o,&uotl nurepecHofi l{HTepnpeTa'
uHefi groft $optuy.nu B nJlocKocrt'I nepeMeHublx .r H t (npocrpaHcrBeHHo'
BpeMeuHatt u,rr.r $asonaff n,'IocKocrl) H noxaxeM, KaK usnaeunrl Sop-
rrr ny Aa.rrau6epa, tlro6ut noryql'rrb pelxeuue aa!.artr o Ko,'le6aHl'{flx
nong6ecrconewnort cmpguot,

HaqHertl o ul"IrepnperalU4u $opvrynu (18.1) n n,IlocKocrlt nepeMeu-
uaw x vt t.

lI pocrpaHcrBeH Ho-BpeMeHHas nH Te pn peral{I{ fl

Qopnnynu ,[alarrt6ePa
Ha npeAuAyqefi reKqHI{ I\tbI noKasaJll{'

{re.21 uqn)
(Hv)

j
x +cl

?

J
)c-Ct

t l 1 1 : C z L l * a r  - o o  < . f

I !&\x, 0):l (x),

\ ,,(*, 0) : g (x), 
- oo

r{To peileHue saAa,III Kotul|

( o o ,  0 ( l ( o o

( r ( € ,
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.g*r '1 ' -  -' ' )
i i
j ' i . .

, ."./.r'

i t ,

i t '

l r .
: '  L .

" . + i . | t l  ' j e r

AaErct rpoprvrynofi ,[,anarra6epa 
x+ct

1 . " ,  I  nu(x, t) :TLf @-ct\*f  (x*ct) l+i  
J s(E) dE.

.)c 
- ct

Aaauu yHrepnperauurc erori Qopuy;rsr Arn nByx qacrHbrx crrvqaeB.

CIVLIAIZ I (Hauanunoe cMeqeHue orflHtruo or Hyd'rrt HaqaJrbHat
cxopocrb panna uy.uro).

I lycrr HaqatbHble ycaoBus nMenr BHA

tr (.r, 0) : f (x),
ut ("r, 0; : g.

TorAa no Sopuy"ne ,ll,aaau6epa noJryqaeM
I

u(x,  t ) :+ l f  (x-c t \+  l ( r+r41.

O6parurucn K
BrrrepnperHpoBarb

puc. 18. I . PeureHue ,J B roqKe (xo, lJ MoxHo
KaK cpeAHee 3HaqeHue cueueuufi f (xj n roqxax

- . f

, tg) safucun on'Hdqa/thHo?o
chteqeilan 6 d6gx nwrax

( 1 6 + e i n , 0 )

peueHnr u(x,  t ) :a I f  Q-c l ) - l l (x f  c l ) l  s  r / -nro-

(xn-eto,0)  H ( . ro*c/u,0) .  3ru roqru f iBJrr lorcs roqf iaMu nepeceqe-
Hl'It fipflMblX //'

x - c t  : x o * c t o ,  x { c t  : x u * Q t ,

c ocbro x. VragaHubre nprMbre Ha3brBaarcr xapaxrepncruxaMlr BoJI-
HOBOTO ypaBHeHHfl.

'L 
**,

a - c t = r s - c l g

na flana*t6epa r35

raKyro r.rHrepnperauuo sop Mynu,ltr a.narrt6epa'peufiM

.rilr{

, r

I4cnonrsya
SaAarIy

(yqn)
( r8 .3)

(Hv)

Ha puc .  lB
a He u, x, KaK

PHC. 18,2. Peuresue
BoJtnbr, 4auxyqeirca

Tenepr saftL{etucq
Haqa,' IbHoe cMe[IeHHe
BOJIbHA,

- o o ( r ( o o ,  0 ( l ( o o ,

l ,  - l  <  x < 1 ,
0 s ocraJlbnblx roqKax,

(

l
I

. 2
B

l l f i :  CzI lxx,

(
a ( x , 0 ) : {

u1(x ,  A1:0 .

pelxeHr{e nso.6paxeuo B nJIOCKOCTI'I nepelreHHltx x, l,
rr peAbrAyqef JIeKII.{II.

eaAaqH KorrrI ' t  (18.2) n xl 'n,rocxocru: a- irepeAuufi SpoHt
HaJreBo; 6- sainufi $ponr aonrrsr; o- nepe4nuil QpoHr Bon'

Hbr, ABr.rxyqeficn uanPano.

HHrepnperauuefi $opruy.nu .[l.a;rau6epa, xor4a
paBHo HyJItO, a HatlaflbHan cKOpOCTb npol'13-

C,rII'I{AIZ 2 (Haua.nuHoe cMeIIIeHI"Ie paBHo HyJIto, Haqafibwas cKopocrb

npouseonrua).
Paccrraorpnu HaqafibHhle ycJIoBI{fl BHA,a

a (x, 0; :6,
us(x, 0): g (x).

Peuesue B gToM cflYqae HMeer BHA

, 
**ott

u(x,  t \ : ;  J  s(E)dE.
E'ct

c + c l = - l

u (c , t )  =  A
c - c t = l

, ' l  t  * \ = f tu  \  * t  e  t
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3uaqeuue
KaI{ }rHTerpaJr

06ttacnu I

t +  c t = - l

a ( r , t ) = i ,

ainacm 2

BeJIHqHHILJ B ToqKe (xo, to)
or HaqaJrbHofi cropocru n

t

MO)XHO rrHrepnpeTHpoBaTb
npeAeJrax oT .ro-cto Ao

a 06,1dcnb 4 06nacno 5

t - c t = l

u ( r ,o , t0)

c + c i = r o + c t o
g- cl =eo

(xs- ct  s ,0) (co+cto,o)

PHC, 18.3, ?lnrepnperaqufl saAaqn c saqarunofi cKopocrbto s x/-nnocxocru,

xnf.cto (pnc. 18.3).  B xaqecrne npHMepa Ha plrc.  IB.4 npunoAr.rrce
rpa$uuecras r.rnrepflperaur.lfl perxeHufl saAaqu

r y q n )  u 1 1  : c z u r * ,  - o o ( x ( * o o ,  0 4 l 4 o o ,
#8 .4)  

' � :
\ _ _ _  ,  (  u ( * , 0 ) : 0 ,

( H Y )  I  l t ,  - l < x 1 1 ,
[ ' t t " '  

o ) : t  
o ,  B  ocra i lbHbrx  cayqa 'x .

B KoopAr.rHarax (x, t).

' l '
I
I
I

0dnainL
\l = l/c

lr,

f
f;

l + r + c t ) l  - a  r " l

2c ? r j ( r , t ) = o

---.-_>a

PVIC, 18,4, Peuesue saAaqu (18.4) s .rl-n,5ocxocru.

3a4aua (18.4) onucurBaer noBeAeHHe crpyHbr, xoropofi cgo6uraercs
IiaqaJrbHar eAr.rHHqHae cKopocrb Ha orpe3Ke _l <x( l/CrvreuqeHue

i i r s l

onucblBaercn $oprr,lynofi ,ll,a;rarr'l6epa
tt+c,

u (x, t): + 5 s (E) dE:
t t -Ct
x+c t  :

I  f  - rA t  tw  , )€  o6 , rac r r r  l ,- 6  
J  

v s b t  \ ' t  t

t(-ct
x+e l

R

(18.51

3ro peueHue
puc.  18 .5 .

l e:+ \ dE, (x, 1) € o6nac'ru 2,
4 r )

- l

l f & t- -- \ c!, tx, /) € o6,racru 3,
aL Ll

+ l
I

I  C  , *  t ,:+ J dE, (r, /) € o6.nacrrr 4,
x-ct
t (+ct

l c:+ \ 0d€, (x, t)€. o6.nacru 5,
. v J

e - c t
x  +e t

l C /: -l \ dE, (x, /) € o6nacru 6.
4 L J

x - e t

B pag,'lllqHFie N,tol\{eHTbI BpeMeH}I uso6paxeHo

t t&

r'
-1 I

PtlC. 18.5. Peuenxe sa,4aua (18'4) B pa3J'II4qHbIe MoMeHrbI BpeMeHI'r.

Sruu sanepuaercfl Halxa HHrepnperallus $opn'ry;ru .[lanam6epa
B nJIOCKOCTI.I nepeMeHHbIX .f II l. B OCrasueftCg tIaCrU JIeKIII'IH MbI

saiiueucr . peureuuenn cueuraHuoii saAaqg AJIfl nony6ecxoneqHoft
crpyHbl:

( Y q n )  i l 1 1 : c z t t l 6 s t  0 4 r 4  o o ,  0 ( l ( o o '

( f Y )  a ( 0 ,  l 1 : 9 ,  0 ( l ( o o '
(18 '6 )  (  u (x . ,o l . : 19 ) l  

o4xqoo ,(HY) 
t ,, (t, o):g(x). u
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PerueHne BaAaqH Aflfl nory6ecxoHeqHofi crpyHbl
c noMou{bro QopMyJrm r(atana6epa

Haua sa1aqa-uafirn BoJrHoBbre ABr.rxeHflfl nony6ecroneqsoft
crpyHbr, neeoui rcoueq rcomoport gaKpenneH, rrpu 3aAanHbrx Haqa,'rbubrx
ycJloBr.rflx. ,{nn peueHrrr, saAal.u (18.6) rurr BocrroJrb3yer\{cn reM xe
npI,IeMoM, rITo n rlpl,t orbrcKanrlu o6u{ero pe[JeHufl Bo,'ruoBoro ypaB-
HeHnn Ha ecefi npauoft. lloAcrasflss o6ulee pemeHr{e

u (x, ty: q, (x -ct) f rlr (.r f ct)

B HarraJrbnbre ycJroBur, HaxoAHM (xax n npeAbrAyqefi nexuurr)

rp(x-c t ) : f ,  t@-ct1- |  j  s te l  dE-Kt2c,
(18.71 J:"

\pQc+ct):tr f  @+'q++ S s(E)r/E *Kt2c.
ts

Tenepr nepeA HaMH npo6neua, roropofi He 6u,ro B 3aAaqe o 6ec-
xoHeqHoft crpyHe. PeureHae u(x, t) AoJr)Krro 6urr oupe4eJleHo BcoAy
roJrbKo BHyrpH nepBofo KBaApaHra (r ) 0, I > 0) rrJrocKocru rrepe-
MeHHhrx x u t, 3navut, r\{br AoJr)KHbr yMerb BHqucJrr-{rb $yHxquu

qQc-ct)  npr4 Bcex -oo ( x-ct  (  oo,
p \x !c t )  r rpu  Bcex  0  1x*c t  1co .

K coxa.nenr{ro, repBafl us $opuy.n (18.7) no:eoJrfler Bbrqrrcdtrrb
q(x-ct) roJrbKo npu x-ct )0, nocxonbKy B HaqaJrbHr,rx Aar{Hbrx
QyHr<quu f (x) u g(x) onpeaeJreubr roJrbKo A,tR [oJroxrrre,'rbHbrx srra-
qeu[ft apryMeHra.

Ecnw x-ct)>0, ro rocrre roAcraHoBKu (18.7) B o6qee peueHt{e

nOfiyrlaeM

u (x, t) : rp (x- ct)+q, (r + rl)

t t ( x ,  t ) : p ( x - c t \ * r ! ( r * c l ) :  
E + c t

I  _ -  |  n: ;Lf g-ct)f /(xfct) l*e; 
J sG) d6.

tc- ct

,*;.tf .

d .
' / f

t:{

* r i '
.v'

*:..-
i . i  ,:

r*F

i

t{to xe AeJrarb, {.lrrr tt { cf? flpuruJra flopa BocnoJrbsoBarbcr rpa-
HHTIHbTM ycJroBr.reM u(0, t):0. C ttoMorllbro groro rpailHquoro ycfio-
BI{r Mbr AoonpeAeJuena QyHnrluro q(x-ctl npw ,x{ct. Anq orono
IroAcraBHM o6qee perxeHne u(x, t l :p(x-ct l f t*Qc+ct l  B rpanr.{q.
Hoe ycnoBlte a(0, l):0. B pesy.nnrate nonyunm q(-ct):-rp(cl),

!;o;iA,

'  
! .  . :  .

Jlexr4rr .|8. Oopmyna flanarl6epa (npononxenre] 139

ii

orKYAa 
ct-*

cp(x-ct) : -+f  @-g-[  J sfE) dE-Kt2c.
X6

floAcraHosxa gToro BblpaxeHut A,Tr q s o6qee perlenxe ,Qaer

,  , n * "u(x, t ) : t r t t  @*ct)- f  (ct_�x) l++ j  s(E)dE, 0 <x 1ct.
c t - *

Kou6unupyfl pe[JeHr.rfl AJrA )t 1 ct vt x ] ct, oKoHrlareJtbHo no.nyqaeu
(u'a. puc. 18.6)

(  n * ' t

i  * f t  @-c t ) * tk*c / ) l * j r  J  *G)de,  x )>c t ,
|  

-  
, - r ,

( 18 .8 )  u  ( x ,  l ) : \  x+c t

i * t t  @*co- t@t-x ) l++  J  sG)dE,  x1c t .
t ct--."

SrHu saBeprilaercr Harrra JreKunr. Hurepnperauur perueHna (1S.8)
6yAer npuneAeHa B 3aMeqaHuttx.

,  a l  c t
| ( ModuQuuupo6orltaa
I qopug,na !,onoudepa)

/

f

I  4 - L '  
t > c t

/ tQoprgna fi,anaudepa)

z + c t = l ' s + c t g

|t

g + c t = c f g - r e

( cto - ao, 0) (eg+ c tg ,0 )

PI4C. 18.6, Hxrepnperaunn sanaqr Koura gan raly,orpanilqe$Hoii crPynd B
.rf-nlocxocrv: a-aosuyuteHne orpaxaercs or rpauu[bt.; 6 -Bo3xyuteu]le pacnPocr-
pansercs BAoJrb xapaxrepucrhKl n3 Tortxu (r0+ct0' 0).

't'1eti
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SATYTEITAHUfl

I . Peu:eHne ( I 8.8) nonuocrbro coorBercrByer HauH\{ rr peAcraB,rreHufl M
o nony6ecxoueqsori crpyHe c rpannrrHbrM yc,'roBrrer'1 tz(0, l):0.
[lpu x]ct ouo coBnaAaer c Qopnry,rofi .4,a,carvr6epa lnn 6ecxo-
He.{Hofi crpynbr. Ec.uu x 1ct, ro Sopuyna uo4uQHur.rpyercfl ra-
xuru o6pasoM, qro B Hee BKJIIoqaercr Bo,'rna, orpaxel{Hafl or rp,a-
Huqu (npu orpaxeHr u gHaK BoJIHbI r\{enflercg Ha ttporr4Bono,rox<nufi).

2 .  Ecnu fpauurrHoe ycJIoBHe u(0,  t ) :0  n3rr leHnrb Ha Apyroe,  To 14
perueHlle (18.8), ecrec'rBeHHo, fi3Me]rr{rcn. Moxlro no,'ryrrurb B
flBHOM Br.rAe peuellrrs AJrfl fpaHnr{Hblx 5,c"'roolrfr

u (0,  t ) :  f  ( l ) ,
I{JIH

a, (0, / )  :0.

Aono,{Hurelruyrc llH$opN{auuo no 9rr.rM Bonpocai\r qnra'r'eJrb Mo-
xer Hafiru B JrrlTeparype, yxa3anHoii n xon[e KHur{.

3. flpnuue ili lHHH
,c*c l :cons t ,
)C-Ct :  cOI lSt

HasbrBatorcfl xapaKTepncrnKaMll. BosmyueHue pacrpocrpaHflercff
BAoJrb xapaKTepr{crur. f lounrt{e xapaKTepucruKrr recuo cBfl3aHo
c ypaBHeHHRmu rHnep6o,'rlrqecKoro rura.

SA,tl,ArIA

l . Peurure cMeuaHrlyrc saAatly 4ln nony6ecxonequoii crpyHbr
( Y q n )  i l 1 1  : u y 5 t  0 ( x ( o o ,  0 4 l 4 o o ,

( f  Y)  u  (0 ,  l ) :0 ,

I  u ( x , 0 1 _ � y s - * ' ,
( H Y )  { . '  :  o < . f ( o o ,

I  u t  ( x , 0 )  : 0 .

flocrpoilte rpaQlrxH perileHr.rfl AJrfl pas,r qubrx r\{or{eHroB BpeMeHu.
.[,na peureHur npeAbrAyqefi gaAaqn r\{oxHo Bocno,'rb3oBarbcfl cJre-
AYIoIrlr.rtr,t aJIro prr rrvlor\I :
a) npo4o.nxxTb Har{aJrbHbre ycJroBnfl Ha Bcro 4eiiclnnre;lbnyio ocb
no Qopuy.ran

U (X, 0): xe-xz, - oo ( t < 0,
u 1 ( x , 0 1 : 0 ,  - o o ( x ( 0 .

6) ycpeaHurb ABe BoJrHbr, ABH)Kyu{HecE--l#lJreBO r{ HanpaBo (rar<
ero 6uno B npeAbrAyutefi nerqHra);
o) paccuorperb no,ryqeHHoe peuenue npu x20.

l .
It
f

I

2.

*;8.

Plcnonrsyn gror aJIropI.IrM' nocrpoftre rpa$uxu pelxenut Ans
pagrHrrHblx MoMeHToB BpeMeHI4 t' ecrH HaqaJlbHoe ycJIoBHe 3aAaHo
rpaQnuecxH.

u

Peurure cMerxanrryro gaAarry 4la nony6ecroueqsoft crpynbt

g ( V q n )  u 1 r : c z l t * * ,  0 1 x ( o o ,  0 q l 4 o o '

[ ( I Y l  u * ( 0 ,  l ) : 0 '  0 ( / ( m ,
(  u k . 0 ) : f ( . Y ) .

(Hv)  
\  u)w,6t :0 .  

"  o<x(  oo,

BocnonrsyfiTecb N{eroAo[,r, aHaJIofIrqHHM paccMorpeHHoMy B rex-
qun. Aafire $ueuuecryr,o HHrepnperaqurc srofi saAaqn.
llpe4nonoxnr\{, trro xo,ne6aHss cTpyHbI onficblBalorcs ypaBHeHueM
u,11-trap HaqaJrbHoe cMeilleHne us,o6paxeuo Ha pHcyHKer 4 H8-
qafibnat cKopocrb paBHa HyJIIo. tr4so6paeure peuenlle arofi sa-
,qaqr.r B xl-nnocxocru. O6parute BHHN{aHLIe Ha ro, qro Haqarb-
HHe ycJroBHs n arofi 3aAaqe pa3pblBHbl.

4,

uQ,0 )  = f ( c )
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flerqr,rn 19

BONHOBOE YPABHEHIAE
v1 rPAHhr{HbtE ycIloBLlt

IIEJIb,rlEKtU4hr llosHarorrlnrb qurareflq c ocHoBHr,rMr.r
Tr{naMrl rpaHurlnbrx yc.nonufi AJIn BoJrHoBoro ypaBHeHHn

u f i : c 2 t t x x ,  0 < x < L ,  0 4 1 4 o o ,

HA KOHCTIHOM OTPESKC.

B Aanonefiurerra 6yayr paccN{arpnBarbcs rpr.{ ocHoBHbrx T'rlna
rpaHurtnbrx ycnonrft.

l. 3a1annotii pewuu (rpanuuHue ycJloBrrfl l-ro poaa)

u  (0 ,  t ) :  9 rU) ,
u(L, t1: E'U).

2. 3adauuote cu/tbt (rpaHuuHue ycJroBr.rfl 2-ro poaa)

ur (0 ,  t ) :  g r ( ) ,

u, (L, t) : gr?).

3, Unpgeoe saKpen/leHue (rpaHauHue yc,roBr{R 3-ro poaa)

u*  (0 ,  t ) -1 , ru  (0 ,  t ) :  g ,  ( l ) ,

u * (L,  t )  -y,u ( I- ,  t )  :  E, Q).
Moryr Bcrpeqarbcff rd npofi3BoJ'rbnsre xol,r6usartr{H grHX Tpex

TrlnoB rpaHuqHbrx ycronufi. B .nexIlnu 6yaer ilor(a3aH $r.r:u-
qecxuft cMbrcJr 3rr.rx rpaHnunux yc.nooafi.

Pltax, noxa qro Mbr paccMorpeJla eAHHcrBeHHsrfr suA Bo,'rHoBofo
ABI.Ix(eHr.rR-nonepeqHlre xone6aHns crpyHbr. Llurarenr Ao,'I)KeH no-
HnMarb, qro gro roJrbKo oAHH i4g Br.rAoB BoJrHoBblx Aeuxeufift.

Hgxe npHBeAeH nepeqeHb ocHoBHbIX Tr.rnoB Bo"'IH:
l. 3nyxonue Bo,'rHbr (npo4onnHue no.nHu).
2. 9nerrpoMatuuTHbre BoJlHbr, B ToM qr{cJle cBeroBble.
3. Kone6assn rBepAbrx reJr (npo4onruue, ronepeqHbre tl Kpy-

Tr.utbHble).

'i"

fl

i$t -,
wn
i  i r "
ir;t.
:,1:;

g . ;

..

i::,
: 1

,Ii,,'

4.
5.
6.

Bo.rrun BeposrHocrlr B KBaHTosoft N,rexau[Ke.
Bo.nnu Ha BoAe (nonepeuuue nonnu).
Kone6annn crpyubr (nonepeunue se4nu).

| ;it.

Iexqnn 19, BonHosoe YpaBlery r43

I{enu naurefi nexuur-l -o6cyAurt pa3flHqHbre rnnbl rpaHl.iqHblx

yc.lonuli, t{oropbte Bo3HLIKanr npl{ peueHI.ru $usuuecxHx sa,l laq B9JI-

HOBOTO XapaKTepa. l l tt ocrauonguCn TOJIT,KO va o\Uo6epnom sailaqax

U ;lrrueiinuX rpaHl.luHutX ycr' loBltt lx. O6H,lHO pa3r'lHqaIOT rpaHHqHble

vc"'toBH'l Tpex TilnoB.- 
l. 3adiHfLue pew,.*u s epaHuqHbLx moqK&x (rpaHrrrtHble ycJloBufl

l - ro po4a)

rr (0, /) : 9' (t)'
u ( l-,  t1: gr(t).

cuJtbt s epaHuqHbtx moqKut (rpauuuHue yc.nonnn 2-ro

u*(0,  t ) :9 ,  ( l ) ,
u * (L, t) : gr().

saKpenleHue I epaHwtHblx moqKax (rpauHuHue yc.lo'

rr" (0, l) -1 ,u (0, tl: g, (l),
u ,L,  t ) -yru(L,  t '1 :  gr ( t ) .

Mu saqnelt c rpaHltqHblx yclonllf i  l-ro poaa.

1.  3a.nauubre pexuMbl  B rpaHHqHblx roq l (ax.

Haril npeAcrolrr pelultt 'b saAaqy BHAa

( Y L I [ I )  u t t : c z t t x x ,  0 < . x (  l ,  0 4 1 4  o o '

/,-YI l " 
1?' 

t,l.: e'lt').' o 4 / 4 oo,
( 1 9 . 1 )  \ r d '  I  a ( 1 , t ) : g r ( t l ,  

v \ '

(  u ( x , 0 ) : / ( x ) '
(Hl ')  

i  u,{",  ol :st*),  o(r:{  I '

B Koropbrx t{oH[eBble roqKu coBepuaor 3aAaHHbIe ,qBHxeH]It (pxc.

l 9 .  r ) .

":*

2. Sa1annarc
poaa)

3. Unpyeoe
sur 3-ro po.ua)

u 16,1; *  g,  ( l )

1,fi = gr(t)

Pllc. lg.l. Kouuu roaeonxruieiicr crpyHH coBeprlapr saAaHnble aDuxeHl|t.
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I

i '

#"
E -

Xapar<repuan
crepxHg, nesttfi

3aAaqa 3TOrO
r{oHeu KoToporo

Tiirra - KpyruJIbHbte ronebaglts
3aKpenJreH, a npanufi f loBopaqn-

. t  
_ r .

I t ,
,*$

Baercs Ha HeKoroprrf i  yron (puc. 19.21

u(0,t)=0 u(1,t) =t? .?:i:L

PHC. 19.2. Kpyrn,rsrrure none6autts clep/l(rt t l ,

O4ua ua BaxHblx 3aAaq t l tareltaruqecxoi i  reopltf i  yf ipaBJIeHl.{f l

cocror{r n onpe)etteuuu taxoit QyuxuuH gr( l) ,  uro6bt 3a N'tt ' tHHN{aJIb-

rroe BpeN{n noraclrrb xone6agtl l  B c'rpyHe.

2, Sarantlbre cuJrbr B rpattuqnr,tx rotl l iax

Bepmurcattottbrc cuJxbt, 4eficrayroqlre I{a Jtegufi u tlpaeuli Koneu
crpyHbr,  onpeAeJrrrorcn BbtpaxeHtt l t r tu  Tt t ,  (0,  / )  r r  Tu"(L,  l ) .  Ecna

PI'IC, 19.3. Crpyua co cuo6oaut'rltn Korrqartfi.

KoHeIl nepeMeulael'cr BAoJIb Beprut{arrbHbtx Hanpats.rR;oqtlx 6e: rpe-
naa (cnn. pnc. 19.31, ro rpaHHr{Hble ycJIoBHfl npttt l i l \ ' talor BII.f

u r ( 0 ,  t ' 1 : 0 ,  u r ( L ,  t ) : 0 .

fpaunuHue yc,'IoBufl arofo runa Bo3HHKaror B c,'IeAyIoirlHX AByx nptr-
Mepax:

a) flpo4o.nrHue xo,re6asun npylKrlHbl co cso6oAllttN't Kor{tloNi.
Paccuorpure xo,le6assfl npy)Kl.rHbl, a3o6paxesnoir Ha pHc. 19.4.
6) Kone6aur4n npyxr.rHbl noA Aefictelrent cu,'Isl, npuno;xenHoii K

oAHol\{y KoHUy.
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Ecau cnJra Be,rruqurrl,r Lr (l) auH
x: l .  (uanpaeneuuar BHLI3 cH, ' ta
f parrHrrHoe ycJroBHe 3arurcbrBaeTcfl

K KOHtly I Ipy]KHHH
no,roxrrrenluoft), To

u6 , t )=0
xotte4l

c( f , f )  =o

(c6ododnwfr
K0He4)

.4. flpyxrHua co coo.
KOHUOIU,

npI,|"'IO)KeHa
cquTaeTct

B BHAC ,I

I
, a r ( 1 ,  l ) :  k u ( l )  ( k - u o a y . n r  I O H I a ) .

B cnyuae rpaHlrl{}rr,rx yc,roorzfi 2-ro
PO,SA KOHUbI CTPVIIbI (H, ' ]H IIPY)KHIItsi) HC
o6nsanu Haxonurbcfl  B 3aAaHHoM no,' Io-
xeHnn. flo,q Aefic'rener,r cHJr KonueBbre PI4C. 19
'roqKn yqacrBytor B ABltx<eHfiH. floao6- 6oAtisttr,r
Hbre 3aAaqH Bo3unKanr n $ l tauxe,  I IanpH-
Mep rtprt lr3yt1g11r" xone6asnli 9,'IeKTpogoB B S"IeKTplrqecKoM [oJIe.

3. Vnpyroe 3aKpeflJreHHe Kor 'ruoB.

Paccuotplru, HaKoHeu, cKpunHqHyro crpyHy, KoHur,I  xoropoft
yfipyro 3aKpe[Jrerrbr. Cxerura ynpyroro saKpenJreHun uso6paxeHa Ha

u

pt' lc. 19.5. Cxena ynpyroro 3aKpefl, 'reHns: la-xogQ$ilqneur yrlpyfocrn npyxlrHH
(pacrnHyran npyxnna).

puc.  19.5.  [ lpyNuuxN, 3aKpenJreH] ibre K I (oHqaM crpyHbr,  co3Aaor
BepTrr Ka,l bHbre c r,'rbr, II porropr-lH oH aJlbHbre c NIerqeHHf M KoTIII0B:

Cueqenue JreBofo xoHtta:u(0,  t \ ,
CueqeHae rpaBofo KoHIta :u(L,  t ) .

Vcrrn l rR,  Koropbre co3Aaorcn npyxuHKaul{  Ha KoHqax crpynbr:

Beprrrxant,uoe ycHJIr{e }ta , ' IeBoM KoHtle -Tu*(0, l),
BeprrrNanunoe ycu,'rute Ha npaBol,r r.oHqe - -Tu*(L, tr,
(T - uar n>xeuue crpyuur)

c ToqHocrbro Ao r\'1Ho,'Kr.rre,'rfl h (lt-xoz$$zuHeHt ynpyrocrH npy-
xuHNu) paBHbr nepelreqeHrrHru. CrcpAa no"[yqaeN{ IreKoMbre rpanltq-
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Hbre ycJloBl.is

(re.2)

Orueruu, qro
r, (0, l) raxxe

h

u, (0, /) :7 u (0, /),

u,c(L, l ) :  -+ u (L, t) .

ecJu.r BeJIHttHHa Lt(O, l) nonoNtlreJlbHa' To BeflItqHHa

loJroxHTeJrbHa, ecJtH u(L, t)  11o, ' lo)KHTeJIbHa' To u*(L, t)

PHC. 19.6. BogHuxsoneHue HeoaHopoAHblx rpaHltrtHbtx yc. lorl t f i  ]npyrcr-o
aeHus: ft-xo:tpQu uHeur ynp yrocrl'l np yxllHbl.

ol 'puuareJlbsa. O.qHopo,&Hble rpaul lqHble ycJlonun (19'2) MoxHo

carb B Blu,e

(1e.3)

3aKpen-

3arI l-

u. (0 ,  \ -$ r l  (0 ,  t ) :0 ,

t t ,  (L,  t )  + I  u (L,  t ) :0.

EcuH o6e npr.rKperrJreHHHe npyxHHKu coBeprxarcT 3aAaHHble .&Bil)Xe-
wrr 0r(l) u'0r(t) (c"t. puc. 

'i9.6), 
ro npitxoArlr*r x neo1napo1xotitt

rpaHHqHbIM yCJIOBI.itNt

u*(0,  T) :#Lu (0,  0-01 ( l )1 ,

u,(L, T): -  +fu (L, f i -ar(t) ] .

SrUu Ulr gaBeprxaeN,t o6cyx4euue Harz6olee BalKHblx TpaHI4qHblX

yc.nonufi, cussauH;o,x c run6p6o;ruqecKHMlr 3a.naqaMH' C"reaynuue

HecKoJrbKO .ilexUHti MbI IIOCBflTIIM perueHulo 3a.A29t Co,qeplxaqllX nO-

,uo6uue fpaHuqHble YcJloBIls.

3AilEqAHT4fl

l. B nexuuu He paccMaTpllBaJlocb rpanllqHoe ycJloBue eule o,u'Horo

Tuna, KorAa crpyHa noABepraercs aeitcreslo cIlJlbI' nponopll l l ]
ga,rlHofi cropocrlr H HaIIpzBu'leHHofi s nporuBonoJIoMHoM HanpaB'

\

fiodduxnuil xoY,eu
npgxuHu

u Q , t ) - 8 2 ( t )

2.
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JreHr,rH. fpaHuuHoe yc/roBr.re raKoro rnua (Ha .IIeBoM xoHqe) eann-
CbIBACTCfl B BITAC

Tu*(0,  t ) :  -pur(0,  t ) .
HenuHefiHoe ynpyroe 3aKpe[.[eHl.{e JIeBoro KoH(a rnfaeo4ur K
rpaHr-rqHoMy ycJloBHFo BLrAa

Tu* (0,  t ) :  rpLu (0,  l ) ] ,

rAe q (ri) -npousBo,'rbHas SyHxqun BeilHtrrHbr u.
Harrpnmep, rpaHriqHoe ycJIoBI.Ie

Tu* (0, t): -hu" (0, t)

roBoprrr o roM, rrro Bo3Bpaiqaoqafl cHr'Ia Ha JIeBOI\{ I(oHue npG'
nopuuoHa,'Ibua Ny61' clretqeHr.rff (a ue nepooft creneuu l, l, xaK 3To
6yaer cor,'racHo 3aKoHy lyxa e luHetiuotr,t cnyvae).
Ecna x Hr.{xiHeMy KoHIry npyxI.IHbI, coseprxaioqeft npoAo"IbHble
KoJre6aHr.rs, npHKpelrHTb r\1accy ftt, To rpaHHr{Hoe ycJIoBI{e cJIeAyer
Sa(aBarb B BHAe

nu r, (L, t) : -ktt, (L, t) { mg.

SANAqH

,tr]-.

,Y!--""r

l .  Onapancb Ha HHTynrHBHtrr€ npeAcraBJleHur o rpaHuqHbIX ycf lo-
Btrflx pa3JrlrrrHbrx 'rrjIIoB, H3O6pa3Hra o o6u1nx qepTax pelxeHHe
3aAaqr-r

( Y q n )  L t r r : c z t t * * ,  0 ( . r {  l ,  0 ( l (  o o ,

( rv)  {  
" j : '  

1 ] :? l - ,  o< r (  oo,
t  a  ( 1 ,  l ) :  s i n  l '
I  u  (x .  0 l  :0 .

( H y )  i  "  ; .  ^  0 ( x ( l ,
t  u t ( x ,  U ) : U .

B pa3Ir4rlHbre MoMeHTbI BpeMeHLL
2. L4so6pan rb B o6qux qeprax peuenrrfl saAaqx

( Y q f I )  I t p : t t s 2 a t  0 4 . r 4 1 ,  0 ( f ( o o ,

.  (fv) { ; j?; j}; ' ; ,  o 4,1.o,

(HY) ,l u (x' o): sin (nxl2l' 
o { r ( 1,

\  u r ( r ,  o ) :0 ,

B pa3fiHrrHbre MoMeHrbr BpeMeHH. Mor.nn 6u pst ynaAarb peueHue
eroii eaaa,rll?
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3. Bo qro nepeli,4er rpaHltriuoe ycJIoBI{e

u,(0, t1:#tr(O, l)-oi  ( l ) l
rrpH
a )  h *  a ,
6 )  h - 0 .
Corracyercfl JrH pesyJrbrar c gauefi Hnryuullefi?
tr4so6paeuru s o6r{rrx qeprax peueHlle 3aAa'IH

( Y q n )  u 1 1 : t t r 1 6 t  0 ( x ( l '  0 ( l ( o o '

I  u  ( 0 ,  l ) : 0 ,
( f Y )  { . .  0 ( / ( o o ,

I  " , ( l  , l ) : - u ( l  , l ) ,
I  u  k . 0 ) :  x .

( H Y )  i  
' , '  

; ,  ^  0 ( x ( 1 ,
I  u r ( x ,  U ) : U .

[.:
' t :

; ,
! i ,
: i l

fierqrn 20

ll

i , -  r . ,  I
I r "

KONEEAHIAfl OTPAHI4I{EHHO'| CTPYHbI
(cToflr{l4E BonHbD

i.i

.,,t.
(l.

: r l .

LIE/lb "tlEKt{l4l4t floxagarl, tlro peuegge cuemausofr ga'
,u,aqr.r Aflr nofiepequbrx xone6aHufi crpyHbl

g f , Y r { n )  u r r : d , z t ) r " ,  0 1 x 1 L ,  0 4 l 4 o o ,

{  a  ( 0 .  / ) : 0 .
( r v )  {  ; , ' ^  ;  0 4 r 4 o o ,

l l l ( L ,  l ) : u ,

t  u k.  0\ :  I  (x).
( l - lV ' l  {  

"  n ' -v (L ,\ - - - ,  
I a 1 ( x , 0 ) : g ( x ) ,

Molr{Ho Hafttn craHAaprHbrM NreroAoM pa3Ae,'Ienufl nepeMenublx.
fIpH arou oKasbrBaercff, qro peueHue u(x, t), ttpeAcraBreHHoe
B Br.IAe pflAa 

@

u(x, t) :  -4 X, (x)7,(t) ,

ffBfiqercfl cynepno3rrureft npocrefiurux rone6asufi. ilpocmpau'
cmeeHHan qacmb Xr(x) Ka)KAoro gJlet\'IeHrapuoro xone6aHus
rBrnercfl perxeHueM (co6crueHuofi Qynxuueft) uexoropoft xpae-
nofi saaaqu lllryprnra -Ihlyeu.rnn.
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I4rax, uu Hayqx,Ilncb pelxarb Bo,'rHoBoe ypaBHeHHe il61: czur*
Ha eceft nprruofi -oo ( r < oo. Oopnay;ra {a"'ranr6epa trpeACras-
Jrfler perxeHue B BI.rAe cyMMbI aeyx deegryux BorxH, pacnpocrpaHrtio-
uII4Xcg B npOTI4BonOJIO)KHbIe cTOpOHbl. l.Cr' lf i  )Ke paCcNIaTpUBaTb 3TO
)Ke ypaBHeHr{e Ha o?paHu\eHHoi4 npoJrteJfigttlKe 0 1 )c < L, ro 6eey-
r4ttx so,rn yxe He craHer, 'r 'aK KaK oHI{ 6yayr nsauuo4elicrBgBarb
c rpauurraMu. Bnecro HHx Bo3Ht4Kamr Apyffie BoJIHbI, xorop6r6 ua-
3brBarcT cmoflqurtu BortHarru. f locuo'rpuivr, HanpHN{ep, uro cnyuurca,
ecJrH rHTapHylo cTpyi{y, 3aKpenJleHl{yro B Tor{Kax x : 0, x : L, n pfi BecTLt
B ABrrxeHHe. Ang orBera Ha gTor Bonpoc Harlt seo6xoAl.rN{o peur{Tb
cJreAyoulylo .cMeuaHrrylo saAaqy runep6o.nnuecKoro rHIIa:

(vqn)

(fv)

(Hv)

l l 11 :O .2 l t * * ,  0  1X  1L ,  0  <

I u ( 0 ,  l ) : 0 ,  t , ,
i u ( r ,  / ) : 0 ,  o ( l ( o o

I u (x, 01: I (x),

t r , ( r ,  o l : g t r i  0 ( x ( L '

l ( o o ,

OxagHeaercfl, B 3ToM c,'ryqae 6eryullte BoJrHbI orpaxatorcfl o?
rpaHr.rrl raKHM o6pasou, r{ro pesyrbrnpyroqtze rone6asnt cranoBrrcfl
ne 6eryulurrltr, a coxpaHflIorrlHN.rr{ Qopl,ry B oAHolr{ noJIoxeHI'IIt, T. e.

-4- --.-\\-
&-\-\--=-:ll-------=t''

X1(c)11 Q)= ocno1nan zaPl'4oHuKd

Xr(c)I2(t) = 1nopaa ?dpuoHu*q

Pt{C. 20. l. Tpn tanuuHorx crorqnx eo,' lHn X (x)T (t).

rrpeBpaqarorcfl B croflqne BoJrHbr, Hecro,rmo npHr\'repoB croflrfix
BoJrH [oKa3aHo Ha puc. 20.1. Ec,rx HgBecrHbr npoQunn 3THx crofl-
qr.rx BoJrH X,(x) H xapaKrep rone6auuti x.axAofi BoJIHbr T,,(t), ro
perxeHlre sahaq-v o rone6auv Rx rurapuofi crpyHbr ttpeAcraB,rifler
co6oft cynepno3uuulo npocrefiruux rone6auuft X,(x)T o(t) u sanu-

X3(c)13(l) = npenbn ?ap/ioHuna
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(yqII)

(20.1) (fv)

(Hv)

uafi,u.eu cHaqara
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EbIBACTCfl B BH,U.E
@

u ( x ,  t \ : 2  r n X n @ ) 7 , ( t \ .

EAuucrneuHoe, qro ocraercfl .; '.rrr" Har\r,-sro noao6parr roatp
rlunueuru cn rar, qro6u npfi l:0 y,uoBJrerBopsJrlrcb HatraJrbnbre
ycJroBnfl u (x, 0): I (x) n u1(x, 0) : g (x).

3aaaqy o role6asusx rurapHofi crpyHbr Mbl peur4M MeroAoM
pa3Ae,'IeHnr neper{eHHblx.

Peureuue Ba.[aqu
o KoJreoaHusx orpaHHqeHHofi cTpyHbr
MeTOAOM pa3,[eJreHHfl [epeMeHHbrx

Ierqrn 20.  Kone6anxr orpaHr. tqeHHof i  crpyrsr  1 5t

re,rsHoft KoHcranTbr I: - p2, vro6u BbrpaxeHr.{e

(20.2) u (x, t\ :[C sin (px) f D cos ($*)]lAsin (apl) f B cos ("0t)$
(

yAoBaerBoprro rpaHHrrHbrM ycJroBHrM. Ecnu sro yAacrcn, ro Mbl
6yaelr pacnoJrararb MHoxecrBoM npocrefiurux xone6asufi crpyHbl,
KaX{AOe H3 KOTOpbIX yAOB,'IeTBOpgeT ypaBHeHHIO C qacTHtIMI'{ IIpoI{3-

Bo4r{brMr.r r{ fpaHHqHbrM ycJroBtrflr\,r. 3areu oc'taHercfl ToJrbI(o Ha&r{
raKyto rHHefiH),ro xou6usauurc gruX xone6aHuri, qro6ar cyMMa
yAoaJlerBopflila HaqailbnbrM ycJroBuRu npu I:0.

floAcraHosxa (20.2) B rpaHaqHbre ycJroBur u (0, t\:u (L, l;:g 4nst

u  ( 0 ,  t ) :  X  ( 0 )  T  ( l ) : D [ A  s i n ( o p l ) * A c o s  ( g p l ) ] : 0 = + D : 0 ,
(20.31 u (L, t1:  X {Ll  T ( t} :

: C sin (PL)lA sin (a'pf)f B cos (apt)l :0 D sin (pt1 :0.

Apyrlrr'tu cJIoBaNru, KoHcraHTa pag,u.eJreHr{fl p (urr rrroxeM Bmecrg
?', ucxart Koucranry F) ao.nNHa yAoBrrerBopsrb ypaBnesuo sin (FL):0,
orKyna

F , : # ,  / r : 0 ,  l ,  2 ,  , . . ,

3aueruM, qro ecJlr{ Bo BropoM ypaBHeHr.{u (20.3) [oJro)Kr,rrb
C:0, ro ro,ryqr.{rcs rpr.rBnaJrbnoe peueH ue X @\ f (0:0. Taruu
o6pason, Mbr Ha[rJ'rr{ nocneiloeame/tbHocmb g/te.t4evmapuotx rcone1auuil
crpyHbr (6yaen,t noMeqarb ux NH4ercona n)

u, (x, i'S : X n (x) T, (tl : sin (nnx I L) [a, sin (nnat / L\{ bn cos (nxat I Llf ,
(20.41

cNreuaHlIylo saAat{Y

u t t : q z u x x ,  0 . - \ x . - - L ,  0 ( l (  o o , '

J a (0,  / )  :0 ,

\ r ( L , 4 : 0 ,  
u ( / ( o o '

! a { x , 0 ]  
: f  ( x ) ,  

0 ( x ( L ,
lu ,  (x ,  0) :  g  (x) ,

cToRqHe Bo,' IHbI, T, e. pemeHun Bn'.a

u (x, t):  X (x) T (t).

florcrasus sro BbrpaxeHue B ypaBHeHHe (20. 1) H pasae,ruB re-
peMeHHbre, nor'IyqnNr Asa o6HxHoBeHHbIx anQ$repeuuuar'rbHbrx ypaB-
HeHltt

T ' -qzLT  :0 ,
X " - IX  :0 ,

t '  l '
rls' KoHcraura l" - nora qro ,rn6oe
- m ( I ( o o .

Pesynrraru nccJreAoBaHun peruexuft orllx ,{Byx ypanueHufi npu
pas,rilqHbrx sHaqeHrrnx L npune,u,euw ua puc 20.2.

Tenepr Mbr AoJr)xHbr om6pocumt re peueHun, xoropue ra6ro
HeorpaHHqeHbr npH / + oo, .nu6o craHoeflTct roxAecTBeHHo paBHbrMr.r
HyJrro, ecJru norpe6osarr Br'rloJr]reH]rF rpaHfit{Hblx yc,rouuil u(0, l1 :
:  u (L, t )  :4.

B xaqecree ynpaxHeHur qnTarern flpeA,'Iaraercr npoBepflTb, r]To
HeTpHBHaJrbHbIe Ir orpaHHqeHHbre pemeHEt MoxHo noJlyqlrrb roJrbxn
npn orpruare,'rbublx guaqeHuflx rrapaMerpa X". Taxurrl, o6paeou, uaua
BaAaqa-Hafiru raxue 3HaqeHr.rs KoHcraHT A, B, C, D u orpuua-

reiicrsllreu'rrHoe qHcJro

T(t) = AesgzI +8e-{..,F)zt

Xk i - )=gs l3 r  +De 'Fc

T ( t ) = A t + B
X(t)=Cx+ D

7 ( t; = 4 sin (sBf ) +8cos (crflf)

I ( r )  = 4 s in(Fc)  +Dcos( /3s)

u@,t)  =X@)T(t ) .

PLIC. 20.2, flocrpoeHue croflr{Hx Bo.lH npH pa3.[uqHr,rx glaqeuHrrx napalrerpa ]r,.
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IIJII I
u,(x, t)-.  f t ,  sin hnxlL) cos (nna (t*6,) lLf,

rAe dn, bo, Rn n 6n-npo1l3BoJlbgble nocrogHHble. laMeflau, uro

sJreMeHrapHble xone6aHuR yAoBJIeTBOpslOT rpaHHI{rIbIM yCJIOBHflM.
tlurarenro Ao,'IxHo 6tttb ncHo, I{To KaxAoe SJIeMeHTapHoe xo.ne6aune

rrpeAcraBJlflet co6oli crost{y}o BoJIHy. B crosqefi BoJIHe Bce roqrll

xb;re6"rrcrcr c oAHofi n roft xe qacrorofi, a Qoprr,ta BoJIHbI noAo6ua

BoJrlraM, uso6paxeuHblM Ha pnc. 20.3.

t k ( t , t )

PLIC, 20.3. Crorque Borrtr,r un@, l):Xn@)7"(t).

B uauefi gaAal{e ypaBHeHlle Ir rpaHI'lrIHbIe yc"toBlls flHHefiHbI H

o.4HOpOAHbl, nO3TOMy npOLt3BOJIbIIafl CyMNIa SJIeMeHTapHbIX CTOffI{llX
BOJIH TaKXe flBrseTcfl pel.xerlHeNl Bo,IlloBoro ypaBHeHllfl,.I'�I yAOBJIe'

TBopter rpaHLIqHbIM yc'IIoBrItNI. Mu Ao.rlx<ttu renepb uafiru raKyo

cynepno3HIIHIo CTOq tIHX BOa'lH, qro6u oua yAoB,'leTBOpflJIa raKye

}l HaqaJIbHbIN{ yc,loBl,IflM' TorAa noJIyqHM pelxeHl.re Ha[IeH 3aAaI{[.
IloAcraHosxa cyl,r\4bl

@

u(x, t): ) sin (nnxlL) faosin (nnatlLW bocos (nnatlL\]
, ' .  I

B I{alIaJIbHbIe ycJloBHfl
u (x, 0): f (x|,
u1(x, A): g (.r)

rrpl4BoAllr r IBYM ypaBHeHuflM
@

n = l
@

\ a, Qmwl L) sin \nxxll) - g ("r)'
i l = l

l : r

I
i ;
1 !

i l 'il

I

Jlexqxr 20. Kone6anr,rc

BocnonrsosaBu14cb coorHoueHHtMH oprotoHaflbHocrH
L

f sin (mnxlL) sin (nnxlL) dx :!0' m+ n'

d  
- " '  ' " - * " ' -  

\ t tz ,  f t t :  n t

HaxoAHM xoa$$uqueHrbr a, vt bt,

(20.5)

Htaw, Ba2La.ua peueHa. Ee pemeune gant{cbrBaercfl B BHAe

(20.6)

a xosQQHuueHrbr az u b, uaxo4xrca no Soprvrynau (20.5). llpexge
qel\l SaxoHqHTb JIeKuulo, CAeJIaeM .HeCKO,IIbKO SaNIe,IaUHfi.

SAME'TAHHg

LL Ecnu HaqaJrbHafl ctopocnlb crpyHbr paBHa HyJrro, To peueHue
(20.6) npuHHr\raer BuA

u (x, t): }j,,sin 1nn.r/t) cos (rmatlL)

u ero MolxHo rrHrepnpernpoBarb cJreAyloullrM o6pasou. llpea-
noJroxHlt, rJTo lvrLr pa3droxH!'tl,t HaqaJIbHoe cMeIqeHHe cTpyHbI

u (x, 0): | (x)

B pfl/ l no clrHycaNr

I (.r): ! tr" r,n (nnxlL).
' 1 -  |

. f

TorAa lralxAr,lli lr.neH TaKoro pa3,ToxeHtrfl AoJrxeH coBepuarb
t<o;re6anun

' 7t , (x, t1 : b,, sin Qmxl L\ cos (nnat I L).

Ec"nt renepb npocyMrvrl4poBaTb Bce 3Tfi xone6aHuR, To noJly-
qurcrr peuerrue sauefi 3a.4aqfl. Fianpuuep, npe.rlnoJroxuM, qro

L
, P

a, : #r,J S (x) sin (nxxl L) dx,
0
I

9 0
b,,: i-  \  /  tx) sin (nrxlL\ dx.' '  L  J '  '

l i

) sin (nnxlL) [a, sin (nnatlL) 1-DucoS (nnatlL)f,
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HarraJrbHoe cMerqeHHe c'rpyHL{ 3aAaercfl tpyttxunefr

I (x): sin \nxlL) f 0,5 sin (3xxlL) + 0,25 sin (5nxll).

Ilornuft oTKJIHK ct4creh{bl Ha Haqa"'l6Hoe ycJIoBI.Ie raKoro
BHAa paBeH cyl\lMe oTK,tI, lKoB Ha Ka)KAOe CilaraeMoe' T. e.

u (x, t): sin (nxll) cos (nall l) f 0,5 sin (SnxlLl cos (3ncll/-) f

+0,25 sin (5nx7l; cos(SnatlL).

2. C.naraeN{oe c HoMepoNr tt B pa3,'toxel{uH (20.6) uasuBaercq
z-fi nroAofi xone6auufi vnv n-il rapuoHnrofi. I ' lcno,rusyn rplrroHo'
MerpuqecKue Sopuy,ru, I i lolKHo 3anllcarb gTH rapMoul{Kl{ B BuAe

R, s in @nxlL)  cos [nna ( t  -6") lL) ,

rAe Rn fi 6r-nonute ttpou3BortbHble nocrotlHHble (aunnnryAa
u Qasonuii yron). 3ra Hosat Sop:ua npeAcraB,'Ieuun n-fi uoAlt
oNasusaercs 6o.nee no,lesHoft npu aHarl{3e xo.ne6auuii. t lac'

rora rone6auuil to,, (paa/c) n-l i trtoAu Haxo/lltrctl no Sopnay.le

otr:nld:+ {7,

rne I-HarRx{eHHe crpyubl, p-"runefrHafl [, ' Iorrlocrb crpynbl.
Otuetul't, TaKxe, qro qacrora n-fr rapNIoHIlKH B n pas

1ottoue ocHonsoii qacrorbt (n:l). 3ro ceoficreo qacrorbl

xapaKrepHo He AJII Bcex rIIrtoB xone6asnfi. l lpl lnrHuft enyx
crpunnuuofi nnu rarapuofi crpyHbl o6ycnoe,leu. KparHocrbto
qairoru o6eproHoe ocsonuoii qacrore. B 6apa6aHe. uacr6ru
rapN{oHlrK Bblcol(oro nopfAI{a He KpaTHbI OCI{OBHOH I{aCTOTe

xone6aHttl ' t,

8A,4,AqH

1. Hairaure peueuue 3aAallt l (20. l) '  ecJII.{ HaqaJIbHbIe yc,'IoBl'tf l
saAarcrctl {toPr4Y.namtl

u (x, 0): sin (nxll) -l- 0,5 sin (}xxlL),
r.r1 (r, 0) : Q.

flocrpoftre rpaQuru
MeHIa. fgngercf l  , ' lH

Kaxoe ero nepnoA?

peueHr{fl Anfl pa3fiHqHblx MOMeHT0B Bpe-

9ro peueHHe rtepuoAllqecKnM tto opeiueuu?

i .
r . , . i

!i'
I
f

, j ] '

l : ' i

HaftAvre perxeHlle gaAaqn o xone6asusx
HaqaJIbHbIX ycJIOBl.{fl X BHAa

a ( x ,  0 ) : Q ,
u,(x, 0): sin (3nxll-)'

crpynbl (20.1) nptr

. 4 ,

5.

Ierqrr 20, Kone6axr! orpaHh'{eHHoi crpyxur .|55

KaK sHrnsAur rpaSux peueHlrfl B pa3rrrrrHbre MoMeHrbr npelr}HH?
iloxaxute, qro ecJlr.r Ha puc. 20.2 BeJ-rHqHHa ?u>0, 16 pe-
ilreHHfl X(x'1 T (l) 6yayr lu6o He ofpaHurreHbr, .nu6o rox.Itecr-
BeHHo paBHbr HyJrro.
Hafi,uxre peueHr.re 3a,4aqu o xole6assnx crpyHbr npx HaqaJ-rb-
Hbrx ycJroBHflx BHAa

u (x, 0'S .-- sin (3nxll),
u, (,r, 0) : (3nalL) sin (3nxil).

lxrapHan crpyHa .q,,rrHbr L:l orrflruBaercr 3a cpeAHloH)
roqKy ,ta BeJrHqHHy h (crtr. pllc.) Haqa"rrHoe noJlolKeHue
cTpyHbr MO){HO 3aAarb B BHAe

u (x, o) : {\onr,', _ rr, 8,il fl l:

0 1
Haqattanoe nofioxeHue cnpufibr

Kar<ue ABu)KeHHs 6yaer Qoaepuarb crpyna, ecJrrr ee ornycrurl?
Peurlre saAaqy o saryxarcuux xo"re6asurx crpyHtil

(vqn)

{rv1

(Hv)

i l t t : a ' u t * -Fu

! r (0 ,  / ) : 0 ,
I  a  ( 1 ,  / ) :  Q ,

I u (x, 0): f (x),
\ u r ( x , 0 ) : 0 .

t t 1 1 : o . 2 t l , ; *  K X ,  0 ( X  (  l ,
(  a  (0 .  l )  :0 .

i r t r ,  r i : 0 ,  o ( / ( o o '

{u(x,  
o) . : /^(r) ,  

o( . r (  t ,
lu ,  ( " ,  0 ) :0 .

r ,  0 ( n ( 1 ,  0 ( l ( m ,

0 { l ( m ,

0 ( .r  ^(  l ,

7.

l lpeAcrannnerce,'IIr BaM pa3yMHbrM nofiyqeHHoe peureHue?
VAosrersoprer JrH ouo ypaBHeHHn c qacrHbrr,{H npor.rgBoAHbrMH,
rpaHi4t{HblM U HaqaIbHbltr.t yClonuflU?
Kax nu 6yaere peuarb neodnopodnoe gpaeHeHud c saAaHHbtMu
HaqaJrbHbrMH r.r rpaHHqHbIMH ycnosHstu .?

(yqn)

{vl
(Hv)

0 ( / ( o o ,
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flerqran 2l

KOfl E6AHt4fr 6AnKh (yPABHEHI4E
c Lf AcTHblMlA nPoh3BoEHblMl4

I{ETBEPTOTO NOPgAKA)

I{E/lb ,rlEI([141,1: I loxasarl, KaKHM o6pason saAaLIa o Ko'
.ne6aHlm 6anxu npLrBoAI.Ir K ypaBHeHHn qerBeproto nopflAKa
rt KaK gTa 3aAaqa peuaercfl B cJlyqae cso6oAuo onfiparcIr{Hx_cfl
KoHIloB. flpono4urcn cpasHeHlte xo"le6asHfi 6a,'lxu c xone6a-
HHriN,ru cxpunuuHofi crpynbr.

US| +ddzu"rr*=0 (gPa1aenue da/liu)

u (0, t )  =g

hz(o,t)=0
a (L,t)  =0
uxt(L,t) =0

\=\===---_--=,=iil-o

C6o6odno anepnan dama

fflasHoe or,'Ifiqlte nonepeqHblx xole6aH.ufi ronroii 6anxu' or no'

neper{Hbrx x<ue6aHtlfr crpyHbl B Tol\,1' qro 6anra oKa3blBaer conpo-

rtreneurde Hertt6v. He BAaBaRcb B MexaHuKy roHKI'1x 6anoK, MbI

npr.rMeM, uro yuer coilpoTlrB,leHttR rtsrH6a npl.lBoAlrT (UuecrO BOJTI{O-

Boro ypaBHeHlta) x ypaBHeHuto qe'I 'Beproro nopsAKa

( 2 1 . r )
r4e a2 :  K lQ,

t l f i :  -  d,zLl  *r*r ,

/(-ruo4y.nl cABI'tra (ueu 6o.nlue
qacTOTa xo,re6aHufi),

.(, renl xecrr{e 6anl<a, TeNt Bbt[Ie

p-.nuHeliuafl l lrorHocrn 6anxu (uacca/eA. 4nuuu).
l locxonrxy rlura're,lb BnepBHe Bcrpeqaercfl B Ha[Ieu KHHre c

ypaBHeH14eM BblilIe qeNt Broporo nopflAKa' 6y4er no'[e3Ho peuplrb

iunoeyro saAaqy o Kone6aHliqx 6a,lxll. f losNe MH no3HaKoMu[tcfl

H c ApynHI\{}t saAaqaN,rH reopl4l'{ 6a,lox.

Cno6oAHo onHpaloqascs 6aflKa

Paccmorpnn MaJrbre ro.le6auug roHrofi 6ant<tt, KoHubI roropofi

cso6oAHo onnparcrcn rra ABe orropbr. loeopn <CsO60AHO OnuparoTcs>,

MH noApagy\'reBaen,t, gro KoHlrbI 6anwu He nepeMelrlalorcfl' Ho Ha-

\
\

'  1 ' l' {
I

l

, i

, l
I(JroHbI 6anxu B KonueBbrx roqKax Moryr r.rsMeHrrbce (xoHuu 66nxn
gaKpenJrerrbr c rroMorrlbro urrutfronr,lx ycrpoficrn, puc. 21:l).

CorepurenHo flcHo, qro Ha Kouuax 6anxu Ao,'IxHbI BbIItor'rHRTbcfl
f paHr-rqHbre ycJroBIrs

, l  ( 0 ,  l ) : 0 ,
u ( 1 ,  t ) : 4 ,

Ho coBceM ue oqeeu\uo. rITo Ha KoHrrax 6anxu Ao,,rxHbl yAoBJIerBo-
pflrbcr eu,e ABa rpaHr{qHbrx ycJroBr.rfl:

i l " ,  (0 ,  l ) :0 ,
u*,  \1 ,  l )  :  0 .

I lcnonrsyn reopnro roHKHx 6arox, N{oxHo noKagarbr tr 'to uoeu-
danupu luoj4eHrn n 6a,rxe nponopuHoIIaJIeH Be,'tHqHHe ux,(, a vtatln-
5arcurrft N{o;\{eH'r s cso6oAHo onllpa}oqeMcr KoHue Aod'rxeH 6urr, pa-

a ( 0 , i ) = 0
It2r(0,t).0

PI,IC.21. l .  Cno6otHo onupatoulaqca 6a,rxa,

BeH Hy,'rn. C.[eAosarentuo, uso6pax{eHHar Ha plrc. 2l.l xo,ue6no-
u,arrcfl 6ant<a onHcbrBaerca cle4yrcqefi ctreruaHHoft ea4auefi (,unn
[pocrorbr BerHqHHa a" npurnra panuoft eAusu[e):

(vqn)

(fy)
(2t.2)

(Hv)

.{ln peureuus srofi sa1aun Boc[oJrb3yer,rcn MeroAoM pa3AeJreHun
rrepeMeHHblx. Eyaeu HcKarb ToJrbKo neprioAurrecKue peueuufl, T. e.
rro,re6aHug sura
(21.3) u (x, t): X (x) [4 sin (orl) * B cos (ot)].

Ormeruu, uro nu6op peueHnr suna (21 .3) Ha caMoM AeJre o3Ha-
qaer, qro KoHcraHry pasAeaeHr.rfl B MeToAe paSAeJIeHHfl nepeMeHHbtx
Nrbr BsflJrrl orpnu,arenlnofi.

1-'iil

u t t : - i l x x x x t  0 < x ( 1 ,  0 4 1 4 m ,

I  u (0,  l )  :0,
) u * * ( O ,  / ) : 0 ,  n

1, , i i ;  
' t \ :0 ,  '  u<r (oo '

t  ar ,  (1 ,  / )  :  0 ,
(u (x, 0): f  (x),

\ u r ( r , 0 ) : g ( r ) .  
0 ( ' <  l  '

u  ( l , t )  =o
u 2 I \ r r r l  - u
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lqr rrr '.;.r,:

flo4craeuu renepb (21.3) o ypaBHeHue xone6asnft 6anru n no-
JryqLIM ypaBHeHI4e nnn X (x)

Tgrrvr _olrf : Q,

o6rqee pelxeHue Koroporo sanucblBaercr B B.{Ae

X (x):C cos / t 'x + D sinl l  ax + n ch{ ax * f  shf l l .x.

A.nn onpeAeJIeHHn xos$SuuueuroB C, D, E u F noAcrasur'{ o6'
U|ee peueHHe B fpaHllqHble ycr ' IoBll f l

u (0,  t ) :  0 : )  X (0)  ?  ( l )  :  0 :> X (0)  :  0+ C*

a"* (0, 1) : 0 :> X' (0) T (t) : 0 => X" (0) : O =>- C + E :0 1" 
-

u (1, t)= 0 => D sinl/ a + F sh l/ to : 0,

u,* (1,  l )  :0  9-D s in  l / t ' r *F sh l / ,  :0 .

Orxyaa noJlyqaeNl ABa ypaBHeHl{tl

F sh l /o :0,
D sin l / to :0.

Peu:as HX, HaxoAIIr{

F : 0 ,

sin lz"a, :0 =) a1 :  (nn)2, n :  l ,  2,  '  '  ' .

Apyrrrrnru cJroBaMH, co'cmeeuuoe .la1mombt ceo6oAHO Onupanueitcn

6amv paBHbI
otn: (nn)z,

a buu\aueuma,lbHbe peweHun u, (yAoe.nerBopttlor ypaBl{eHl4lo a tpa-

HH.I;{H;I[ yc,/'IoBnfll\l (21.2)) sarlncblBalorcn B BHAe

un\r i ,  t ) :X,(x)T,( t ) : [ao s in (nx)z t  abocos (nn)z t ls in  (nn ' r ) '

A renept, uocKoJlbKy ypaBHenl're I'r rpaHul{Hhle ycJIoBI'Ifl nuueftsu

I{ oAHOpOAHbI' MOXHo yrBepxAarb' rlro cyMMa

(21.4'�)

TaKX(e yAoBJIerBOpfer ypaBHeHHIO H rpaH[qHbIM ycJIoBI'�{flM' EAUU'

crgeggoe, rrro HaM o.tu'nb.o - aro ru6iaro xoaQ{xr u ̂ ""!'-',! n, }', 
b^\

tax,,rro6u yAoBJIerBopHTb HaqaJIbHbIM ycJloBHHM' I loAcraBJlrfl (z l 't '

21, Kone6axrar 6anrs

B Haqa,'IbHble ycJtoBl.lfl, noJI)qaeM

u (x, 0): I @1 : 2 O,,sin (nn.r),
(21.5) n = l

@

u1(x, 0):  g ( .r)  :  )  1nx'1'a,sln (nxx).

Bocn o,rlaosaBu Lr c b oproroHaJlbHoc rbto ceNteft c rBa $y nxuuu { sin (nnx) }
Ha orpe3Ke [0, l], HaxoAHM Qopruy.rru ,n.nn xoa$$ltuueHron

(2r.6)

Taxum o6pasou, peueHue 3a1aqu llMeer stul (21.4), a xoeQ$lluueHrbl
an v b,, Bbrt{nc.nri}orcg no Qoprly.narll (21.6)'" rlro6u noMoqb rIHrareJIIro paeo6parlcn s aroft SaAaqe' npllBeAeu
npocrof i  npuMep.

MoAe,rr Kone6Jllotueiics 6a.nxtl

Paccrnrorpnu csoboAHo onlrpalouylocn 6alxy, l ' lso6paxeHHya Ha
puc. 21.2. l lycrr HaqaJtbnbte ycJIoBltt raKoBbI:

u ('r '  0; : sin (nr; f 0'5 sin (3nx)'

a,  (x ,  0 ;  :0 .

Mu MorJrH 6u uafiru peueHue, noAcraBltB QynxuHIl I@) u g(x)
n $oprray,ru (21.6), oAHaKo Jlerxo BtlAerb, qro

a , :0  AJ I9  Bcex  / l  :  l ,  2 ,  .  .  , ,

b r :  l ,
b r : 0 ,
b ,  : 0 , 5

b r : O ,  n : 4 , 5 , . . 1 .

CneAosarenbHo, peileHlle Hlueer BHA

u (k, D: cos (n'l) sin (nx) 10,5 cos (9n'l) sin (3nx).

HArepecHo cpaBHLIrb 3ro pelueHue .c peueHlleM AJIa crpyHbl
rex )xe HaqaJrbHblx ycnonuhx. Ecnn' earnsuyrb B .neruHrc 20,
Molr{Ho sariru peuenue coorBercrBytoqefi sahaqw .4ilfl crpyHbl:

u (x, t): cos (n/) sin (nx) -1- 0,5 cos (3nl) sin (3nx;.

DpH
TAM

I
, { .

an:ffiJ e(xt sin(nnx)dx,
t ,

I
e

b.,  :2 \  I  (x) s in (nnx) dx.
I '  J '  

'

0



l i .  '  ,

$1, 
''

l f r r '  . ; '
Vtu' ,"
rffi;i
i&ii
' r, . '

lf*i.

t la t : r ,  3.  ! - lnep5;nnuec( l te 3aAa' lx

PllC� 21 .2. llpoctr,re xo're6atlui cBo6oAIto onupatouleiics 6a"rra'

JlpVruug cIoBaN{u, 6anrca rcOae1ilemcn ua 6onee BucoKltx qQcmom{Dcl
'.,en 

cmpAHa. Or,vetnv, qro B ToM I'I ApyroM cJlyqaflx BbIcuHe qac'

toru xpirnbl ocHoBHbII\{ qacroraM xonedaHuil '

SAMEqAHAfl

L Boo6ure roBopfl, 6anxy Moxgo 3aKpenurb rpeN{s cnoco6anaal

a)  octasur l 'cso6oaHoft  (nesaxpenneHHoft ) ,

6) ceo6oauo oneperb'
e) xecrxo 3aKpenllrb.
cxeuaruqecKr] 3rl l cnoco6u SaKpenJIeHHn nso6paxeHu ua puc. 21.3.

2. EUfe oAHa BaXHatt 3aAaqa- rcotte6AUun 6anrcu C Aade'XAHHbt.t4 KOH'

tlolrl (cu. pnc. 21.3)' Fnaro"qapn HecraHAaprHbINl tpaHuqHblM

yc,4oBl l  nM

r.r (0, l) - 0,
u, (0, t) :  0,
u * r ( \  ,  l )  : 0 ,

u r * *  (1 ,  l )  : 0 ,

peueune yxe He 6yaer Bblpaxarhrtl B BfiAe pnAa E3 npousBe'

lenufi cuHycon u xtlcuHycoe. OHo 6yaer HN{erb 6o'lee c'noxsvn

crpyKrypy

u (x, t'l: i ", &) la,sin (r,r"l) { b,, cos (ar"l).],

rAe co6crBeHHble S1'ut<uult X,(x\ f lBr'If l lorctl nuseffsstntlt xou6tt-

HaungMIl cltHycoB' 
-xocHHycoe, 

rnuep6o"tltuecKHX CHHycoB I' l  runep'

6onuqecxux noaruyao". 
" 

Pe[teHtte' aroil 3aAaqt{ }, ' lO}l{H(' nafir"t

B pyKoBoAcrBax no reopHl l  ynpyroc ' rH'

Ie*qrn 21. Kone6axxr 6anxr (Y9fl  qerseproro r iopngxa) t6l

\

u ( o , t ) = o
a t ( 0 , f ) = 0

(XecnKde
aadenxal

l t  ay (1,t) =A

u a77( l , t )  =8

] - - rc1iaoaout
-i> ,tore()

u (1, i l  =0
us(1,t) =0

u(1,  f )  =0
urs(l,t)=0

6a.nrn: d-sail{eMJreHuax 6anxa; 6*64ata,
a-aegufi KoHerl )Kecrro gaAeJlaur npanuft

. 1

U ( U , t ) = U  -
t r  l f i l \ = l l b

u (0 , t )=  0
u*(0,t)=0

Pl4C, 21.3. Tsnr,rqsue saaaqH a,'Itr
xqcrKo gaAenanHaff c o6oltx KoHIloB;
cnt6oluo onHpaercr.

\

3A,ilAtlH

- 0 ,
f k),
g (r).

HTe 3aAar{y lnn 6anxw c SaKpen,'IeHHbI\{ KoHIloM.

0 ( r (  l ,  0 4 l 4 o o ,
- 0 ,
- o- -  v t

: 0 .  u ( f ( m '

6  m o o l

0 ( r ( 1 ,
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162 Llacrr 3. Frnep5onx,recxiie aagauu

yKA3AHI4E. Xorq co6crseHune $yHxulu X" (x) r erofi eaAaqe
y)xe He o6nqsne cHHycbI, cofJlacHo o6urerl reopHLI lllryprvra -
Jlu sHnnR onH 6yayr oproroHa,'IbHbt Ha orpe3Ke ,[0, l l.

2. Hafrlure petrreHne .aJrn cso6oAHo onuparcueftcn sa' o6a KoHIra
6anxu rpu HaqaJIbHbIx ycJIoBLIflx

u (x, 0; :  sin (nx),

u1@, 0) :  ' in  t "x i '  
0  (  'v  (  I  '

Peruure 3aAaqy 2 c Haqa,lsIIbtMH ]cJIoBltf l t l t t l

, ( r , 0 ] . : l ^ - x ' ,  
0 ( x ( 1 ,

u r ( x , 0 ) : 0 .

flycm neer,rtl KoHeu (x:0) 6anxu xecrKo 3axpenr'IeH B creHy,
a npannft KoHeu (r: l) ceo6oAHo onupaercff, KaK noKa3aHo Ha
puc. 21.3. Pemure saAaqy AJtfl 6anxu c TaKLIMLI rpaHI,tqHbIMI'I
ycJIoBIzgMH u o6tscHure, KaK uafiru co6cmeennate qacmomu Koile'
dasuit B 3ToM cflyqae. 3narr co6crBeHHble qacrorbl 6anor oqegr
Baxno, qro6u us6exaru pe3oHaHca c BIteuHHNtu sogAeiicrsl 'IsN,lu.

fierqrr 22

nEPEXO.q K 6E3PA3MEPHbIM
NEPEMEHHbIM

I L :

Iw,
:tr"
r i i  '

i

i,,
Stl

OcuosHas LIAes
cocTol.rT B TOM, qro
aaAaqa GTaHOBHTCS

BBeAeHHs HoBbIx (6espasuepHux)
nocJre nepexoAa r 6espasuepHuu
qucmo ilame]4amuqeaeoil u vxe

nepeMeHHbIx
IIepeMeHHbIM

He coAepxnr

IIEJIb JIEK(HLI: floxagart, xaKHM o6pasou KpaeBble,
HaqaJrbnbre H ApyrHe nn4u QusuuecKux saAaq MoxHo Sanl'Icarb
r 6espaerrlepHoM BHAe. B xoHrperuux o6nacrrx. sHauur (Qu'
gHXe, xHMlrH, 6uonoruu IIJIH gKoHoMllxe) ypanueuur 3anucbl-
Barorcfl no-pa3HOMy

flepexo4 r 6espasuepHblM nepeMeHHbtM-nosBoJlfler npilBecrl'I
ypaBHeHrrs K oAHoMy l'I roMy xe BuAy. I4uesno no srofi npn-
IIUHE IIPH H3YqEHI.IN YPAANCNUft C qACTHbIMI'I NPOI,SBOAHbIMH

B MareMarr.Ixe crapalorcfl orBJleKarbcq or SnsHuecxoro cMblcila
BXOAflIIIHX B HHX napaMerpoB. Bor noqeMy XHMI4K' $usux unu
6Ho.nor AoJIxeH npeo6pasonarb cBoe ypaBHeHl.re r rofi $optue'
Koropafl nplrnflTa s Hauefi KHI4re.

flerqtrr 22. f]epexoA x 6espael epxsr^ nepeMerrnu"r 163

XapaKTepHbtX Susuuecngx KoHcTaHr. l4uenso raKHM cttOco6ou mHO'

rne pa3,'tgtlHble ypaBHeHIln Queuxu, 6uororun fi xl4l\tgI'I' cqAep)Kaqge
BCfflc.te HIOaHCbI,. CBRgaHHble c $uSUueCrnUu 11apaMeTpaMI{' npI'IBO'

ARrcf l  x  oAHoft  n rof t  xe upocrofr  soprue (unr .  pac.22.1; .
f lOsHaxO[4r.nr,rCq C 3Tl.tNt npeo6paeOnal{HeM Ha IIpOCTOM nptlMepe.

1

Pl4C. 22.L. Henoropue 3aaaqt{, npuBoAflr{Hecfl x oasofi tt rofi xe 6espasmepuofr
(popMe.

llpnne,qeHr{e ,[n+$y3x'toHnofi 3a4aqn
x OespasuepHomy BIIAY

HaqHerrn co cMe[raHHoft aaAaqu AJItI orpegKa c HaqaJIbHbIM ycJlo-

BI'IeM Ha reMreparypy u(x,0):sin (xxlL) n rpaHI'It lHbIMI{ reMnepa'
rypaMn Ha KoH(ax T, u Tr. f ipyrun'ru cJIoBaMH, MbI peuaeM 3aAaqy

f f H n ;  u t : & z L r x x ,  0 1 x 1 L ,  0 { l ( o o ,

I  u  (0 .  l l : 7 , ,
( 2 2 . 1 t  ( f y )  i  ; , ' , 1  n - '  o ( l ( o o ,

I  u \ L ,  t ) :  t  , ,
(Hv)

pwc. 22.21.

a(x ,  0 ) :s in (nr l l ) ,  0<r<L,

)

u@,0) =sin(xs/L) L

P.l4C. 22.2. 3arasa renJronpoBoAuocrl{ s nJlocKocr}r nepeMeunnx

6 3

: (x, t).

N
t-
l l

F
tl

o

3

ttt - d2 trxe



t6,l Hacru 3..Irnep6onrqecriie eaAaqr

Haua ued'rb-Aarb lroByro gKBHBaneHrHyIo (22,11 noeralloBN{y
gaAav,n raKuM o6pasou, qrodrt

l) n uonofi saAaqe He 6bt,'Io HIIKaKHx Qttsuuecrux napal{erpoB
(spoae a);

2) uava.nluue L rpaHI.ItIHbIe ycflorufl crailH npoule.
.[I.na ocyuecrBfieuuq eroft qe;lu, MbI BBeAeM TpI4 HoBbIx 6espaa'

Mepnbrx ,nepeMel{Hblx U, E u r, tITo6bI ,gaMeHI{Tb npe}KHHe ilr'1(,1! t
IIo cxeMe

u --+ U (6espasrraepuafl rerureparypa),
x*E (6espasrrlepHaa 4,nuHa),
t --+ I (6espasrrlepuoe npenn).

Mu npone4eM Bce rpu npeo6pasoBarnfl oAHoBpeMeHHo.

,trIpeo6pasoBaHl{e 3aBHc}IMofi nepeMeHHoir u -, U

,i- OnpeAenau $yuxur.uo IJ \x, t) no Qopr'ry.ne
U (x, t):'$fi,L.

flcHq, qro HoBaff reMneparypa U (x, l) 6espasuepHa, nocKoJlbKy MbI
AqJTHM rpaAycbl l{enlcna Ha rpaAycbl l{enrcur. HosHe rpaHxqHble
ycnoBrrf l  

- lnn 
U (x,  / )  npu x:0 r t '  x:L i lpuwyr BI"IA U (0,t) :0 n

U 1t, t7: I. !,anafire nocraBr{M 3aAarly A.[t uosoft tpynxuuu U (x,tl.
flocne'HecnoxHblx npeo6paeonaHuft gaAa'Ia (22.1) nepexo4l-tr B HoByIo
saAaqy

( V q n )  U t : & 2 U , , ,  0 < x < L ,  0 ( l { o o '

(222) 0v)  { i l l i :  i l :? :  04,4o. ,
(Hy) rJ (x,o):yff!; I i ,  o<x(L.

Ecnn yro4Ho, To sAecb Moxno ocraHoBuTbcfl, peLxurb 3aAarly

Mn U (x, t) u sareM safiru u(x, t) no_QopMyrle

u (x,  t )  :T r* {T ,-T r)  U (x,  t ) .

OAnaro uu. nofiAe*I AaJIbue H safirlelvlcs npeo6paeonauueM Hegaau'
cuilbu( ncpeileHHbtx x u t.

f lpeo6pasoBaHr4e npocrpaHcrBeHHofi  KoopAHHarbl #->f

flpe4crannrercs coBeplxertuo oqeBHAHbIM' KaK cJleAyer nu6parl
6eapasnepuyn nepeMeHHyo E. ilocxo.rtu<y 0 ( r ( L, nonataeu

,i:

I

L

!

li,
1r
ti
\r..;s ',{t;
"{,

i,iri 1.

, gtl:

l :  xlL.
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flocre BbrrlucreHllfl [poHgBoAHbIX
I

U * : U 6 E * : i U e ,
I

U * , :  EU c . "

,cragoBgrcfl oqegl,tAHoft nocragoBKa cttedgrculed ea\aqu (e nepeueuuux
U, E, t l:

g ( V q n )  U r : ( a l L ) z U 6 g ,  0 < E < 1 ,  0 4 l 4 o o '
I  u rc.  / ) -0.

( 2 2 . 3 1  ( f Y )  {  
" '  o , /  r ( o o ,

r  U ( l , l ) : 1 ,  
-  -

(Hy)  u (E,o) : f f ; t ,  o<€<1.

Mu npoAeJlaan yxe ABe rpert4 nyru. floc.neAsxfi lrlar cBft3a.H
c sseAeHHiN{ 6espasuepnoeo spe.MeHu r raK, 'Iro6bl tlcx,rto'lurn roaQ'

SnuueHr lalLl r.rs aH$$epeuulraJlbHoro ypaBHeHxn. : i

f lpeo6pasoBaHlle BpeMeHI{ t  *r

Kax nu6parr 6espasrraepnoe npeun? 3ro He raK oI{eBHAHo' KaK
B cfiyqae nepBblx AByx nepeN{eHnblx' ur,HaKo' nocKo^JIbKy Haula ue'[b -

HcKJrrorrr4rb KoHcraHry [olL]' H3 ypaBHeHHq (22.3)' MbI flocrynlrm
cJreAyuqnM o6paeou.

l. flonrrraeMcs rIpoBecrll 3aMeHy BvAa t:cl, rAe c-HeH3Becr'
HAf IOKA KOHCTAHTA.

2. BgrtIHcrHM i l1 :  i l1a1: (!1".

3. floacraeuu sry rpoH3BoAHyIo B ypaBHeuue (22.3) H roJtytluM

cur:la,lLlz u"ns.

C.neAosatefibHor HyxHo nsl6part c:falLfz, a 3HaqHT' HoBoe BpeMff

AOJDI{HO BBOAI,ITbCR NO SOP*J: 

P1Lfz t.

flpnueHnn ero npeo6pa3oBaHue K npeAblAylllefi saAa'Ie L22.3), Moxuo
nornocrblo nepeftru x 6espaeuepHblM nepeMeHHblM U, E u tl

( Y q n )  U " : U s s ,  0 ( E ( l ;  0 4 t 4 m ,
t  U rc.  t ) :0.

(zz .4 l  ( rn  
t  u i i ,11: i ,  o( r (oo,

( H Y )  U ( 8 , 0 ) : q ( E ) ,  0 < g < 1 ,
r,qe q (€):

Hosas

sln (rE)-fr

6eepasuepHafl cllcreMa o6laAaer cJIeAyKrIqHMn cBoficroaMnt

\  t : ] ,
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l .  VpanneHl.te He coAepxllr napaMerpoB.
2. fpanuuHble ycJIoBI4r I.IMeror npocrofi eu4'
3. Fia.IafilHoe yc;roone u3MeHI,IJlocb HecyqecrBeuHo (r. e. ogo

coAepxnT To,rbKo LI3BecrHbIe $yuxuuu)'
4. 3aaarta craJla npoule I,t KoMIIaKrHee no cpaBHeHHlo c l'tcxo.IiHoll.
Peneuue srofi sa.qaqu Moxuo rlocrpollrb pa3 H HaBcef4a' no3ToMy

ecJIH qlrrarenr npeo6pa3yer cBolo ucxo4nyn 3gAgqy Q2'17 x 6es'
pa3MepHoMy nugy'Q2.'4) H Hafiaer ee peuleHue U (E' t) n y' le6nuxe

l{flId HayrrHoM xypHaJle, TO OH MOXeT UafirH peueHl.re ucxoAttofi
saAaqu (22.1) npocrbtM nepecqeroM

u (x,  t )  :T r*  (T " -T ' )  U (x l  L ,  a2t  I  L2) .

gruu eanepuaercfl nau-re o6cy)KAeHile npo6neult npeo6pasonauun
SaAarI K 6eepasuepuoMy BItAy' He cyulecrnyer yHuBepca"IbHblx npa'

BtrJI, nO KOTOpbIM CJIeAyeT BBOAHTb HOBble [epeMeHHb]e, 3Aecb cJIe-

AyeT onr{paTbcq Ha Qnsuuecxylo nHryr4ur.rrc u npo6oearb pa3,'IUqIIbIe

BOSMOXHOCTI,I.
, . Mrt saKoHqI{M 3ry JIeKullrc npocrblM npnMepoM npeo6paeonauHa
gaAarlu x 6espasruepHoMy BHAy, peueHutl Hoeofi sa&a,ul4 n 3areM Bo3-

BparqeHl.rs K I4CXOAHbIM nepeMeHHbIM'

Ilpnuep npeo6paaoBanl,lfl rlrrep6oJllrqecxofi saAaqn
lr 6espasuepnoMy Btlly

Paccuorplau xo,re6lrcu1,yrccq crpyny

#'
E
1

i
l .

r,
$

F
i!"i .

tit.

i8

t : .
f
l : '

ir,'
l l

hi

,

i :

(22.5)

(vqn)

(rv)

(Hv)

t
t
I
I

t ) r t : d ' z u x x ,  0 1 x ( - L ,  0 ( l (  o o '

u  (0 ,  / ) : 0 ,
u (L ,  t ) : 0 ,  

o  (  I  (  oo '

u (x, 0): sin (nxll) + (0'5) sin (3nxll)'

u 1 ( x ,  O ) : Q .

C nouoqrrc npeo6pasooauna He3aBHcIrMbIx nepeMenHux r 6espas'
MepHoMy au,uy lnpeb6pasonuearb a Her Heo6xo,u,ltuocrn)

E: xlL,  a: la, lLf  t

noJryqaeM HoBylo 3aAaqy

r y q n )  i l " " : t t 6 E t  0 < € < 1 ,  0 ( r 4 o o , . l
(  u 0 ,  t ) : 0 ,( r D  
t  r i , , " i : 0 ,  o ( r ( o o ,
f  a (8, 0) : sin (aE) * 0,5 sin (3nE), -(Hv)  i  ; , ' i€ ,0) :0 ,  

- "0<E<l '

t

ii '
,.n:,-

tr,
( r
r,.

dr:l l
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pettreHueM roropofr flBJIflercfl SyHxunn
u (8,  r ) :  cos (nt )  s in (n[ )  f  0 ,5 cos (3nt)  s in (3n[) .

Ecnu nepHymcn o6parHo K KoopALIHaraM x w t, To pe[IeHI{e 3aAa'
uw (22.5\ npHHLIMaer BHA

u (x, t\ : cos (xa t I L) s in (nxll,) f 0,5 cos (3xat I L) sin 13nx/l).

SAMEITAHHfl

l . AHanas pa3MepHocrlr oco6esso BaxeH B qtIc,'!eHHhIX I\{eroAax,
IrocKo,'rbKy 60,llutuucrBo IIpof paMI\{ HaIIucaHbI A,'Ifl peIUeHI'lq o6qax
MATCMATHIICCKHX SAAAq H HC EOAPASYMCBAIoT HCTIOJIb3OBAHNC 6O.NN.

uoro qucJIa $nsnuecxnx napaMerpoB. Xe.nanqne Bocno,'Ib3oBarbcr
grrlr\{u [porpaMMaMn ,IoJI)KHbI npeo6pasosarb -c-Boto 3a,u,aqy K coor'
BercrByroqeMy BLtAy, peullrb saAaqy na 3BM, a sareM npl'{Becrlt
rrr.rcJreHHbre peey,[brarbl x ttyxnofi pa3NlepHocrH.
Ananus pa3MepHocreft nossonqer MareMaruxau pa6orarb c ypaB-
HEHI{EN{ B TIACTHbIX TIPOH3BOAHbIX, IICK,'IIOqHB l,I3 HCTO MHOX{CCTBO
'napaMeTpoB H 'KoHcTaHT, KOTOpble I{e 3aTpaFHBator MaTeMaTI{qec'

KOrO CVUIIIeCTBa sa&al{r.
He ecei\a o6ssarenuno npeo1pasolulamb Bce repeMeHHHe x 6es-

pa3lrepHoMy Br.rAy, H.HorAa Aocrarouno npeo6pa3oBarb oAHy IIJIH

ABe nepeMeHHbrx.

9.

3.

3AIIAIN

l. C noruou{bto 3aMeHbI rlepeMeHHbtx

l :  x lL ,  r : [a l l , ] t

npeo6paeyitre saAaqy (22.5\ t< 6espasrraepHoMy BHAy Q2.6).
2. Hafrture 6e:pasntepHyto {opuy AJlr saAaqn

( Y q n )  t t 1 : d L s * * ,  O < x < L ,
I  u  ( 0 ,  l \ : 7 , ,( r y )  i  r i a ,  i r : 0 ,  o { r (oo ,

(HY) u (x, 01:T ,, 0 ( -r ( t.

3. C nomoulblo 3aN{eHbI

IJ (x, t\ - 
u (L' t\ =^T r

,  r - T ,

4.
npeo6pasyfire 3aAaqy (22.1t B 3aAaqy (22.21.
floueuy BaMeHa nepeueunofi x : &t IpI'IBoAHT K
napaMeTpa o( I ' t3 Bod'IHoBofO ypaBHeHLtf l  utt :o"zu**?
taecrcurt cilbtcn grofr salaeHu? HanouugaeM BaM' qro

I{CK.IIOqCHI,IFO

B uev $ueu-
cr - cKopocrb
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pacnpocrpaHeHufl eonn. llpt't noflcKe HoBbIx KoopAI'IHar s 6orl'

nILtHCTBe CIyqaeB rfiaBHylo porb urpaer I'IHryxIlI-Ifl
6. Kax nur6pail HoByto npocipaucrBeHnylo roopAlrHary [, uro6u

. IICKJIIOTIHTb O H3 YPABHCHI,Ifl

u 1 ! t l u * : 0 ?

flerqun 23

KnACCl4OhKAlil4g yPAB HE HVn
c LIACTHbIMH nPoh3BorqHblMl4

(KAHOHI4I{ECKA' OOPMA
THnEPEOn [4qECKOrO yPABHEH|AAI

UEJIb ,rIEKI{HI'L floKasatl, tlro luseftHoe ypaBl{eHue
BTOpOTO [OpflAKa C AByMfl He3aBUCIZ['�tbIMH rlepeNIeHHbIMI'�I

iAu**T Bu*, , *Cao, ,*  Du**  Eur*  Fu:G
(A, B, C, D, E, F u G flBJlflIorct $yut<uunuu x s A vrm

'MOryT 
6Url xoHcraurauu) orHocllrcs K OAHOMy H3 CJIeAyrc'

uu{x TLInoB:
l)  runep6oJtaqecKorrv (ectu 82 -4AC > 0),
2i napa'6o"trnllecKoMy (ec.nu - B'�- +4C :0\,
3j en,ruuruqecKoNly (ec.nu B2- 4AC <0,).

I loxdearl ,  KaKHe Hosble nepel\ leHHble E:E(x, g) vT n:q\x,91
MO)KHO BBeCTH BMecro x v a, qro6u ynpocTl'rrb HcxoAHoe ypaB'
Henr{e. B HosHx nepeueHuux f H rl ypaBueHlle c qacrHbII\{H

npoHgBoAHbtMLI nptlBoAl4rcr K oAHoMy [r3 cJleAynqux suAos (g
BaBHcIIMocrIt or roro' 6yaer rH BeJII'lql{Ha B2*4AC noloNll'
TeJIbHa, paBHa HyJIIo IIJIIT orpll[areJlbHa):

l, I usg-uqn: V (E, T, u, ug, ua) (aee KauouuqecKl'le r$op'
a  - -

t ,tn:O (E, \, u, us, un)" y:t^.'q'rn runep6ont{qecKoro
4 ,6E  @\ t  

ypanneunn ) ,

2, unn:@(8, f i, tt, ttzl tt11) (xaHonu'lecxan $opua napa6onu'
qecKoro yPanHenun)'

3. a6g* i lr,r: O (8, !1, i l , ug1ttr) (rauoHt'tuecxan SopMS SJIJILn'
TfirrecKoro ypaeueuHa),

rAe (D u Y-$yuxuul,t or rlacrHblx npol'I3BoAublx nepBofo no'
pflAKa, SanucHl\aofi nepeueHuoft il H HOBbIX HeSaBHCI'�lMbIX llepe'

ileHsrx E u n. KourperHnrfi sna $yHruIlfi O u V saBrlcnr or

npxoAHoro ypaBHeHLIfl.

i .1

h,
I
a"t

ljli

' 1 . ! . '
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i .
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Jlexu,rn 23. Knacc t69

V tlurare,'Ig Moxer BogHttKHyrb MblcJIb' rITo rJIaBa' nocBfllqeHHan
x,raccusuxauqg ypaBlleuuft, Ao.ltxlta pagMeuarbcn B caluoM HaqaJIe

rslrrg. 
-BeponrHo,- 

sTo npaBlrrbHo, I ' I MHOfIle KHHpH AeficrsHre,'IIHO
HarIHHarcTcg c groto MarepuaJla, OAHaxo npaBAa H Tor rITo MHorHe
cTyAeHTbl He Mof yT c 3HTy3I{a3MoM H3yqaTb He!lTo.. TaKoe, o IIeM
y Hrlx Her HHKaKoro npeaciaB,'teHntt. l4uesso no srofi npnql'IHe MbI
OT,'IOIKI.rJII{ lrgyqeHne TeMbI, nOCBfluleHHOfi XnaCCASuKaUI.I[ ypafneHUfi
c qacTHbrN,rl4 npOH3BOAHbIMII, AO HaCTOtlrIefo MoMeHTa'

Hama saqaqa-K'laccuQu4upoeamb Bce ypaBHeHHr suAa

(23. r) Au*r*  Bu*, , *Cur , , *  Du*+ Euo* Fu:G,

rAe .4, B, C, D, E, F u C-soo6qe roBopfl' $yur<uur ! w g. Co'
rlacHo rrpeAJlaraeMofi CxeMe xlaCCu$uxaUHH _ypaBHeHHe Ha3BIBaeTCfl

l) rnn'ep6on[qecKuM B roqKe (xo, i), ecnu Bz (xo, go)-44 (xo, go\x
xC(xo, go) )  0,

2) napi6o.trr4qecKr.rM B roqKe (xo, Uo), ecnw B? (xo, gol-44 (to' 9u) X
X C  ( x o ,  U o \ : 0 ,

3) e.'i.tinnrnqecKllM B rorlKe (to, /o), ecnu 82(xo,gr'1-44(xo,gr)x
X C (-ro, ,r) < 0
rr B gaBncHMocTH or runa ero MolI{Ho npHBeCTH X oAuoft H3 KaHo'
rruqecKllx Sopr'1. .II,nn roro qro6u 6uno nerqe pa3o6parbcfl B Krac'
cu$r.rxauuoirnbfi cxeue, uut npI{BeAeM qerblpe npl'IMepa runep6onu'
qecKux, napa6o,ruuecKllx tt gJIJII.I[TuqecKI'Ix ypaBHeHI'In.

Ilpnmepu rnflep6oJtl{rtecKnx, napa6oJlnqecKnx
lt gJrJrl|nrt{qecKHx ypaBHeH[fi 1)

l. u paenenue men/tonpoeolnocmu ilt: u*x-ItnHefiHoe ypaBuellue
Broporo noprAKa araa (23.1) c KoSQSI-tuueIlraMIt

A : 1 ,  B : 0 ,  C : 0 ,  D : 0 ,  E : - 1 ,  F : 0 ,  O : 0 ,

raK qro B2-4AC:0 npu Bcex .r u l. C'rreAoBareJlbHo' 9ro ypaB-
llenlte 6y,Aer napa6onuueircuil flprr Bcex 'r u t. B o6t4erra ypaBne'
HLIH (23.1) nepe'uennar g wpaer por'Ib BpeMeHu l. Pesy.rtbrar H€
Lt3MeHr.rrcff, ecJIH B o6qerr.l ypaBHeHI-II4 noMeHflrb MecraMII x tl U:

2, Bonnoeoe apaeHet{ue utt:urx TaKxe rIpHHaAJIexI'IT KJIaccy
ypaoneur.rfi nuaa (23.1) c xoeQQuuuenraMu

A : 1 ,  3 : 0 ,  C : - l  ,  D : E : F : G : 0 .

Tax xan A'-qAC:4 gna Bcex .r u l, ro 3ro ypaBHeHI'Ie sBJlfletcfl
eunep6ottuuecKuli4 npr-I Bcex x u t.

1) Cne4yer y6a3arb, qro npI4Be,UeHHHe B IpItMepax ypaB-HeHHt qB.11tloTcf,
.iacrurrrtra c.tiyuanrr,lu 6o;ree 66lrHx napa6o,ruuecxux, rxnep6o.nl4qecxHx u 3t'
JIlinrfiqecKllx'ypanHenuii, a ocHoBHbIe'ux csoficrga xaparteprlu u 4'nn o6u1G'
ro cnyqafl,
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3. U paeuenue Jlannaca u**{unu:0 Rsrnetcfl' gnnunmuqecKurl.
rrpn Bcex x ^ g, raK KaK B2-4AC":-4 < 0.- 

4. Jlunefinoe ypaeHewre xu**Tttav:sln)c c nepeileHflotnu rcoeQ'
(tuquenmauu raiixe nplrHaAJlexnr Xnaccy "ypanneunft er'r4a (23,1)'
io 

-a,'rs 
sero 82- 4AC:-4x w, cJreAoBareJlbHo, ypaBneune 6y4er

sJlflfifirl{qecKnM ltpH r ) 0,
napa6onuuecKl'rM npII x:0,
rrnep6onnuecKnM npu r( 0.

Sror npuuep llJlnlocrpllpyer ror Qaxr, qro rl{rt ypaBHeHI'Ifl o
nepelrleHHbtJrtu rcoeQQuqueHmailu MoxeT H3MeHffTbCfl oT roqKn K TOqKe.

r{urarers AoJr}KeH o6parurt BHl,tMaHfie Ha cJleAylolqee: rHIl ypaB'
Henr.rfl (23.1) onpeAeJlrercfl roJIbKo reoafuQut4uenmai4u npu sftiopbuc
npousoo1uwx 14 HVKaK Hz oaeucum HI'I or roerpQuuueuroB npv nep'
ehx npouseoduotx u canoil Sgurcquu, HH or ceo1Qduaeo q/teHa.

O6parumcn renepb x rnasHofi 'reiue nauefi JIeKTIHH-npI'IBeAeHuK)
rnnep6onuvecKllx ypanneHufr K KaHoHHqecKoMy eu4y. I'leoecrHo' qro

ecJrlr B Aasuoft o6nacru lpocrpaHcrBa ypaBHeHHe flBJlflercr fllnep-
6onH.Iecxlllt, To BMecra x v y Mox<no BBecrIl xdopAttnarot t H q
(xapaxrepucrliqecKl.Ie nepeMeHHble) raxHu o6paaolt, tITo ypaBHeH[e
npnMer npocreiiutyn Qopt'ty
(23.21 uEn:(D(€, U, a, u-, ,  u\) .

9ro ypaeneul.Ie coAep>Kr4r mollbKo odug [po[3BoAnylo Broporo
nopa4Ka-46q ,  a  QyHxuun  (D (E ,q - ,u ru6 ,un )  saB I ' I - c I ' t r  r oJ IbKo  o r
HOB6TX HegaBHcHMbIx nepe1{eHgux E, ra rl, SaBI{CllMOfi nepeue_nsofi tt,
fi' nepsbtx npouseodnotx tts 14 tt1. KouxperHsti't sw[ Qyuxunn {D easr-
cnr, KoHeqHo, or rrcxoAHoro ypaBHeHHR r Soptuyn nepexoAa K HoBbIM
Ko-opAuHaraM t H q. Hayunuce orblcKuBarb 3TH QyHxullt l.

KaHonnqecKafl Sopua runep6oJlnqecKoro
ypaBHeHI'lc

Paccuorpun ypaBHeHHe o6qero sl4Aa

(23.3) Au, , *  Buru*Cuu, , *  Du"*  Eur*  Fu :G

H nycrb B HHrepecynqeft sac o6.nacru B2-4AC )0. Hau Hyxuo
BBecru HoBbre KoopAHHarbl r)

E:" ; (x ,  a \ ,
I :  r l  (x '  / )

raK, qro6br B ypaBHeHHu (23.37 ocraJlacb roJIbKo oAHa qacrHar npo'
r.rSBoAHafl BTOpOTO nOpflAKa Agn (ne cJleAyer IIbITaTbcfl HcKaTb TaKyK)
gaMeuy [epeMenHblx, c rIoMOIIlrrc roropoft eunep1onuuecKoe ApasHe'

1) H"o6-oAuruo, qto6u ero npeo6paeoBause KoopAHHar 6u,no aoxallno o6pa'
rIIMo I.t ABa)KAH 4ufQepenunpyerto. - II puu. pel.

I
(
*
\ ,
f,r
t r r '
ts

:41'

Jlexrlr n 23, Knaccx4: lrraql n ypaanenr'lli c'{acrHhllr i!9}t994ttyl}t -j l

rrrre MoxHO 6Uno 6u nptlBecru x nnpA6onuqecrcoil Hllu sltJtuftmuqeCrcOrt
KaHolluqecKofi $opue,' 3ro fiegoglrloxno cggnarb).
" BHrrucrrzM cHaqara qacrHbte flpol'I3BoAHbIe

u": i l18, { u\\xt

uo:  uTEr*  uq\ ' ,
(23.4) tt*,: uEEE'*a2ug,tE*!** un'fl!,* utE*,+ tt\\xn,

u*, : uggE*E, * uE (€"n, * Ern") * ilnn\,\, I usE,ca + u\\xn,

uro: uggElsi-2ugrlo\n* unn\T* utEor* un\yu.

IloAcrasnsq grLI coorHoneH1lfl B I 'IcxoAHoe ypaBHeHlre (23.3)' nocJle

npocrbrx, Ho rpoMosAKLIx BbIqHcJIeHuft no"nyuaeu

Augs * Bus,. * eun +Du6*Eu,., *F u : a,
A: AEtr+B€,Eo +CE:r,
B:2AE*rta+ B (8"q, * Eon") *2CEona,
e : An'** Bn*\a+Cnio,
D : AE., * BE*A * CENO + DE** E€"

E: A\,,* Br*u*cl| tro*Dn, *Eqr,
F : F ,
G : G .

t{Urare;1rc npeAOCTaBr.rTCs BOgMOxHoCTb npO,4eJIaTb gTH BbIKJIaAKH

npH pelxeHHH 3aAaq.' 
Haur c.rre4ynu1ufi uar-ru6pau QyHruuu E:E!x,0 H -q:

-- \(x, g) rawuu o6pasou, qro6u xoaSsaunenrYt A u C o6parunncr
B HyJrb. 3ro nossoflHT HaM npHBecrI'I HcxoAHoe ypaBHeHI'Ie K KaHo'
Hlr.rdcxofi rbopr"re. klr ax, ueo6xo,4utr,to norpe6oaarb' qro6bl

A: AE,+ BE*Ea+ CEt:0,
e : An\+ Aq,Iy * Crfi:O.

3rH ypaaueHnfl Molxuo npeAcraBnrb B BH,up

A LE.lEuf + B [€,,/€rl+ c : o,
A ln* I nnf, + B ln,l nrP $ C : 0.

Paepeurnr ux orHocnreJlbuo [€rlgy] n [q"/nr]' nor'IyqaeM

,c  ,?  1 -B+{Ei- {Ed
lExtEyJ:--T-

. -B-rrE=6e
LririllyJ:------nE-

(23.5)
rAe

(23.6)

(x a p aKTe pH c rIlrIe c K Hs
ypaBHeHHf).(23.7)
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Arrn [["/Eul n [q,/gr]-aureer
no oAHoMy, HO TaK qTOObI OHII

E@,9):  C0[St
f g = t * d r  + f y d g * S
dgIdr.-lE;/EsI

4@,91= const
d4-4 rd t  + I l dg  z0

dyldr --t4c/q$

PI4C. 23.1. Xaparrepncrurn [(r ,  g)+c u \(x,  g):c.

3aAaqa cBelracb K HaxoxAennlo AByx tpyHxunfr E@, il n \(sc, g\,
raKHX, qro6br orHoueHur [E*/8,] u l\*l\,,1yAoBaerBoperlH ypaBl{e-
Hilto Q3.7). Hafitu raKlre QyHxuHH orreub IIpocrol), ecln o6parnro
BHaMaHrre Ha pl{c.23.1, Hro6bl noHsrb, KaKHM o6pasou Mo>xHo 3ro
cAeJrarb, paccMorp[M npocroe ypaBHeHlre

' Kaaeiloe r.rs KBaAparnbrx ypanueunft
ilea. rcopun, Ho Mhr ocraBJlffeM ToJIbKo
6wnn paeauuuot..

i l * *J  4rru *  ux:0,

r) CM., HanpnMept
.recrofi Susnxs, -M.t

Ero xapaxrepucrltKu onpeAe,'Islorcfl Ha gpaeueuuil

rl
b
F,
F :
iti

. t

l i
1Y

r i ;
t _['
i::'

I
fl
f l
i i

y-: -[E,,/8,] - B-{T:lr - - z,

H: -yt1*rnr7:a'+ltTff ic : z.

Peuas sru ypaBneHr.r n orHoc Hren 

ZI" | ; r,*^yqaeM
!/:2x * ca.

9ro6u safiru E u rl, pa3peuuM noJlyqeHHbte ypaBHeHHn
TeJLbHO KOHCTaHT Cr Vt C2, .OCTaB,'Ifltl I.Ix B npaBofi qac'rg n
ocTaJrbHHe cJlaraeMble B JIeBylo.

Bupaxenxn, croflrllne B /IeBbIx qacrflx, [pHMeM 3a
tpynrur.ra E u nr

E:  g  *2)c :  cy
n : g - 2 X : C d ,

oTltocH-
nepeHocfl

I'tCKOMbIE

!l
t l

!
I
t
IT;

i .  .
$

[n;

Tuxonos A. H,; Caruapcrnfi A, A. Vpaaueunq Mereuarfi'
Hayra, 1972 u lp. rsAanrls.-I/puw. psd.

OqesnAHo, BBeAeHHbIe raKuM o6paeou $ynxuuu E u n yAoBr'Ier-
Boprlor,ypaBIIeHHflNI xapaKrepl.rcrsx. 3ru HoBbIe KoopAHIIarbI II3o-
6paxeHu Ha pr{c. 23.2. Ha sroM MbI saKaHrlulaeu o6cyx4eHue Bon-
poca o roM, KaK uafirn HoBbIe KoopAHI{arbI. Ocra.nocr noc,'IeAnee -

onpeAe,'rr.rrb HosHfi BfiA ltcxoAHoro ypaBHeHlrfl.
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(uanorraHnu, qro STor uaf
o6ecne'rneaer A = C:0),

PUC. 23,2, Xaparrep,ucrnuecxue xoopAnllarbl .uf lq ypaBHeHHff ur*-4uro{ux:0' .

9ro cosceM rlpocro: qro6st safirl KaHonllqecKyo Sopuy ypaBue:
HHf C TIaCTHbTMH rrpoH3BOAHbrMH, nOACTaBLIM HOBbIe KOOpAI'�IHaTbI

E@, g) H n ('r, y) a ypaaHeHue

A usa * B u -,"1 * e ur, * D uu + E u, * F u : G,

rAe .Z-, B, e , D, E, F u d onpe.4e.treuu Qopuynarr'nr (23.6).
flpex,qe lreM 3aKoHqurb JIeKuHto, Aasafite Ha KoHKperHoN{ npll-

Mepe flocMorpnM, xax <pa6oraer> o6tquft MeroA npI'IBeAeHI"Ir K KaHo'
lrHqecKoMy BI.IAy.

f lpune4eHne runep6or ' IHqecKoro ypaBHeHI' In

U't t**-  xztt .or:0 r  raHoHuqecKoi i  Qoplte

Paccuorpuu ypaBHeHHe

AIu** - *zurn :0 ,  # )  0 ,  U  >  0 ,

xoropoe rBJlflerct runep6onuuecKut\{ B [epBoM KBaApaHTe. Hafi.qeu
lroBbre KoopAunarbl Ta.fH_M o6pasonl, qro6u npl'lBecrl{ HcxoAHoe ypab'
ueuire K KaHoHnqecxoft SoPue.

LIIA| l. Peruaeu ypaBHeHHs xapaKrepucrllK

da BalfP=[[Q x
fr:----T-: s
du B_{EI- - ,AAC x
a*:---T-

q =g - 2e = colst

E=y +  ?r  =  c0 [s t
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PVC. 23.3. IJosute xapattrepHcrrqecKfie Koopallllarlt.'

flponHrerpnpoBaB 3rH o6uIxHoseHHue auQQepeHI{l'laJIbHF,le ypaBHeHHfl
MeToAOM pa3.l.eJleHllfl nepeMeHHbIX, nOJIyqaeM ABa HeflBHbIX COOTHO-

ueHris (npn xe,lauuu Mo)I(Ho 6uno 6st RBHo Bblpa3nrb g rlepe3 #)

U, - x,: COflStr

!/2 + x': COOSI.

CfleAosarerbuo, HoBbIe KoopAHI.larbI cJleAyer BBoAHTb no $opruynau

E: a" -x',
11: 92 * x2.

9rn .HosHe KoopALIHarbI I,too6paxeHu Ha puc. 23.3. Tenepb cJleAyer
noryqr,rrb HoBoe ypaBHeHHe. Buqucnuu oce xoa$$4[HeHrbl

A:0 (tax ra AoJIxHo 6url; uu creIrHaJIbHo nu6npanu E n U
rar, uto6sl aror xoo$$Httuenr o6paua,'rca e Hynl)t

fi:2Al*r1,* B (E"I,r * €un") *2Gu\- - l6x'A^,

e :0 (no rofi xe npnqilI{e, qro lt A:0),

D: AE*,* BE*u+ CEou+ DE,+ EEn: - 2 (x'* g2l,

E : An"* * Bn*n * CTo, * Dll* * E\v : 2 (g' * x'),

f  : F : 0 ,
G : G : 9 ,

noAcTaBr.IM HX B ypaBHeHI.Ie

Aoc, + Eus,t*eunr+ Du * Eun+ Fu :G
H UOflyqsM

*
ll

J

i
ft
I
Ii

il
[r

l . '

I
ic
l ,
,lr-

I

Y i
l i :

- (xz * g') uE* U2 - xz) un
ui\ :T'

IIIAF 2" Bt'lpaxan,
nOfiYrIaeM

t?g.el

E * consf (aune6onat,

q = consf Qrpgxilocnu)

, ii'

HaKoHeu, x w g uepee E g 0, oKoHtIareJIbHo

Jlexur,rs 23. Knaccr$xraqls ypasxenxi c qacrHrr,.A, nporgaoAHsrl i ,|75

3aAaqa pelxeHa. Tenepr MbI oHaeM, qro HyxHo cAeJlarb' qro6u

safiru HosHe KoopALIHarbI n npuBecrll ypaBHeHHe r xasosugecrofi
rpoprrre.

SAMEqAHHfl

l. Ha caMoM Aeae AJIn runep6oluuecKnx ypanuenufr cyuecrByer

ABe KaHoHHrIecKLIe Sopnrr. Bropyro MoxHo norytlurb us nepnoft
galaenol? nepeMeHHblx BHAa

o . : a ( E , r l ) : E * n ,
F :0  G '  n ) :  E -q .

Bocno,nrsyeuca srofi sar4eHoIl 4.nn npeo6pa3oBaHI'Ifl ypaBHeHlIff
(23.8). Tax xar

t tg :  t t6dg* uFFt :  uo* uo.

ll rl : ll qd q * ilPFn : Lt o - u Pt

il Eq 
: lt q.,d,vl*. ll"pFn * u B qd ry * u pp9 n 

: u oo - Ir Bp t

TO

(23.e)

flpu xe.nauulr MoxHo Bblpa3nrb cr n p qepes ucxo.qHl;Ie Koop,[t{'
Harbr r H a. B pesyflbrare noflyrlaeM

o : E * q : (A, - xr) * @, * xr) : 2gr,

0 : E-q : (A, - x,) - (A' * x') * - 2x2.

rlurarenr Moxer cnpocl4Tb, saqeM HyxHo xlaccnQuutlpoBarb tl
nprrBoAr.rrb K. KaHoHl4qecxoft tpopue ypaBHeHlrfl c qacrHbIMH npo-
fl3BOAHbIMr,I.
a) Pas6neune ypaBHeHuft sa KJIaccbI runep6o.rltluecKuX'. napa6o;lu-
qecKux v erJrulrLtqecKllx coorBercrByer pae6ueuuro Queuuecxux
nDoueccoB Ha rplt ocHoBHbIX K,ilacca: Bo,'IHoBbIx' 4uQQyauonnnx
rr' crarruonapnux. MareuatnqecKlte oco6esuocru peu:eHlfi -ypaB-
senufi gTrlx rpex rLIrIoB coBeplxeHHo pa3rHrIHbI.
6) B 6omruHH'crse pa6or, noiesqeHHux peuIeHHI'o runep6o.nuuec-
KHX 3aAaq, npeAfloflaraercf, qTo Hcxo,u,Hoe ypaBHeHl're 3an[caEo
e KaHoHuqecteort $opue, T.€. B BItAe

' uEE-unn: V (E' rl7 ttu tt l u\) '

Ecnn y Hac ecrb ypaBHeHI'Ie I{ MbI xorl{l\'l no,'Iy,qnTb ero pe[IeHHe,

Mbr AoJIxHbI npeo6pasosarb ero K KanoHl4qecrofi Soptrle H BocnoJlb-
3OBaTbCff I{3BeCTHbIMH pe3yrlbTaralvlH.
n) .II,.na q[cJleHHoro peu:enun KaHoHl]qecKoro rUnep6oJigrlecnorq
ypaBHeHlIs cosAaHo MHoro pa3rutlublx nporpaMM AIlfl 9BM'

-Puo-aup
uao-uF$: --ffi-.

2.
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Oyuruna 'O (€,  q,  t t l  ug1 u4)
rpaMMbI, TaK IITO CHaqafla
KaHoHlrqecKofi tPopne. flocne
Harax safiAeso, ero BcerAa
I'ICXoAH bIM KOOp.lLI'I HaTa IvI.

SA,qArlH

BBoAl.{Tcr s 3BM B BI.{Ae noAn"po'
Heo6xoAl.tMo npuBecTn ypaBHeHHe K
TOrO KaK peueHlle B HoBLIX KoopAIl-

Moxuo npeo6pasoearu o6partto x

I
I
L

l .  Buncnnre, RBJIqrcTct JIH npHBeaeHHbte HHiKe ypaBllettnn rtinep6o'
JIUqeCKItMH, fl a pa6ofl ut{ec Kil Mll H,'II4 3Jl.nttnrll qecK ll l\{l'l :

l )  u r * -u * r :O ,
6 l  u r r : i l * " * t t * l hu ,
B)  u***3uno:  s i t l  f f r

r) a", * ur,r: [ (x, A\,
l l

A )  u r , * ; u , * i  u u r : / ( r '  0 ) .

floryurrre coorHolxeHHn (23.41, (23.51 rr (23.6).
V6eAurccr B roNr, tITo yPaBHeHHe

.  3u***7u* , , *2u , , , , :0

rnnep6onuuecKofo rtlna flpu Bcex .r B g a safrlttre xapaKmepuc'
muqecKue KoopduHamu.
llpuse4nre ypaBHeHl'le I'I3 npeAHAyqeft gaAaqll K I{aHOI{rlqecKoMy
BI{AY

lJ6n: (D(E,  1 ,4 ,  Q,  t tn l ,

flpolonxnre saAaqy 4 H npueeAlrre ypaBHeHHe t(o enrcpofi xauo'
Hbqecgoil Qopue

l loo-UBF-V(or ,  $,  u,  uo,  ug,Y.

6. Hafianre xapaKrept4crnKn ypaBHeHqtl

ur6,i+ 4ui6u:0'

flpeo6pasyfire ypaBneuue K HoB[,INt KoopAI'Inaralvl' peuHre vI,
BepHyBuI[ICb K KoopAIrHaTaN4 t H ,, noflyl{llre peueuge ucxoAttoii
gaAaql{.

2.
3.

4.

5.

F ,il tl

l'u
.!

i,

')jl '

T '
t : .

t .
i"
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f ,  ,
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;
v :

r : ,
It
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Jlexurq 24 Bonnogoe YPaBHeHHe s

flerqran 24

BONHOBOE YPABHEHhE
B CBOEO.qHOM nPoCTPAHCTBE

(IByMEPHbIE n TPEXMEPHbIE 3AgALll4]

B npeasrayurax JleKul'lflx Mbl paccMarpl4Baa.I'I SaAaIIy c HaqaJIb-

HbrMll ycJroBHsNrH Aln 6ecxoHeqnoft xo;le6nro-uleficn crpyult- u [oKa-

sanlt qro ee peueHl4e Aaerct Qopuy.rrofi ,[la'nam6epa'. tlnlarexto

AoJrxHo 6ttrl RcHo, ttro B TpexMepHoM npocrpaHcrBe oAHoMepgoe

BOJIHOBOe. ypaBHeH14e onuc'uBaer n"rocKr,te BoJrHbr. Hanpltntep'. 98y19-
BHe I,tJIIt a,'IeKTpoN{arHHTHbte B6JIHbI Ha AocraroqHo 6o,'Illxux paccro'

fiHHflX OT HCTOqHUKOB MO}KHO CqI'lTaTb wlocqutnu qA/IHAJ\IU I'�I' CJIeAO'

BareJrbHo, onHcblBarb oIlHoMepHbIM ypaBHeHIIeM. CyrUeCtayeT cJIeAy-

IOqaf TepMUHO,'IOrUtl:
l; oanornrepuble BoJIHbI HaSblBal'orctl utocKuJt4u BoJIHaMn'

2i AeynaepHbre BoJrHbl HasbtBanrc' tqununApuweaeuilu BoJIHaMilt

f

. t

UEAb,4EKIIl4t4r Peurttru 3aAaqy c

0/qn) un: c ' (ur* *  t t , , ,  *  t t rr l ,

Haq ad'IbHbII\'1Il ycJIoBn f Ml{

l - o o ( r ( o o ' ,
|  - -  1 l J  1 o o , .

t - " " ( z ( o o ,
(  u (x ,  ! i ,  z ,o ) : tP (x ,  g ,  z \ ,

{Hy) L
\  l r ,  ( x ,  ! / , 2 ,0 \ :  11 ' ( x ,  t 7 ,  z )

B TpexNlepHoN'�l flpocrparlcrBe r'�l noKaSarb' qro noryqeHHoe peue-

nre y.uoi.tterBopner npuHqung f niieeuca. ,[lnr peuteHnn coor-

BercrBytoqefi ,{nynepnoi4 sa Laqu
(  - a  ( , r ( o o '

g1yqn)  u t t -c ' (u , * *uo) ,  
t  _*  1A . - rx - ,

(  u ( x , 9 , 0 ) : t Q ( x , A ) '( H v )  {  "  
" ' : .  

, , . . " . ,
\  a ,  (x ,  g,0) :  r l  (x ,  . t / )

Hcnorb3yeret l\lerol cnycKa H AeN{oHcrpl'�Ipyercfl' qTo AB,y,Mep'

Hbre peueHHR ne ydoettemsopnnm npl'rHunny frcfiresca' 14 Ha'

KOI{eU' e' nOmOUIr,n MeTOAa CnyCKa IIOKa3aHO, IITO pemeHHe

oAHoMepHofo ypaBHeHIrfl Bblpa)Kaercfl $oprr'ryrofi Aanau6epa'
c xotopol:t Mt't rto3HaKoMI4"Ittcb paHee.
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3) rpexruepHble Bo,'IHbI HagblBalorcfl cQepuuecrcuull BoJrHaMw, I

.I[pyruuu cd'roBaMn, oAHoMepHoe BoJIHoBoe ypaBHeHlae Moxer onl{'
cusafg ,'tu6o n.nocxue BoJIHbI B llpocrpaHcrsax 6orluero qucra ngMe-
peuuii, .rn6o xone6aHl4s crpyHbl. 3aAa.Ia JIexIluE-o6o6quru Qoptuyny
Aanau6epa ua c.nyuafi AByx H rpex usnrepeuuft.

BouHu B TpexMepHoM npocrpaHcrBe

Paccuorpuu c$epuuecxue BoJtHbI B rpext\tepHoM npocrpaHcrBe npu
gaAaHHbIx HaqaJIbHbIx ycJtoBHflx, T. e. peull'IM SaOaqA c HaqanbHbtl4u

gcJtosunilu

g(Vqn) i lu:  czlu*** uyy* ur"7,

.II,.na peureHus sroil sa1auv MbI cHaqar'Ia ynpocrHNI ee, noJIoxI{B 9:0,

(Vqn) i l6 :52[s,

(24.2)

rAe BHaKoM A o6osHa.Ien au$$epenqua.nlsuft oneparop

A - a '  - o ' * a '" - d x ,  I  d g z  I  d z 2 '

9ry oa,qauy MoxHo peulrrb MeroAoM Oyple t), u oxaSltBaercs' lITo
perxeHHe npeAcraBHMo B BHAe

(24.3) u ()(, U, z, t): 1$,

t
?
t ' "
,

I

I
I
t

( - o o ( x ( o o ,

{  - . "  1A  . , - cx ' ,

[ - o " ( , e ( o o ,(24.t)

f iY) { 
u (*' u' z' o):9 (x' g' z)'

\ - - -  /  
\  u r ( x , A , 2 , 0 ) : $ ( x ,  Y ,  z ) '

\
r i

Y :;,
l ,  

'1

" l
I
t

rrc r\-cpe\uee gva\elne Haqa,'IbHoro pacnpeAeJIeHI"IR $ no c$epe
paAfiyca c/ c ueurpoM B roqKe (x, p1, z), r. e.

lt 2tl
1  P P-V :  

6pg j  J  V  (x l  c ts in  qcos  0 ,  l l  *c l  s incp  s in0 ,  z f

{ cl cos q) (cl)'sin pdg d0.

Apryueuru $yHruurl rp npo6erarcr no noBePx-Hocr.l cSepu, ecn'l
nerr.i"ti"t 0 u q 

"Ht"eunto".fl 
B npeAeJlax [0, 2n] u [0, a] coorner'

crBeHHo (puc. 24.1). 3ry tpopuyJly MoxHo lrHrepnperl'IpoBarb crle'

[)  Cr' . t . :  Blaruuupos B' C. VpanueHuR' 
l97l u Ap. HsAaHxt.-I IPun. Pe|.

r a

MareMaruqecKofi $usnxu'-M.: HaYra,

flerqhq 24. Bonlroaoe ypasxeHHe e cao6o.qHol npocrpaHcrqe 179

Aytoqr_{M O6paeou: KaxAafl roqKa npocrpaHcrBa n3Iyqaer pacxoAtr-

rqvrocs (co cxopocrlro c) csepEqecKy0 BoJtHy, uepea I ceKyHA roqKa

c'xOoptt"uurauu (x, g, z) oxaxercfl ttoA eoede(tcmAueil H1qaltbHoeg

u e, t/, z,t) - Peweilue
fr tFamPe cpePu

v
PVC. 24.1, Pefieqfie fin.'rreTcfl cpeAHI{M 3HaqeHneM Haqatbuol'u pacflpeAe,'leHgtr Ha

cFPe'

nos*tAuryHun, cocpeAororleHHoro Ha cQepe paguyca ct c ueurpoM
s saAauHoft rorlKe (cNr. puc. 24.21.

Oopnryna (24.3) nosno,'Ifler paccqurarb na 3BM pelxeHue 3aAa'{H
A.rrs 6ontfuulrirea HaqaJrbHbrx yc.rronrafi. Moxer 6r'trn, uwTatento 6y-
,qer sHrepeuto w,aitru peIIJeHHe AJII HeKoropl,Ix flpocrblx rpyut<uufiq.

s=  T"s inqcos0
g = r s i n q s i n 0
Z = t  c 0 5 9

,  . ( x ,  U ,  z )  € .R ,

I

\
HaqantHoe
pacnpedeaeiue
PaqnP1cnPWfl-
bnn' 6o 6ce
,,*/cnwona

I
T

Pll/|re. 24'2. Haqa.nnHoe Bo3Myl[eHHe rp pacflpocrpaHterct Hs xaxAofi ToqKH Bo Bco
cropoHbr.

tIro6n
3aAaqIll

(24.4)

flofiyqfiTb no,'IHoe peueHHe, paccMorpLrM BTOpyp noJIoBI'IHy

i,(

I
I
1

\

(yqn)

(Hv)

i l f i :czLu'

l u : q ,
I  a r :0 .

/  \ - /

,  c f  -a ' ( r ,y ,z)
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CAenarr aro JrefKo, ec,rru BocroJrb3oBarbcn HssecrHoft meopeltoti
Cmorcca; yrBepxAapuleft, qro perxeHne saAaqrl (24.4) uoxno Hafirn,
npoAr4@epenqrrpoBaB no BpeMeHH peueHlre sa1aqt Qa.\ e Har{arb-
HblM yCJIOBl . teM U:0 ,  Ut :9 .

Apyruura cJroBaMH, Mbr peuaeru saAar{y
(YqD i l t t :  czLu,

(24.5) I u:0,(Hy) 
i,, : n,

noJrafaeM u:t6, a sareM AurpQepeHuupyeM 3ro PbrpaxeHHe ilo Bpe-
raeuu. B pley.nm ""rr";: 

?H: 

saAaqu (24.4)

MoxHo npoc,'IeAr.rrb 3a reM, KaK oror flp]reM no3BoJlger floflyrtnTb
pe[reHr.re o4uomepuoii 3aAaqu. B cauot't AeJIe, peueHre oAHoMepnofi
aaruaqv (24.5) aaerca Sopnyno[ Ou*n*u,y6"ra

l f

,: 

u (x ' l) : - 
.),,tP 

(s) ds'

Ecnn tenepr n pogu$$epeHl{I.I poBarb nocJleAHee coorHollleHlle no npa'
nnny JIeft6HHua (cu. saAar{y 7), to noJIyqHM perIeHI.Ie saAaqu (24.\:

u, (x,  t ) :  * t*  @ !  ct7+ a(r-c l ) ] .

Tenepr rcgo, qro peueHne o6qeft rpexltepnofi saAartu

(Yqn)  u l t : czLu,  (x ,  A ,  z )€Rt ,

(Hy)  
{ ;  : ; ,

gallr4cblBaeTcfl B BI.IAe

t u ( x ,  g ,  z ,  t ) : 1 0 + * l l . p l .

rAe d u tp-cpeaHl{e 3HaqeHua $yuxuufi q u Q na cQepe paAl'lycoM
cf .c ueurpoM B rorlxe (x, g, z).

3ro peureuue rpunflro iasHsart $opngnort ITgaccoua AJIR BoJI-
IloBoro ypaBHeHLIfl B rpexMepHoM npocrpaH_crBe. UHa flBJIflercfl
ecrecrBe;;blM o6o6qenu'err.l $bpuynu,[anau6epa Ha rpexuepHutfi
cay_qaft. Hau6onee BaxHbrM e Soprvryne llyaccona rBJrflercfl ro, qro

o6a ,lrnrerpa.tra o ,p ra ,[ 6epyrc s fio noBeryc*acmu cSepau Sror Saxr
tro3BoJrseT AaTb cJIeAyIOI]lyIo BaxHylo IrHTepIIperaqHrc pe[IeHHt.

I

f iexqrr.24. Bonnoeoe ypaBHeHre e cEo5oAno,r 'r  'npocrpaHctBe 18t

B uoueur BpeMeHIr l: /i Peuel'J.ue u B rovre (x, g, z) saawcur roJIbKo
or HaqafibHbrx pacnpeAeneuufi ua cQepe pa4uycou c/. c lreHrpoM
B roqKe (x, A, z) (pnc. 24.3). I-lpeanoJlo)KuM rerepb' ero H&t{aJIb.
H6re pacnpeAeJleHHq Q n tp paoHbt HALP Bclo�Ly, 3a HcKJIIoqeHHeM
He6o.nsu.lofr crfrepu (cu. pnc. 24.3). C reqeHl{eM BpeMeHI'I paAl{yo

pI4C, 24.3. Cxerr,ra noscuaer, KaK Haqa.IlbHoe Bo3Mylr\eHue BJI[fier Ha ToqKy (r, g, zl.

c$epu, oKpyx(aoqeil roury (x, g, z), pacrer co cKopocrbto c, rat
qro qepe3 15 ceKlH.( sra coepa HaquHaer nepeceKamb o6.nacrr Ha-
qaJIbHOFO,BO3MyqeHHfl H, C, ' IeAOBaTe,' IbHO' peueHlle u(x, A, z, t l
craHoBr.ITcfl. HeHy,reBbrM, flp, trlt ( l, perreure u B ToqKe (x, g, z)
OcTaeTCg HeHy,'IeBbIM' nOCKOJIbKy CQepa I]pOAO,I)KaeT nepeceKaTb
b6nacru Haqa,'IbHoro Bo3MyuIeHI{fl, Ho nprt t : ts peueHlle cHoBa
craHoBuTcfl HyJleBbrr\l. "[,pyrurrru cJIoBar\{H, pelxenue, pacnpocrpaHsrc-
qeecs ug o6nacru Haqafibnoro Bo3rlryqeHr.rn, HMeer pffiKo oueptefl-
notfi sa1nuil Qponm. Sror o6qufi npusuun LtsBecreH noA Ha3BaHHeM
nptlnquna frcfinenca A;rg rpexMepHoro npocrpaucrBa. Enaro4apx
eMy BByKoBoe sosAeilcrBlre Ha yutl MrHoBeHHo. npeKpaqaercs cpasy
rKe flocJle roro, KaK BoJIHa [pou,'Ia. OraerrBaercl, uro nepeduurt
Qpoum oo/tnbt eceeda pBKo oqepqeH., Ho ea)uuft $ponr pesKo oqep-
qer monbto B npocTpancTBax pa3l\{epuocrn 3, 5, 7; . .; Mu yxo
sgaeM na @puylr'r ,[,anau6epa, qro HaqaJrbnble yc,'IoBnfl

u (x,  0):  Q (r) ,
u1(x ,  0 ) :  U  (x )

npaBoAflr,.eoo6rqe roBopr, K nepe3KoMy saAHeMy Spoury (nocxo.nnxy
Soprray.na ,[anau6epa noApasyMeBaer HHrerpHpoBaHHe Syuxuun rp (r]
B npeAeaax or x-ct go x{ct).

floxaxeu renepb, rrro npr.rHqun fnftnenca Henpr,rMeHHM K IrI{-
flHHApuqecKIrM BoJrHaM. Taxoro poAa peueHur onr.rcbrBarcr BoJIHbI Ha
BoAe or roqeqHoro ncroqHlrKa, KorAa 3aAHufi Qpour BoJrHbr He peo-
rnft, a nocrenenHo Baryxaer Ao HyJrr.
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[symepnoe BoJrHoBoe ypaBHeHl,re

t lro6u,perurb AByMepuylo BotHoByto salaqy

(Yqn)  u r t : c2 fu , ,+ �u r r f ,  { - :  l  r l : ,

(Hy) {i,,(.:, 
,;,0) :9 (x, A),

0) : rp (x, A),

Mbr paccMorpHM peweHue mpexJi4epuort sa)a'au npH HarIaJIbHblx ycao'
Bltgx, 3aBHCtrilIl.IX TOJIbKO OT AByX nepeN{eHHblx x u a.

CAenae gro, rroJlyqltM, qro mpex.lrtepHan Qopngna

t t : tV+$ t l v t

AJrs peureHlzn u 6y$er onllcblBarb quttu-u)puuecKue Bo/ttbt H, cJIeAo'
BareJIbHo, Aacr peweHue deguepuoil sa\aqu' Sror ueroA Ha3blBaerct
ileroAoM crlycxa. floc,ne Bcex Bblquc.neuuli r) (orurc4l He rpHBI'IaJIb'
nux) nonyuaeu

I 2 r r  c t

u(x,  a,  q:+{  i  i=$ rdrdoa. zxtc 
td d / @t)z_ rz

,**f\..+[;,ii
i

I

t

:

q (r' o)
{Gir=p

:.
l ,
i , r

v
: i ,
l l +' i l '

Ii
1;

flepe4 HaMLt peueuue ilegttepHozo sonHasozo llpaa*etutt, H xorfl'

B e p o s T H e e B c e r o , e r o n p a K T l I r l e c K o e n p H M e H e H I ' l e n o , 4 p a 3 y M e B a e r
ncnorlsosaH1le }BM, ngTepecHo npoaHaJlggppoBarb ero c roqK[

SpeHus npHHur.rna Inilresca. B eror\{ peureuuu o6a HHrerpaJla oT
garraJrbubrx nosvyqenuft 6epyrcr no eHgmpeHHocmu (c.IloBo (BHyr'

p€HHocrb) urpaer 3Aecb ?euarcuyn ponl) rpyra PaAI'IycoM ct c

leurpou B ToqKe (x, A). ,Il,pyruua cJIoBaMr' ecJII'I npoaHaJIH3I'IpoBarb
gTope i l eH l , t e .TaKxe 'KaKMbtaHaJ IHs I . l poBaJ I I {pe IueHI , I eBTpexMep-
HO]U Cnyqae, Nrbr yBIIAHM, t{To HaqaJbHoe. Bo3luyuleHlre pacnpocTpa-

Hrercfl c pe3Ko oqepqeHHblM nepeAHHM Qp_ourou H pa3l\'lblrblM 3aA-

nrnr <ppouiou. Taxulra o6paSou, [pl.rHUI{n lrcfireuca He BblnoJlHqercf

B npocrpaHcree ABYx uauePeuufi.
i4 gaxoseu, npe.4noJlox(I{M, ttro HaqaJIbHhIe Bo3Myuleg*Iq Q I{ \p

gappcflr roJIbKo or oAuofi nepelleHHofi. B arOu cJtyqae Bo3HI4KaIoT

N,'IOCKHC BOJIHbI, H NOCJIC NPHMCHCHI4' METOAA CNYCKA NOJIJrIIACM

r) Cru,. HanDuMep, Tuxoltos A. H., Caruapcxufi  A. A.'  
qecxori gusnxir.-M.: Hayra, 1972 n np. s3AaHrff.

VpasHeHug MareMarl t -
--II pus. ped.

f , '  i

Jlerqrr 24. BonxoEoe ypaoHexre e coo6oAxotr,t npocrpaHcrEe l8l

xopouo H3BecrHyp $opnlyny,ll,anarrn6epa

u (x, t): * [* @ * ct) I rp (x _'ct)] + +

(Yqn) ufi: czltx)e,

I  u  (x ,  0)  :0 ,
(HY) 

ir, tr, oj : q ('t.

x+  c t('
\,)

x - c t

1l) (s) ds.

Oruernm, qro I{ B 3roM cflyqae ttpnNleHeHne MeroAa cnycKa rpe6yer
rpoBeAennfl HeTpHBLIaJIbHbIX nuqncnesufi' B $opuy;re Aanaru6epa
HaqaJrbHoe cMeIIreHHe q npIrBoAHT x o6pasoeaHllto pesKoro saAHefo

$poHra, a HaqarbHat cKopocrb Q efo pa3Mblsaer. ApYrr'rMII cJIoBaMI{'
6lnomepusrii c.nyuafi seo6uqeu reNt, qro npHHIII{[ froftresca Bblnofl-
Hflercfl A,tfl Haqa,'IbHblx cMelqell:^vft u He Bbl[o,'lHflercff AJrfl Haqa,'Ib-
Hbrx cKopocreft. Moxno yrBepxAarb, tlro B ueJIoM lpllHqun frcii-
feHca B oAHoMepHoM cryqae He Bblrlo,'Illfle'tcu.

SAME'IAHHfl

Mu ne craJIH no4po6no I't3Jlafarb MeroA cnycKa, nocKoJlbKy' He
xoreJrrr ocTaHaBJILIBarbcf Ha BOTIpOCe o roM, KaK MO>KHO nOHI43I'ITb
pa3MepHocrb BxoAflult{x e SoprrnyJlbl I'IHTerpanoe. Bce 3rI{ BblqLIcJIe-
irr.rs ubxno Hafira n yue6nofi rHreparype, cnllcoK xoropoft npa-
Be,rLeH B KoHIIe KHHTH. O6lraa HAeF SaKrloqaercfl B ToM' tITo rtpn
perxeHr.{14 3aAaq B rlpocrpaHcrBe HeBblcoKofi pa3Mepnocrl Mo}KHo
Bocno,tb3oBarbcfl n3BecrHbIM peueHneM aHaJloruquofi saAaqx B npo-
crpaHcrBe 6onee sHcoxofi pa3MepHocrll, a 3areM ynpocrl{Tb elo'
cqwTafl, qTo HarlarbHble H rpaHHrIHbIe ycJIOBI'{fl He SABUCfuW Om q&Cmu

nepelie\Hbtx. t{urare.nrc ,rtoJlxHo 6url ffcHo, t{To MeroA crlycKa
MolKHo rrpr.rMeHflTb He ro,lbKo K paccMorpessoft saAaqe.

3A.4,A.IH

l. floraxure, qro B oAHot\,(epHoM cflyr{ae peuenl{e saAartll

(YqD ttft: cztt*', - oo 'r { oo,

(Hv)

Moxno uailrlo., npoauSrpepenul{poBaB IIo BpeMeHH pe[IeH[e 3aAaIIR

I u ( * , 0 ) : q ( x ) ,
\ u t ( x ,  0 ) : 0
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flertp,rn 25gaAaqu I ucnonmyfiTe A,'It peueHl'Ifl cle,qynuefr

Uqn) il11: tt6p - oo ( )( 1 @,
(  u ( x , 0 \ : 1 1 ,

( H n  {  ) ' ^ :  A\ r r v '  
l u r ( x ,  o ) : o '

3: flpounnroctpHpyfire It npoKoMNleurltpyfire pelxeHHe rpexuepuofi
saAaqu

(Yqn)  i l4 :s2 [s ,  (x ,  g ,  z ) (R" ,

(  u : 0

(HY) {  f  l ,  x '*  a '*  z ' (  1,

l, 't:10 s ocraJlbllblx roqKax'

4. Peuure anaroruqHylo (cu. saaaqy 3) 3aAaqy Aflfl AByMepHoro
ypaBHeHut

(YqD tt t r :cz\u**,  (x,  Y) € R"

( u (.r, 0) :0, 
-

(Hy) {  f  l ,  x '*  u ' (  l ,

lur(t, 
o):t o B ocrarrbHbrx roqKax.

5. Peuure aHarorlrqHyro (cu. saAaqy 3) aaaauy AJI' oAHoMepHbIx
NTOCKHX BOJTH

g ( V q n )  i l t t : c z l t x x ,  m ( r ( o o ,

l u ( x , 0 ) : 0 ,
( H v )  {  | r ,  l x f ( I '

l r r (* '  
u):10 B ocraf lbHbrx roqKax.

6. Kaxoga $usuuecran npllpoAa roro Saxta, qro npI'IHIlun lpfirenca

. ue cnpaBeAJIlIB B AByMepHoM cflyqae?

7. Bocnonrsyfirecl rfoprray.noft Jlefi6nuua

"  sg l  s ( t \

+ |  FG, r)dE: [  $<e, DdE+st (r)Fle ( t) , t ] - f '  ( / )r l l ( , ) , ,1
fit) f'il 

"'

LI nPoAHOfePeHquPYfire llHrerpaa
x +ct

+ j tp(s)ds
1 - c t

no npeueuu l.

KOHEL{HbIE NPEO6PA3OBAHI4'I OYPbE

lcvl{v c- t4 Koc 14 Hvc- n PEoSPA3OBAH t4tl)

,Il,aeafire rla BpeMr sa6yAeu o HaIxHx saAaqax' a gafiMeMcq ca'
rr,|Iruu n peo6pasonauua uu. AaAurr,r onpeAeJIeHI'te npeo6pasonaH uil, npu'
ne4enr $opuynu o6paueltfl H ocHoBHbIe csoiicrsa. Arn qero HyxHbI
npeo6paeona+rrg, n KaK ltMLI IloJlb3oBarbcfl, MbI y3HaeM HecKo,lbKo
rogxe. Bnpoueu, ec.nu roBopHTb KparKo, To cyrb IIHTerpa,'IbHbIx
npeo6pasonaHufi e pasJIoxeHIlH BxoAffIrlllx B 3aAaqy $yuxuufi no

IIEJIb /'IEKIII4I'Ii Beecrr ABa HoBblx llHrefpa,lbHblx npe'
o6pasoraunr (roHeuHne cHHyc' u Kocl4Hyc'npeo6pasonanfin)i

I.
2  ? . .So:S lfl:+\ t trl sin(nnx1L) dx (roueuHoe cuHyc-npeo6pa-

o soBaHHe),
L

C-:Clfl:+ [ f (r).ot (nnxlL)dx (xoHeuuoe KourHyc-npeo6:'"  L ' '  r - J " '  p a 3 o B a H u e ) ,

@

I (x) : ) S" sin (nnxlL)
n - l

t @):? * F, 
cocos (nnxtL) 

LX..%il??"",:ocunvc-npeo6'
H noKagarb, KaK c no\loulblo srttx npeo6pasonaHuii peluarb

KpaeBble ga1attri (n uacrnoctu, HeoAuopo4uue). Panee- MbI no'

sHaKOMHJlricb c pery,'rrpHurnlu npeo6pasoBaHHfMI'I , @yple n
Jlau,raca rr yBHAeJII{, KaK npI{MeHeHEe srux npeo6paaoranufi
K ypaBHeHHIO c qacTHbINIH IIpoI.l3BoAHbIlt{I{ cBo'['uI SaAaI{yj pe'

ueluro o6HxHogeHuoro auQSepeHIrHaJIbHoro ypaBHeHI4q. O6bI'I'

HOe ilpeo6pasoBaHI{e @ypre noApa3yl\{eBaer' ilro npeo6pasyeuan
nepeMeHHafl H3MeHflercfl or -oo Ao *oo, f i, cJIeAoBare,'IbHo'
oHo flpuMeHflercfl A,III peueHun SaAarI B ceo6oAHoN{ npocrpa}I'
crBe (6e3 rpaulru)' B srofi JIeKIrl4H Mbl lloKax(el'l' KaK peularb

KpaeBble 3a1aqr (c rpauuuauu), npeo6paayr otpaHI'{qeHHbIe
nepeMeHHble (c raxuu npeo6paeonanlaeM MbI Bcrpeqael{cfl Bltep'
rue).

(o6parHoe cuHyc-npeo6Pa'
sonaHue),
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q.acroraM, peileHr{r.r celreficrsa gaAaq Arfl rcaxAoft qacrorbl L{
AyroqeM cyMMr.rpoBaHHLI Bcex noryqeHHblx pe3yJlbraroB.

HaqHena c $yuxquu f (x), onpe4enenHoft Ha 
'HHrepBaJIe

Kouequue cr{Hyc- u Kocl.rnyc-npeo6pasoeanltn aroft $yurqllu onpeqe:
Jrflrorcr Sopuy"nauN

Kosequoe cr.rHyc-n peo6paso-
BAHAC

KoseqHoe KocIrHyc-n peo6pa-
BOBAHI,IC

^  2  ? " . .s tll : 5,,: t J I (x) sin (ntx1 L)

n : l ' ,  2 ,  . , ,

clll : c.: +J f tO cos (nnxlL) dx

t{urarels, HaBepHoe, 3aMerHJI, qro 3TH npeo6paeonaHufl He orJII{-
rralorcfl or $opruy;r AJIn onpeAefleHus xoa$SuqueHron Oyple npfi
pasJrox{eH[H Hx B pflA ro cI,IHycaM HJIH KocuHycau. @oprr,rynu o6pa'
rqeHHF AJrr 3rHX npeo6pasooautft-ero o6uqsue pn4u Oypte no
cr.rHycaM H Kocr.rHycaM.

0

n : 0 ,  l ,

06parHoe cr.rHyc-n peo6pasoeauHe

O6parHoe KocHHyc-n peo6pasooa-
HI,{C

Oruernu, rrro B o6paruou KocllHyc-npeo6pasonaHnl't
Hr,re Haqr{Haercfl c n:0, a B CHHyC-npeo6paeoeaHIIH - c

llpxrvrepn cn Hyc- n peo6pasoBaH I'rq

flycrl
l ( x ) :  l ,  0 ( r (  I ,

TOfAA

cyMMHpoBa-
n :  l .

;
1..

Y

r ;,f
itr
t i
i.;f:

I ( 0, ecflH n-qerHoe
S , : S [ ] :  2 )  s i n  ( n n x )  O * : \ ! ,  " n  n _ H e q e r H o e .

IpaQur< Qyur<uuu I (x) lr ee npeo6paeoBannfl nso6paxenu Ha puc.
O6parHoe npeo6paaoraHHe 3anHcblBaercs B BI{Ae

t (xt: r : +: [":] 
,in tn,,,r.

So sin (nnxlL)

nocJIe:

[0, tr],

dx

3naere JIH BbI, KaK BbrrJlt,u,ur rpa$ux erofi $yttxul-tl-l aHe ompffiKa

t0. l l? f loAvrr+afire Har, grHM. Orlteruu raK)Ke' qro cl ' lHyc-npeo6pa'

bouanlue QyHxunu I (x) onpeAeJleHo roJIbKo Art no,'loxllre,'lbHblx ue-

,i '* n. I it iyt"*u cJIoBaMLt, KoHeqHbIe cllHyc- I '{  ̂xocuHyc-npeo6paso-
BaHufl npdo6parytor Qynrcquu B 4uc/toeue nocnedoaame/tbHocmu.

f@)

PUIC. 25.1 . fpaQuxn $yuxuulr | (x):l u ee npeo6pasoBauus.

Csofi crsa npeo6pa3oBanufi

Ilpex4e qeM IIplIcryIIHTb I( pe[IeHHIo 3aAa'{' MbI
qHTb HeKoropue croficrBa gTHx npeo6pasonannfi.

Ecnn u1i, t;-QyHt<:;.ln 1agx nepe.frieHHbtx rr Mbr
o6pasonauue no nepeMesnofi l, to

AOJlxHb-I noJIy-

npoBoAIrM npe-

t) sin (nnxlL) dx,

t) cos (xnx)lL) dx.

(3aueruu, uro npeo6pasoBaHlle npoBoAlrJlocb flo nepei^euuoti Jc' n
nOJIyqeHHafl nOCJIeAOBaTe,'lbHOCTb SaBI'ICI'IT TOr'lbKO Or npeUeHu /')

A xar 6urr c npousro4Huvlt? Huxe npuBoAflrct HecxoJlbKo
rroJre3Hbrx tpopuyn

S [a,] : !!# , S [u,r] :t#!,

S[u*,]  :*fnnlLfn S[u] +ff fu(O, 4+(- l ;o* '  u(L, t \ f ,

C lu, *f : - lnn I Lf' C t"l- +[u" (0, 4 + (- I )' * t u * (L, t)].

L
, P

S [ n ] : s " ( / ) : i ) u { * ,
0
L

, "
Cfu l :C , ( t ) : i  ) "1 * ,

0

S r = 5 [ 1 ]

^ |  o ,n-t lenHoenn= 
\4/xn-, n-HeqenHoe
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PeureHue 3:Lr,aq c noMou{blo KoHeqnblx
npeo6pa3oBaHHfi

Peuesue HeoAHopoAHoft KpaeBofi 3aAaqa
c noMorrlblo cltHyc-npeo6pa3oB alP'vfr

Paccuorpnm ueoduopolnoe BoJII{oBoe ypaBHeHI'{e
( y q n )  i l n : u * , * s i n ( n x ) ,  0 ( x (  l ,  0 (  I  (  o o ,

( r l "  I  u ( o '  l ) : o '  o ( l ( o o ,' )  
\ ; i ; ' i l : o :  

o ( r ( o o ,

( H y )  l u ( : ' o ] . : !  o ( x ( 1 .
\  u 1 @ ,  0 ) : 0 ,

Peuresne saqattt BbIno,'IHHM sa rpu cJ{eAyIoulHX lxata:

IIIA| I (Onpe4eneHl'Ie noAxoAnulero npeo6pasonauun.)

flocronlxy nepet{ennal t Menrercfl or 0 Ao l, uu BocnoJlb'

ayerrrca KoHeqFIbIM n peo6pa:oeaHHeMr - a IIMeHHo- cHHyc jIIpeo6paaona-

uueu; no:xe craHer'ttcHo noqeMy. Mu uloe/tu6otpewura 3Ty 3aAaqy

c noMourbro npeo6paeonauus J\annaca no nepelteHuofi I (no tpyao-

eMXocrI{ aror MeroA He orJll{qaercfl or KoHerlHoro cunyc-npeo6pa'
aonaHnn).

IIIA| 2 (Buno,rueHne npeo6p.asonaHtln).

,II,ns y.lo6crna 6yAelt l,rcno,'Ib3oBarl o6osuaqeulle Sn (l) : S [a].
f lpr.rueHalr,t cuHyc-npeo6paeonaHne I( ucxoAHoMy ypaBHeHHIo

lu, l :S Lr" , l  f  S Is in (nx)]
It BOC1O;tb3yeMg91 TOXAeCTBON{ A,'IR CHIIyC-npeO6paaOSaHHf , nOr'tyqI'IM

ry- 
-(nn) ' �S,(t l+2nnlu(0, l )+(- l ; '* t  a (1, f) l f  D,(t)  :

: - (nsr")z S, (l) + D,(t).,

rAe 
{ l, tt:l (aro roa46u[]'teHrbt pa3JIo]KeHHa

DnQ) :S[s in  (nx) ] :  i  B  pnA Oyp le  no  cunycau)

[ 0 ,  n : 2 , 3 , : . .  .

Ec.nu renept npeo6pasoBaTb HaqaJrbHbre, yc,loBHf Xpaeeotl. 3aAaqH,
To noJlyrlrrM Hatla,IlbHbre ycJloBl'lr Anq o6HrHoBeHHoro Aa$SepeHqn-
aJ lbHoro  ypaBHeHHf  

t  r .

sfu (x, o1l: s" (o) :t61'"' ir=';,u;,'.'. .',
s [a1 (x, 0)] : qP :0.

I'lexr4xn 25. Koneqsrrc npeo6paroeaxra Oyple-lS

klrax, peuuM

(oAv)

(Hv)

B pesy.nutateDOflyqaeM

S, (4: A cos (nl) * ( l /a) ' ,

A:+-#=r , r7 ,
I  0 ,  n : 2 ,  4 ,  " ' ,s " ( , ) : {
,  (4lnn)cos (nnl) ,  n:3, 5,  7,  "  '

Cne4oearentuo, peureHHe uaurefi saAaqa Mo)KHo
D BI'AC

u (x, t): [.4 cos (nl) * (1/n)'] sin (n-r) $

* # "I mh .ot lt2n + l) nll sin LQn+ l) nxl'

SAMEqAHHfr

l. A,rs pe[IeHI{n 3aAaq!{ IueroAoM KoHeqnofo cuHyc'
npeo6pa3oBaHuq KpaeBble ycJIoBI.lr npn x:0 i l
}IMETb BI,IA

J ' {9' l) 
: f (tl. (Hcno,,*syerce c'Hyc-npeo6paeonauue),

\  u  ( t '  t ) :  g  ( t )

!  
'*(0' t):  t  U) 

. (ucno,rrsyercfl  Koc'Hyc-npeo6pasorauue).
\  , '  ( f  ,  t )  :  g  (x )  

\ 'L ' v 'u rJ  v  r  v ' r  : r

,llpyrrErraH cJIoBaNrH, ecJII'I 3aAaHbI rpaHHtIHbIe ycJIoBlIfl a (0, l) :

: f  (4  w u*{L,  t ) :9( l ) ,  ro arr  npeo6pa3oBaHuf l  HenpHMeHI lMbI .
Heiri i lueuiltr it-oti l , u rpu rpaHI'{tIHbIX ycJloBl' lf lx nwaa u*(0' /)+

+hu(0, l):0. B erur cfiyr{arx Hcno"Ib3ylorcn }pgeue npeo6pa'

soeaHun, C o6o6ulenHurr.llt cHHyc- I.I KocHHyc-np-eo6pasonaHHtMH
MO)KHO nO3HaKOMlrTbcg ilo , ' IHTeparype, yKa3aHHO[ B KOHIIe KHHr]I.

2. nns roro qro6u Mo)KHo 6u"ro nptzttleHflTb KoHeqHbIe cHHyc- HJIH

Koclrnyc-npeo6pasoeaHua, ucxoAHble ypaBHeHI'If l He AoJIxHbI co'

Aepxarb nepBblx npoI.IsBoAHbIx no .r (nocronlry cuuyc'npeo6pa'

Tefiepb,,HoBoe ceueftcrBo SaAat{ Korltul

, ' r c  I  l ,  n : 1 ,
f f i + (nn ) ' � s " : t  o ,  n :2 ,31  . . . ,

J +(o) :t l:,"' ,:='r,,i: ::::
I ,rft,',: o.

npeAcraBllrb

ullkr XOCIIHyC-
x: L AoJIxHbt
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3 .

SOBaHrre nepooii [por43BOAHOfr CeOAr.{rcs K KocHHyc-npeoopasona-
Huto nropoft u uao6oPor).
B ueroAix KoHeqHbrr c'Hyc- ' Koc'Hyc-rpeo6pasonaunii cyulecr-
BeHHO TO, tITO eCe $yHxul'til 3AAatlL4, BKJIIOqatI It6, u61' HaqaJIb-

Hbre ycJroBHfl,  rpauuuune ycfloBHtl,  pa3Jlararorcf l  B pfA o) '919

IIo cllHycaM I'IJIH KocHHycaM' peuaeTcfl ttocJleAonarenuHocrl (-)'[V

4na xos$QraqueuroB <Dyple, a 3areM Bce pe3yJlbrarbl cyMMHpylorca'

3AT,A'TH

l. Peuxre au{$ysnouHyl'o saAaqy c l l3o"lnpoBaHHblMI{ rpaHuqaMfi'

T .  e ,

0"qn)

(fv

(Hv)

2. Perrre "

(vqr)

0 { r ( 1 .

u 1 : u a l r  0 4 r 4 l '  0 ( l ( o o ,

1 " 1 ? ' " : ^ o  o ( / ( o o ,
\  a "  ( 1 ,  1 )  : 0 ,

u (x, 0l: I * cos (nr) -1- 0,5 cos (3nx),

r l

o6u4en BUAe 3aAaI{Y

L t t : @ 2 u x x * b u * f ( x ,  t ) ,  0 ( ' r (  l ,  0 4  I q  o o ,

l ' 1 9 ' 1 ) : : '  o ( r ( o o ,
I  a  ( 1 ,  l ) : t ) ,

u ( x , 0 ) : 0 ,  0 ( x ( l '

(fv)

(Hv)

3.

4.

5.

6.

BHseAr.Ire ocnoBHble fipaBura BbltlHcJIeItI lt l  SIu*l u Clu*"], xo'

T.pbre 6nnU npUoeAeHit e 3aMeqaHHflX, I loHuuaere JIH Bbl' noqeMy

"pya"o peruutl au$$epeHuuaJlbuoe ypaeheHue, coAepxaqee rep-

Byro flpoH3BOAHylo/
.Ierv 

'puuno 
xbseqHoe cI'IHyc-npeo6paaonaHze $yur<uuH f (x):

: sih (ix) a 0,5 (3nx)? flocrpofrre rpa$H'x npeo6pasonauua npr
L :  l .
Haita"te xocltHyc'npeo6pasonauue $ynxrlun f (x):x, 0 ( x( l '

Llso6paeure rpd$ur< o6parHoro npeo6paaooaHlrfi npI{ sceJc 3*aqe'

Hr'rflx^ )c, (KoHeuHo, nHyrpu orpeKa 0(xSl -PocctauoBurcq
aiffiu;; ii;i:x, a uto 6yaet 

'eue 
orpesra [0' l]?)

Peruu're saAaqy

(y t { I l )  i l t : i l * " *s in (3nr ) ,  0<  )c  11 ,  0  (  I  (  oo ,
(  u $ ,  l ) : 0 ,

( f y )  {  ) . '  . "  , '  0 ( / ( o o '\ - - l  
l  r / ( 1 ,  / ) : 1 ,

(HY)  u (x ,  0 \ : s i n (n . r ) r  0<x (1 .t

t  l r
' . 1
!l"1
I : 1

Iler\nn 26. pno3rt{ t t% -  ocHoBa nrneinutx cxcreM t l9 l

flerr-uan 26

nPilHUhn cvnEPn A3.Aunn -
OCHOBA TEOPIAIA NNHENHbIX CI4CTEM

IIEJIb JI EKIII4LI : llogHarour.rrb IrI'Irare'rn c npllHuH-
I ]oM Cynepno3HqllH H noKa3arb, KaK c ero noMoxlblo l lc-

xoAHyro SaAaqy MoxHo paSJIOXHrb lia IIOA3aAaqIl' 3areM

peul4Tb cpa3y Bce rloASaAaql/, v, cJIoxHB no,'Iy_r{€HHble pe-

sy,nrraru, safiru petueHue ucxoAsofi  3aAaqll .  Mu xorlzM

TaKXe noKa3aTb, qTo ABa ocHoBHbIX MeTOAa pelxeHHtl Jl l ' � l -

seiiHux ypanHeHuii- nemo} pas}ercnun nepe'MeHHbtx rr
nemo} uHmee panbHou npeo6 paaosauurt - ucilo,'Ib3ylor npllH-
uHn cynepno3l,luHH.

flpe4nonoxltilt, ^qro
cHCTeMbI U Ha 6XAOHOe
sanallv raKoB:

liHxeHeDV HVxHo sai'tru oTKJII{K nusefiuofi
eosAefumiue i. O6uufi noAxoA K peIIIeHI'llo

sosAeftcrsu n - f  : )  f  ni
noegericrnue fu;

T\

7
pl4c. 26.1. ocHosuag r.rAes npr.rHuuna cynepno3nuuu; L-TnSSepeHuuaaruolfi
oneparop; f-sxo,(; ri-EbIxoA.

9ry ocuonHylo LIAeIo Moxuo I'lcnoJlbSoBarb npn peueHllu cJlox-

]rbrx cMeuaHHblx 3aAAr, pas6unar nx Ha npocrble noASaAarlu' pe'

l) pas.noxHra f ua oJleMeHrapHbte
2) Yainn oTKJIHK cucreMbl/ft Ha
3) cnoxurr  orKJI lzKH u:Zuu.
Ecnn cucreMa nuneiluan, ro

orKJrIlKoM cHCTeMbI Ha BxoAHoe
npuH4un cgnepnff iuqaa (cu. Pl lc.

noflyrleHHatl
sosAeficrsue
26.1) .

lluneilmn cucneilo

!'4ox e n d ot m u n un ei uttu
ypafneuuea
L u = f

cyMMa u flBrfleTcfl

t. B stoM cocrol4r

Zur= tlf=Zfx
4x{



il

: k

i .a-

192 gacrr  3. ,  fhnep5ontaqec*re 3aAaqH

I x a f K a x A y I o I . { 3 H H x H 3 a T e M c y l \ , I M u p y n n o f i y q e H H b | e p e 3 y J { b T a T b l
(xoneqHo, aHrp$epeuunaJlbHoe ypaBHeHne H rpaHuqHble ycJloBllf l

Ao,'rx{HbI 6iirr ;u.rHeftHu).

PasnoxeHne cMeuaHnofi 3aAaqII '

HA ABe 6Olee npocTbte

flpeAno.toxHttl, HaM seo6xoAttttlo peIflHTb
.(o6oeHavurr,t ee P;

(Yqn) Ltt :a ' , f  s in (n,r) ,  0 (  , r  (  l ,
(  u Q .  / ) : 0 ,

( P )  { r v t  i  r i , , , i : 0 ,  o ( l ( o o ,
(HY) u (x, 0i: sin (2nx), 0 ( r,( l.

flepe4 uairalr neodnopoduoe ypaBHerlue reIIrtonpoBoAHOCrlt' TaK
qfO NA6rcA pagAeJIeHLIt [epeMeHHbIX IIenpnMeHIlM. MOxHO, KoHeI{Ho'

BOCnOJrbgOBarbcfl KoHeqHbIM cl.rHyc-n peo6paeonaHHeil{ nO nepenaeHHofi r

Hlu npeo6pasoBaHr.reru Jfannaca no nepeN{egflofr l, Ho BMeCrO.sTOrA

Mbd paccMOTpHI\I ABe noA3aAaqH

(Yqn) i l  t :  ux*$ s in (nx) ,

nnHefrHyto gaAaqy

0 ( l ( o o '

(P,)

u

(Pi)

KaxAas I{3 STIrx
sro c7t4tna peueHHft
ga4aq'u, T. e.

I  a  (0 ,  11 :9 ,
0Y) t  ,  (r ,  / )  :0,

( H Y )  a ( x ,  0 ) : Q  i

(Yqn)  t t1 :  t lay t

I  u ( 0 ,  l ) : 0 ,
( rY)  i  , (1 ,  t ) :0 ,
(HY) u(x, 0): sin (2nx).

SaAaq flerKo peuaercfl H B TO )Ke BpeMfl RcHo'

sa4av P, u P, nonnercfl pemeul4eM ncxoAHofi

u(x, t ) :  # t t  -e 'n"t)s in(nx) *-e' tzn1'  ts in(2nr) '

PenresHe "{ourn^ P, Ptt}"t ea4aun P;

I{oxso noKa3arb, qro B o6qeu cJlyqae peueHae SaAaqH

{  i l t :u***  f  (x ,  t ) ,

|  ,  (0, l)  :0,

I  a  t t ,  l )  :0 ,
t a (.r, 0): P (x)r "

i .' '  r  1. . .
t l
|i. .
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flBrffercf, cytr,tiuofi perueHuii 6olee npocrblx SaAarr

PasAeflenue nepeMeHHbtx
n uHTerpaJlbHble npeoopaSoBaHHfl
KaK npoflBJreHufl npl{Hqnna cynepnoSul"([n

Mu uornu He AyMarb o cynepno3utlHl.I '  KorAa [pHMeHnJII{ Me-

roAbr pa3AeJreHHff nepeMeHHbrx u HHTerpaJrluux npeo6paeonaunfi, no

Ha car{oM .ILeJIe MbI I{CnO,'lb3oBaJIL I.IAeIO CllnepnoSu4uu oecKofleqHoeo
qucna sile6egTapgblx CltaeaeilMc. B ueroAe pa3Ae-IleHut nepeMeHgbl1

nu O6nqnO pailaraer,a Haqa,'IbHble yC,'IOBHn ga 6eCrOgeqnOe qHCJIO

npoCreftu-rttx gJIeMeHToB H HaxoAuM oTKJIHK Ha xaxAufi TaKOft sJIe'

Meur. llpocyMMnpoBaB 3areM BCe 3Tr.t oTKJrllKH, Mbr HaxoAI{M peue-

ri lte 3ailaqH.
C apyroii cropoHbl' B IlHTerpaJIbHbIX npeo6pasonaHr4flx maccfie

Ircnonleyercfl npuHIlr4I] Cynepno3r.ruHu. Hanpnuep, 4aeaftre nocMoT-
pHM, KaK Hcno,Ilb3yercfl sTor rIpHHIlun B KoHeqHoJfr cuHAc'npeo6pa'

ioegnuu. Pacclrorpurr,t ueoduopo\noe ypaBHeHLIe renJIorpoBoAHocTHl

(  ur :u***  f  (x '  t \ '

J u (0, l )  :0,

l  u  ( t ,  t ) : 0 ,
\ u ( x , 0 ) : 0

(  u t :  u r c ) c l

)  u  (0,  l )  :0 ,

l  u  ( t ,  l ) : 0 ,
I z ( , r , 0 ) : p ( x ) .

g (Vqn)  u1 : t t , 6 *  f  @,  t ) ,  0  ( x (  I '
{  u  (0 '  l )  :0 ,

( f Y )  
{ ; l ; :  r ' ) : ; : ,  0 4 r 4 m ,

( H Y )  r r ( r ,  0 ) = 0 ,  0 ( x ( l , l

rrpocJreAI4M, KaK oHo peuaerctl MeroAoM KoHeI{Horo cuuyc'npeo6pa'
sqsaHafl. Bor qrO MbI AoJIxHbI cAeflarb: pa3JIOxI.{Tb oXOdt'toe eoedert'

ctneue f (x, t) Ha KoMnoHentu, nafitu oTKJIHK U n ua KaxAyIo KoM'

nOHeHTy, a 3aTeM CJIO)KIITb oTH OTKJIIIKI. MarevarHqecKH 3TO MOXeT
6srrt n He CoBceM oqeBI4AHo, Ho Aaeaftre BHIIMaTSJIbHO npOcJIeAHM
sa xoAoM peuengff. Pae.noxnu Bxo,u,flIgue B ypaBHeHIIe c qacrHblMlt

/ j\tl 6ot

0 ( l ( o o ,
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npolrsBoAHbIMI'I TIJIeHH B psrFl Oypre no cnllycaMl

u t  :  u rn  +  f@, t )
. l  +  . +

(26.1) 
2rn,sin 

(nnx) : 
:, 

Bo sin (nnx) *j, "" sin (nnx),

8.[e 
j

A,1t1:2 \ wr(x, t) sinlnnx) dx,

I
B,(t') : 2 \ u*'('x' l) sin (nnx) dx'

t ,

F, (l) : 2 \ f (x, t) s\n (nnx) dx.
0

OrMerBv, Bo-[epBblx, qTo Ko3SQI4uIreHrbI Ar, Bo, Fo '4eficrou'

TeJrbHo rBJIflIorcfl $lluxqunnu Epet4eHu l, nocKorlry MbI npl4 MeHnrIt

cnHyc-npeo6pasoaauue x Synxuull AByx [epeMeHHblx x,,,t, H, w'

D/ropbfx, rrro MbI pa3floxuJrll BxoAHoe Bo3AeficrBIIe .l \1, t1 Ha npo-

"""i i*i*noHe'rbr F"(t|. Haftxernr renepb orKrIr4KH y."!I Ha Kax{AyIo

i6"n"*.nny Fo (t), a 3areM cJroxHM Bce orK.rtLIKu U ,(t\ 14 nor'IyquM

peuleHlle u(x, t),' 
9ro6u HafirH orx.rruxu I).(/), ueo6xoaHMo npoAeJlarl ue6o.tlluue

BbrKJraAKrr c xoaQ$uuueHraMH A,(t) u B^(t), qroSst B noAb]HrerpaJlb-

lrHble BHpaxeHHfl BXOAr.rJra ToJrbKo QynKIrHn U, A hre ee npoH3Bo.u.HHe

trt vt ux". I4Hrerpupya ro qacrflM' no,'IyqaeM

,l
B , ( t ) :2  \  , , , s in  (nnx)  dx : -  (nn} ' �  U  " ( t )  *

0

! 2 n x [ a  ( 0 , 1 ) $ ( -  l ) " * ' u  ( 1 ,  l ) ] '

rlte IJ n(l)*cuHyc-npeo6pasoaanne QyHruun u(x, t)' F'IoAcrasrss

A*(t):z j  , ,  . in (nnx) dx: *lrJ , O, l) sin (nnx) d']:  !y# ,

rpaHLItIHbIe yc,'IoBHg

Y
t i'  , 1

t l , '
l , l

tl

l

t  u@, f ) :o '
I  a ( 1 ,  / ) : 0

B IIOCJIe.{Eee cooTHOIXeHHe' ROJyqaeM

B,( t ) :  -  (nn) 'U , ( t ) ,

Ecnlr pasnoxuro
ero HyJIIO:

To OnpeAe,'IflIOTCfl

Mu no.nyunnu
rrpocrblx SaAaq
sogAeftcrsl,ts:

flerqls 25. flpriHr4rn cynepnosrlL{rax -ocgora nrueixrtx cxcrc"A 
.|95

r.r, cJreAoBareJlbno, (26. l) npunlrMaer BI'IA
@

X tU; { (nn)zU,- F " (t)lsin (nnx) : 0.
n = l

flocxonlry sro pasrox(eHHe flBJIeercR ToxAecTBoM no {, er.o xoaQ$n'
rr[reHTbr Ao./IxHbI 6url paeuu HyJIlor T. e.

U;,+ (nf i ;z U , :  F o(t) .

Taxnlt o6pasou, MbI noJlyql4'ln cBfl3b Me)KAj..nxogqN^ H BblxoAo[l
cr.rcreMbl, MexAy xoatpsuuneutattu Fr n Uo. flpex4e rIeM peularb
ypaBHeHHq Ann U n(l), o6paruMcff K Haqa,'IbHoNIy ycJIoBI4Io

a ( r , 0 ) : Q .

u(x, 0) B psA Oyple ro cl 'tHycaM H rpllpaBHffrb

@

2 . t l  , (o)  s in  (nnx) :$,
n = I

HaqaJrbHL,Ie yc,toBHn l.rra $yur<unw U o(t\, r. e.

U o ( 0 ) : 0 ,  n : 1 , 2 , . . . .

paa/roilceHue uauefi cnreuassofr ea)aqu Ha psA
o6 orrnnxe cucreMbl Ha 3,'IeMeHTapHHe BXoAHbIe

(OAY) U'"(t) +(nn)z U n() :  F" (t),
( H Y )  U " ( 0 ) : 0 ,  n : 1 ,  2 ,  " '  .

KaxAoe I{B 3TI{x ypaenennfi JIerKo peuaercn MeroAoM HHTerpH'
py,ou.ero MHo)r{r.{reJrq" ("n, " noMoulbro- npeo6pasoBa*Ll' .Ilaunaca).
B .ruo6ou cryqae rofiYqaeM

:
L)  r ( t ) :e -  

(nn)? /  
J  s@t l02 t  Fo$\  d t .
0

Taruu o6paeont, Mil nonaqu,rtt orKItvKH U *1t7 ua npocrefiune nxo4'
HHe aoeAe?c1alrR F, (l). Ang nofiyrleHgfl peueHsfl LtcxoAHoI{ 3aAaql{
ocTaJloch cogeplil11Tb nocneAguft uar-gJIO116HTb BCe OTKJII{KI,I

'  u(x, t7: fi u,(l)sin(nnr).

r{urare.nb, AoJrxHo uor"o,"=iu"ar"n, rITo KaxAbI tt orrcnwt< u r(tl
vMHo)Kaercfl ua secoBoft MuoxureJlb sin (nnx). KoHeuHo, B pa3Jlo'

i.en", $ynr<ur.rn f (x, t) Ha KoMnonenru F,r(l) rpucyrcrBylor rell(e

BECOBbIE MHOXI,ITCJIIT'

7 3



Ti

I

i

:

"196 '  , .9acrr  3;  f rnep6onxqecxre 3aAaqtr

SAME'TAHHE

llpuueneune KoueqHoro cI.IHyc'npeo6pasonauuq no3Bo,'If ler 3anl{'
cbrBarb peueHlle B BLIAe pflAa, Ho AJIfl 6onburuucrsa Apyrux I'lHre'
rpaJrbnbrx npeo6paeonaHuft peueHl'lfl npeAc"aBflqlorcfl B BuAe HHre-
rila.tror (nenpepunHoe paanoxeulte). 9urarelo MoxHo rlpeAJloxurb
'AaTb r.rHTepnpeTallulo 3aAaqH

( Y q n )  t t 1 : t t * a t  - m ( r ( o o ,  0 { l ( o o ,

(HY)  u (x ,  01 :Q( t ) ,  -  oo  (  r (  oo ,

Ha rSbrKe npHHuHna cynepno3HuHH, ecflu oHa peuaeTcfl MeroAoM
npeoSpasonauun <Dyple. flo cyurecrBy, 3ro 6u.no cAeJtaHo el.ue
B-JreKuHH 12, xorAa era xe saAarla peuaJlacb MeroAoM Syttxut'tlt
IpHua.

SAAAIIH

l. floxaxure, r{To ecJIH llr It ,Jr-peueHufl saAaq P, u P4 ss sroft
reKuuu, ro (ar-|-ar)-peueuue eaAa'Ilt P.

2. Hcnonmyfl npLIHuHn cynepno3l.rquu, peultre cMeuIaHHylo 3aAaqy

(yqn)  ut t :u** fs in(3nx) ,  0  ( . r  (  l ,  0  (  /  (  oo '

0v)

(Hv)

Ans xaxAofi ?rs
BKycy.
3. flpe,qnoroxllM,

r.r (0, l) :0,
, i t ,  l j : 0 ,  

o ( l ( o o '

u (x, 0'1: sin (nx),
a 1 ( r ,  o ) : 0 ,  

o { Y ^ < l '

I
\
t
\

noA3aAaq ou6epure MeroA peueHnfl no cBoeMy

qro ar H uz-peueHnfl cJIeAyIoulHx ypaeueuuff:

A)  Ut :  Ux)c i
6 )  u t : i l " * € t i
B \  u t :  e - tu t * ;
t )  u r :  Ur r *  l l ' .

.II,na xaxHx ypanHeHufi $ynruun ur*ud raKxe 6yAer peu:euueu?

Kaxue BbIBoAbI Bbl cMoxere cAe"'Iarb, I'Icxo,4,fl ll3 Balxux orseron?
4. Hafiar.rre qerbrpe cN{eIxaHHbIe saAalIH, cyMMa peureuufi Korop}tx

Aaer pemeHne c!'IeAylolqeft ea,u,aun:

u 1 : u 2 s a * f @ ,  t ) ,  0 ( * (  l '  0 ( l ( o o ,

! " (.?, fl: s,(,t!, o ( I ( oo,
\  '  ( l  ,  l ) :  Er ( t ) ,  

v

u ( x , 0 ) : e ( ' r ) ,  0 ( . r ( l .r
t  l r

r l '
{ r

t i

5. Peunre saAarly Korun
(OAY) Uh@+(nn)a U,( t ) :  Fo$1,

(Hy) uo (0;:0.

Moxere JIII Bbl npoBepuTb noryrleuHoe pelueHne?
6. flpe,qnonox(HM, uio rpynrunw ui tt tt; ]AoBJIerBopflPT ntrHefrHHM

oAHopoAHbrM rpaHI.ItIHbIM yCJIOBI{SM

u* (0, t) * htu (0, l) - 0'
u * ( 1 ,  t \ { h , u ( 1 ,  f ) : 0 .

byae r . l l uQyn ruu f ru t * l J5 }AoBJ I€TBop ' |Tb9T I4MycJ toB I l nu?

flerqrn 27

vPABHEHnn nEPBOTO noPtlEKA
(METO-q XAPAKTEPI4CTHK)

IIE,
npor.r38(
BaJrH y
HbIM M€

TOAOM .

HMECT I

(vrr|I)

(Hv)
cpa

q y C n r
KoopAH
opAHHa
uoe du4
HOBEHHi

HA IIOC

u{x, t l.

Hanonuuu q[TareJII,o,

Sysur.r
I t t :  d ' t lxx-0Axt

qro, KorAa MbI pelxaJlt{ ypanuenue 4tQ.

- o o ( ' r ( o o "  0 ( f ( m ,

lE/lb JIEKI{l4l,lr Bsecrn nonflrl{e ypaBHenrfl c qacrublMr
r3BoAHbIMI,r [epBoro nopflAKa (Ao cLIx nop MbI paccMarpl{'
r ypaBHeHHt BTOpOTO nopflAKa) II nO3HaKOMHrbCfl C Ba}I(-

MeroAoM peueHllfl 
_3aAaq 

c HaqaJlbHbIMI'I ycJIOBI{flM.I'I-Men
)M XapaKTepncTIrK. 3aAaqa, xoropoft MbI Terlepb aafimeucR,

)T BHA

f [ [ I )  a (x ,  t )u*+b(x ,  t )u1*c(x ,  t )u :0 ,  -oo( r (oo ,

0 ( l ( o o ,
IY) u (x,0):  Q (r) ,  -oo (x (oo.

)paey xe orMerrlM, tITo B[epBbIe v^u 6yAeM pelJarb saAa-
: nepeMeHHaruu t<osQ$iluueHTaMH. OxagHsaetcs' ecJII'I or
)AHHar (x, l) nepeftrr I( HoLblM, xapaKrepucrnqec_Kl'IM NG
ruararvr (s, i), ro Haure VQII_npenparl.rrcfl s ofiatnuosev'
du$QepenquanbHoe gpaeHeflue. 3ateu MoxHo peulrrb o6nx'
:Hnoe 4urp$epenuuaJlbHoe ypaBHeIIlIe, r. e. nafirr u(s,r), a
rocJreAHeM lxare Bblpagl.trb s H T qep$.r H t H noflyrll.ITb
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KoncraHra a2 nrpana po.rrr xoarp$Illll{enra 4HS$yauu, a a-6una
cxopocrblo cpeAbl. OqesLIAno, qTo ecJILt a: 0 (r. e. auQQystln uer),
To peueHue 6yAer cueularbcfl KaK ueJloe BroJIb ocu 1( co cKopocrblo
u (y Hac ocra,'racb roJrbxo ronaexura). Apyrunau cJIoBaMI'I, ecJIH
HaqaJrbHoe ycJroBue u (x, 0): p (r), ro coofnercreyloqee peIIleHHe

YPaBHeHIIfl 
'r: - utf,x

6yAer uuerb BI IA u(x,  t ) :g@-at l .
3ro Aaer HaM ocHoBaHHt AyMarb, qro peueHue ypaBneHufl ttep-

BOrO. nOpflAI(a
a (x, t) u*|b (x, t) ur: g

nepeHocr.rTcfl B,[oJIb norol(a co cKopocrblo

t): - a (x, t)lb (x, t).

Koneuuo, ecflH a u b-xoucraHrbl, To pelxeHue npeAcraBJlfler co6ofi
6eryuryro c nocroflHHoii cxopocrtl,o Bo,'IHy. Ec,tu xe a(x, t) u b(x, t)

t ( ( (
,J 

.lgyoryin-y91ly 
o),(3{ee'�un#itrP}c#iffen' 

,

3 = consi
Ha onoi nuquu

PL4C, 27.1.  Haqa,rruoe 3uaqelrue B Toqxe.r  oKa3btBaer BJI IzEHtte Ha peIUeHHe ro, l lbxo
B,r,Grrb xapaxreprlcrnKn B nJlocxocrtt nepeMeunblx (x, /). tlapauerp s H3MeHtercfl
BAorIb xapaKTepgcrnK or Hy,'tfl Io 6ecxoHeqHocrv' Ha\l'l.Hatt c rrIrHuH HarlaJlbgono
ycJroBl.rs; t nocrotflHa B.&oJIb Kaxloi xapaxreptlcruKll; T ti3MeHterct B.Ilo,'Ib JlIrHltIt
HaqaJrblroro yc,rIoBH fl .

/, ro cxopocrb norora H3MeHrerct KaK BAoJIb no-
BpeMeHlr (uurarenr cMoxer yBHAerb, tITo HaqarbHag

r.lcKaxaercfl). 3,lecl rar MHoro asanorufi c KoHBeK-

uau:efi ocHonHoti gaAaqe:

SaBItCtT OT X Lr
TOKA, TAK I,I BO
xpHBarr cr.rJlbHo
uuefit

Bepueucr x

(yqn)  a@,  l )  u ,c+b (x ,  t )  u t *c  (x ,  t )  u :0 , -oo(x (oo ,  0 ( / (oo ,

G I Y )  a ( x , 0 ) : 9 ( * ) ,  - o o ( r ( o o .

Peureune grofo JIHHefiHoro ypaBHeHI'Ifl flepBoro nopflAKa ocHoBbIBa'
ercr Ha cJleAyotqeM Snsnuecxorra $ame: Haqa/tbH.oe Acnosue B HeKo-

topofi ToqKe .r nepenocnrcs e /r'n,locKocru BAor'Ib ltuHttu, Koropafl
HaSbIBaeTCtr xapaKmepucmu'
rcod (cxr. puc. 27.1\

Srau Hattre ypaBHeHHe
orJrr{qaercfl or Apyfnx ypaB'
seHufi (raxux, KaK yPaBHe'
r{r.Ie ren JIOIIpoBo.llHocril /11 :
: u*r), AIlfl KOTOpbIX Ha-
qaJlbHoe 3HaqeHue B TOqKe
.r oKa3[,rBaer BJIHflHLIe Ha pe'
ureHne Bo Bcex roqKax IIpo'
crpar{crBa H BO BCe MOMeH-
rbr BpeMeHLr. Ecnra qHTareJIb

nOMHI'IT. TO Haqa,'IbHOe CMe'
u1eHne cnpunuvuofi crpynbl B roqKe x oKa3blBaer BJtunHHe Ha pelle-
H[tae er,ori degx nuwuit s l.r-nnocxocrH (coornercrByloullx asyN{ 6e-
ryur.rM nonnau) (cw. Puc. 27.2).

Ecrecrseuno, HallpauaBaercfl HAetl BBecrH ABe HoBbIe KoopAI4HarbI
s u r (nnnecro )c vt l) tar, qro6u

s H3N{eHflJIaCb BAO,'Ib MtpaKffiepucmuqecKux KpttBblx,

T r.r3MeHfl,'racb BAoJIb uaqa,xaHoil rpunoii (xe,larenruo BAo,'Ib lruHr4r4

t : 0 ) .

Paccuotpnu cHaqaJla HoByIo KoopAxHary s. Ec.nlt s nst6parl rax,
qTo oHa yAoBJIeTBOpfleT npHBeAeHHoMy BbIIXe ycrloBlllo, To ypaBHeHne

a ( x ,  t ) u * * b ( x ,  t ) u r * c ( x ,  t ) u : 0

npeBparurcn e o6ulxHoBeHHoe aHrl$epeHqfiaJlbHoe ypaBHeHHe

du
#  + t  ( x ,  l ) u :o -

KoHeuno, ocraercfl orKpbITbIM Bonpoc, rcarc nafimu, srr4'Jcapa.Kry'
pucmuKu. Orser npocr: mu ru6epew )capaKmepucmuKu {[x(s), f (s)]t
0 ( s {oo} TaK, qro6bt oHH yAoB,'IerBopnJII,I cucreMe

flctro, ,rto B oroM cnyuad

d u  d x .  d t
# : u* rt + utf,r: a' (1c, t) u*{b (x, t) uv

( A6e xopoxne-
pucnuxu)

eg

PVIC, 27.2, Haqa,rrHoe Bo3MyrqeHne u(x,0)
B TOqKe IIOpOXAaeT ABe BO,'IH]'r. HaqaltHoe
BO3My[IeH He CTp yH br COr,'IaCHO BOJIHOBOMy yp aB'
Hei l r . t to pacnpocTpaHf lercf  BAo! ' lb AByx xapaKre'
O HCTIIK,

[ * : a (x '  
t l '

lff:u 1*, ty.
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.[pyrur'an cJroBaMH, Ha xapaKrepl{crnKax {[.r (s), Al (s)]: 0 ( s qoo]
ypaBueHr.te c qacrnbrMr{ [poH3BoAHbIMI{ craHoBLITc-:s o6uxHoBeHHbrM
airQ4epenur.raJrbHbrM ypaBHeHI4eM, iloscnt.tttt srtt llAer I{ Ha KoHKpeTHoM
npr.rMepe.

IIPHMEP
llperuonoxr{M, qro Haru HyxHo pelxHrb cJleAytoulylo saAarry Kourn

c nocrogHsuua xosQQuqueuraMll:

g ( Y q n )  u , * u t * 2 u : 0 ,  * o o ( l ( o o ,  0 ( l ( o o
(HY) u (x, 0): sin .r' -oo ( .r < oo.

IIIAI l. Haxo4lrr',r xapaKrept{cruxu (egonl Korc-pblx pacnpocrpa-
uflloTcs HagaJIbHbIe AaHHble)

#: t ,  Fr-  r ,  o 4 s 4oo,

Tax xar s-HegaBucnMafl nepeMeHHat, To pe[IeHHR E 3THx ypaoneHufi
Jrerxo HaxoARTcfl!

. r ( s ) : 5 * d '  l ( s ) : s * c l - e .

,[,tn onpe,UeJreHnfl KoHcraHT c1 v ci noJIoxHM s:0 | tt o6parnltrca r
pvc. 27.1. flycru

'r (0) : x,
/  ( 0 ) :9 '

TotAa ,r :7 H Ci: 0. c.ne4oaarenruo, xapaKTepHc=THKU HaueE 3a-
raqu l,Me'or BIIA 

1(: s+x, l: s.

, Hro6u nocrpor4Tb xapaKTepucruKlt s lx-n,'rocroocrrr, HcKJrlorrHr\r s
nB npeAblAyulux coorHoureuuft. B pesynsrare no.IyE:{aeM

x - l - x , ,  - o o ( t ( o o .

KaxAouy sHaqeHnro r cooTBeTcTByeT nprrMarr Jrr=rr4Hr.rR; HanpHMep,
BCJIH T:0, ro ypanneHue npflMofi 6y4er t:x (crt. - puc.27,3),

IUA| 2. I4cnonlayn HoBbre r(oopAuHarbr, cBeAerlb^d r.rcxoAuoe ypaB-
HeHI{e K o6uxuoneusouy anffrepenqttaJlbHoMy ypap*HeHrro

( O A Y )  f t + Z u : \  0 4 s q o o ,
(HY) a (0):s in r .

PeueHue erofi'sa4auu santlcbrBaercff B BnAe

u (s, t): sin te-z'

(peueuue fiBflrercfl rpyuxuuefr nepeMenubrx s n !.

Ilexqnr 27. VpaeHeHttt nepBoro noptAka (merog xapaxreplcrrr) 20t

Vrat<, perxeHl4e no,ryqeHo, Ho ocra,'Iacb oAHa npo6.neua: 3To pe'
ueHue SanLIcaHo He s HcxoAHoft
[ll]e, ecJIL 6AI tr U HanJII{ U KaK
cAeJraeM Ha cJIeAyIoueM uare.

cricreMe KoopAHHar. Ertno 6u nyu-
$yur<unro KoopALIHar x vt t. 3ro rm

PAe. 27.3. Hoaas cncteMa KoopAHHar (s, t). Xapaxrepucrul(H-npflMHe .rmntt
T MeHteTcr BAOJIb HaqaJIbHOrO ycJloBlrfi.

lUAf 3. Hg coourouennfr
x :  s * T r  l :  s

B b r y a 3 F l ' M S I r r q e p e g x n t t
s :  l ,  a : x - t .

3Hauur, peuleHue Haueft saAaqn HMeer BHA

u (x, t): sin (x * t) e'zt (npooeprre sro).

I4e peueHufl BHAHo, qro HaqaJlbHafl BoJIHa u (x, 0) - sin r ABni
xercs BnpaBo 6es Hcxaxeulfi $opuu, Ho ee aMnJII'lryAa Saryxaer H
crpeMl{rcn K Hyrlro (pwc, 27.4).

floAseAer{ renepb HeKoropble ttrorn.

{ ) ,
{

Ply''C. 27.4. Peureuue nepeueqaercfl c,neBa
saryxaeT Ao HyJIs.

T = CoflSt

HanpaBo noctossnofi cxopocrbro
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n2 t{acrr 3. frnep6onr,rvecxre 3agaqr

OSrqas crparerilq peureH$fl ypaBnenflfl
ROpBOTO nOpflAKa

flycrt HaM AaHa sa,.aqa c Haqa.rtbHI'IM yc4oBI{eM

r y q n )  a @ ,  t \ u * * b ( x ,  t ) u r * c ( x ,  t ) u : 0 ,  - o o (  x  1 @ ,
0 ( l ( m ,

(HY)  u (x ,0 ) :  f  (x ) ,  -oo(  x  <oo.

IIIA| l. Peuaeu cucreMy 4oyx o6uxnoBeHHbrx Au$QepeHqna"rr-
Hbrx ypaBueunft (ypaaHeHrq xapaKrepHcrux)

dx dt
fi : a (x, t), ft: b (x, t).

floAoranoexofi x(0):^t u l(0):0 uaxoAuru nocrofnHble HHrerpfipo-
Batsn. Tenepr y Hac ecr6 $opruynu ilepexoAa or nepeMeHuurx (x, l)
K nepeNreHHbIM (s, r)

x :  x  (s ,  t ) ,
t :  t  (s ,  r ) .

IIIA| 2. Peuraeu 3aAaqy Kouru Ans o6uxHoseuHoro 4rl$Qepsit-
qua/rbHoro ypaBHeHHfl

.  
( O A Y )  f t + t ; r ( s , t ) ,  l ( s , r ) l a : 0 ,  0 ( s ( o o ,

'  
(HY) a (0):  F (r) .

OrMerum, uro e ros$QuuueHr c(x, t) aoAcraBJlffIorca x u t, BbI-
p a x e H H b r e q e p e 3 s H r .

IIIA| 3. flocne peruerrnn za1aqn Kourn Fra rJane 2 nonyuaeu
rpyuxunro a(s,t) I,r Ao.IIx{Hr,I Bbrpa3urb s u r qepes x u t (ua $op-
rrtyn,nara l). Koraa 3To cAeraso, cJreAyer rroAcraBl{rb BbIpa}KeHIIfl
A J r f s u r B u \ s , x ) .

llpumeuuM 3ry MeroAr.rKy r{ perxeHilo cneAyrcnlefi sa1aun c nepe-
MeHHbTMH roaQ$a[aenraun.

nPvron nPHLLEP
- r y q n )  t u x + u t ! t u : 0 ,  - o o ( . r ( m ,  0 (  l ( o o ,

(Hy) u (x, 0) : F (xl (npouaoonowan HaqaflbrE.an ao.nga).

II]AT I.
. '  d x' 

6: 
X' PeueHI{e SToro

dt
&:  l ,  PeueHHe 3mro

ypaBHeHLIfl x (sl: srss,

ypaBrreunf l  l (s) -6+cr .

l!rtr.
:8,

l l

, ,t:
d

Jleruxs 27. VpagxeHhr nepgoro nopt,qxa (xcroA xap.*roPrcrrx) zCq

flonaras x(O):t u t(0):0, noJlyqaeM nocroflHHble l lHrerpnpog€l
Hilfl er:T H Ci:O. cneAoSarcrbHo, nepexoA K HoBlilM KOOpAUH.&TAX
ocyulecrBJrserct no Qopuylau

X : T03,
l : s .

IXA| 2. Peruaeu saAaqy

f f + t u :o ,  o ( s {oo ,
u (0): lc (r).

Ee peueune sanucblBaerct B BIIAe

r (s, r):.F (r) e-s t2.

UIAI 3. Bupaxaeu s u t

S : t ,

T: xT-l

u noryqaeM pelxeglle ucxoAnofi 3aAaqu

u (x, t l: F (xe-t) e't ' /t,

Ec.ru 6u HaqaJlbHoe ycJIoBIle 6ttno u (x, 0; : sin r, to peileglie tsMefio
6H sItA

.u (x, t) : sin (xe't) e-t' / z.

?AN'EqAHHE

r{urarenn Moxer yALIBIarbcfl: norreMy B Kllnre cHaIIaJIa paccMar-
pr-rBaloTcfl ypaBrIeHII' c qacrHbII\[H IpOI{3BOJIHbIMH BTOpOfO nOpsAKa,
a 3areM yxe nepBoro? C uareuaruqecroft TotIKH spenrs 9Tl'I reMhl
MoxHo 6uno rerro nepecraBllrb. Oruaro, nocKoJlbKy MeroAbI peue-
HHfl ypaBHeunft moporo nopflAl(a He nepeHocffrcfl Ha ypaBueHlit
neps6fo nopqAKa I{ nocKoJlbKy ypaBHeHHs Broporo nopn4xa Sonee
BaxHbrB npuJroxeHaflx, MbI pettJHJII{ Haqarb c ypaBHeHHft nroporo
nopfAKa,- 

B reop'rEr.r o6bIKHoBeHHbIx 4uQ$epeuuuaJlbHblx ypaoneuuli cllrya'
rlnf coBceM Apyrar. MeroAu pelxeuut' o6ulas reoput H T' A. ecre'
crBeHHO nepeHocffrcs c ypaBHenufi nepnoro,nopsAKa Ha ypaBHeHufl

Broporo nopsAxa, raK qro yle6Hltxll no o6nxnoBeHHbIM 4lltpQepen-
uuaJrbHbrM ypaBHeHL'tflM BcerAa HaqnHalorct c ypaBnenltfi nepsoro
IIopsAI{4.



i ;+"

i t ' .

r i

I

8A,4,AttH

l. Peur.Ire npocryto saAaqy nepenoca

g ( Y q n )  t t , l u r : O ,  - o o ( x 1 c n l  0 ( l ( o o ,
(HY) a (x, 0): cos /r -oo ( .r < oo.

Kar sLrrrsAHT ee peruenue? V,4oenernopser JII{ ono ypaBueHllK)
LI HaqaJlbHotuy ycnorurc?

2. Peurure saAaqy

( y q n )  x u * * t u 1 $ 2 u : 0 ,  - o ( # ( o o ,  I  ( l  ( o o '

-  ( H Y )  u ( x , 1 ) : s i n x ,  - o o ( , r < o o .

Oruetuu, qro npo[ecc Har{HHaercn npu l: l- Kar BblrJlflAtlr
xapaKrepltcrnKlt sroii saAa'{u? flocrpofire rpa$ux pelxeHl{fl AJIfl
paSJrr{qHblx I\,loMeHTOB BpelueHI'I.. 14 xoueuuo, npoBepbre orBer.

3. Peurure MHoroMepHyIo saAarly (nonepxnocruue eo.rluu)

(Yq[ )  au"*buu*  cu t {du :0 ,  -oo(  , r  (oo ,
- o o (  g  < @ ,

0 ( l ( o o '
(Hy)  u (JC,  U,0 j :g ' (x '+u" ) ,  -oo(  x  ( -cn ,  -m(  A  1@,

tAe a, b, c u d-sa1aulate KoHcraHTH. Orser flpoBepbre.
4. Peurure saAaqy

u * * u t { t u : 0 ,  - o o ( r ( o o ,

u \ x , 0 \ :  F  ( x \ ,  - m (  r  ( o o ,
0 ( l ( o o

n npoBepbre orBer.
5. Mo>i<no 

-gaAasarr 
peuetll4e ,, He ro,'IbKo Ha flunl.ll4 l: 0, Ho u ua

Apyrfix KpHBbIx. 14 s cal4oN{ 4ene, 4HffiepeHul4a,lbnoe ypaBHeHHe
MOXeT He CoAepxarb BpeMeHI'l B qI{CJIe nepeMeHHblx {Moxer 3aBI'�I-
cerb roJrbKo or npocrpaHcrBeHnblx nepeueHuux). flonurafirecl
perrrnrb 6onee o6rqylo saAaqy:

(V t l t l y  u r l2uo{2u:O,  -oo(  r  (  oo ,  -oo  (  A  (c r^ .

Haqantsoe ycnoBl{e 3aAaercs B BI'rAe: u(x, U):F (x, y) ua xpunoft
Ci g:r (n6.upaeyrraeBaercfl, uro $yHxuaa F (x, y) saaaHa).

il

Jlexqrs 28. Henrneinbr€ ypaBHeHht nepBoro noptAka 205

flerqr,rn 28

HENhHE'IHbIE YPABHEHV*
nEPBOTO nOP9AKA

(3AKOHbl COXPAHEHI4flI

UEJIb JIEKI{HI4: Bsecrn nontrre uennsefisux
ypaauemft nepBoro nopflAKa r{ noKa3arb, .Kax HeKoTopble H3
HHx (TaK HagblBaeMbre saKoHbI coxpaHeHHg) l{oxHo ucnoJlb3o-
Barb AJrR onHcaHHs Quen.lecxux ssreHuft, HanpHrraep, saKoH
coxpaHeHHn

u t *  E  (u7  u * :0

g HaqaJIbHbIM ycJIoBHeM

u (x, 0\: P (,r)

ucnoJlb3yercs AJIfl onltcaHnfl noroxa asroMo6nnefi Ha oBTo-
crpaAe. 9rcr npauep [oxa3btBaer, qro ypaBuenl.Is c qacrHbIMH

npbusro,quuMn npHMeHlIMbI He roJIbKo u Qneuxe, 6uonorua ulH
TexHHKe. Do,nee roro, gro HenlrueftHoe ypaBHeHI{e IIMeer pagpbtB-
HDie perueHr{f, KoTopble onHcbIBaIoT yAapHble BoJIHbI' pacnpo-
crpaHrrollluecq B noroKe asroMo6uneft sAonr Aoporu.

Oauo
9TO SaKOH

us Hau6oflee BaxHbIx ypanuenuft B qacrHblx nponsBoAHb{x-
clxpaHeHLIt

\ *  f  * : 0 .

Sror saxon yrBepxAaer, qro Ale/tuqeHue Heroropoft tpusuuecxoft
BerLIrtHHbI ut paSHO USllteHeHUrc nOrOXa--f* srOft se,'IuqlrHbl r{epe3

iloflepeqHoe cerleHke (noror, -HanpaBJIeHHHfi CneSa HanpaBo, cquTa-
ercq noJroxHTeJrtuutrt). B ^unanurce crcudrcocmu Beilu'q.v:Ha u(x,t\
Moxer o6osHaqaru nr'IorHocrb xI{AKocrH B ToqKe .t' a BeJIHqnna

f (x, t)-noroK xflAKocrn (r. e. KorzqecrBo )KIlAKocr[l' nporexalo'
uleft iepes noneperlHoe ceqenue B rorlKe t B MoMeHt eperraeHu l).
Mn He craueM s srotl fleKqHLI paccMarpl.IBarb ,u,LIHaMHxy ueanexofr
Hecxr.rMaeMofi xuArocra. Buecro gToro MbI noKaxeM, KaK SaKoH
coxpaHeHr,rs MO)KHO HCnoJIb3OBaTb AJI' nporHo3a AI'IHaMI'I_KA SOpO)|('
uor6 Aenxeunn (nac 6yaer l.IurepecoBarb noroK asror4o6linefi, a ue
noroK MoJIeKyJI uo4u).

CHaqana gafiMelvtcs BbIBo,qoM saKona coxpaneuufl.
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Busoa BaKoHa coxpaHenl,Ifl

flpe4noroxuna, qro astor{o6urr.l
cropocrHofi aBTocrpaAe, y xoropoft
O6osHaqilr,t

ABr,rx(yTcfl cJreBa HanpaBo no
Her 6oxosHx cbesAoB r{ Bbe3AoB.

r l '

li-

ir 
lil,

u(x, t)-nnorrrocrb asroalo6r.ureft p roqxe x (uncno aeror\,ro6[neft
Ha eAr.{HHUy Arr.rnbr),

f (xrt)-noroK aBroMo6snefi B roqKe x (uucno asroMo6r.rreft, npo-
xoAflrru{x qepes rorrKy .{ B oAHy rrluHyry).

ConepueuHo orreBHAHo, rrro Ha yqacrKe Aoporr fa, bl rcnenenuc
rl[cra asror{o6unefi (sa eAHHHlly npervreuu) Aaercr cneAyroqr.rMrl
.qByMfl BblpaxeHnqMHr 

b

PIsNreHeHae qvcln asrouo6snefi na fa, bI:# 
S 

u@, ,)O*

H

, tr4sueneHae qr{cJra astoeto6unefi ua la,bf : f (a, t 
u, ,r-.rU, 

r, -

:  -  
J  *@' t )dx '

flocreAgee coorHorueHue - cJreAcrBne ocHoBnon reopefii lrHref paJrb-
Horo flcqflcfleHr,rs. flpupanuunafl grr.t ABa r.ruTerpaJla, noJryqaeM

b b

f ) u .  C A t

);; 
tr, t) dx: - 

J t@, t) dx.

flocxonrry npoMexyroK fa,bf npouaBofleH, AeJraeM BbrBoA, rrro noA-
blgTerpaJrbHue Qyuxuau paBHbr, r. e. BbrrroJrnnercfl 3aKoH coxpaseul{r
' ,  u t * f  * : 0 ,

fipnueHenr{e BaKoHa coxpanennq
K saAaqe o AopoxHoM IBnx(eHnH

VpanHeuue ut*f ,:0 no $oprrle oqegb npocroe. flpan4a, B EeM
.qBe Heu3Becrubre $yHrunr.rl Bonpoc B roM, KaK BocIroJlbsoBarbcfl
3TI{M ypaBHeHHeM H rrro grO HaU AaCt?

B saAa.rax AopoxHoro Arr.rlr{ennfl noJrbsyK}Tcfl gxcrrepnMerrraJrbuo
nafiAesHori saBr.rcrlMocrbro noroKa asroMo6fiae* f (u\ or nJrorrrocra
asroMo6unefi a Aannofi roqse u. flpegcraBnsercfl oqeBnAfrbru, qro
€cJrlr rrJrorr{ocrb u pacrer, ro pacrer lt noror f (no r<paftnefi uepe
n rcure). Tfinn{Has Mo,uefib Aopoil{fioro ABrff(enus saAaercs Sopuy-
nofi (crrn. pnc. 28.1)

f (ul: Au (l -ul,

r1
t l

. '{ :r ' j'.1 -

Jlexq,rr 28. Henrxeinbre ypaBHeHhr nepaoro nopaAra 4

I4cno.rrlsyrorcr H
t )  f  ( u ) :  hu
2 )  [  ( u ) :uz

ApyfHe MOAeJIH:

(nuHefiuuft poct noroxa),
(rnarparuuHuft pocr noroxa).

* .R
FE
.i_t

u - nnonHocmo a1nouoduned

PHC. 28.1.  TunuqHag gaBt ictMocrb noroKa or nJlorHocru.

Tenepu Mbr noAroroBreHbl K ToMy, uro6u lptllrlenl'lrb ypaBHenne
ut*f ,-0 x BaAaqe .lopoxiHoro AB.H]KeHIIfl. f lo npaauly AIlS$epeH-

uupoBauufl cloxuofi QyHxuHu f ,:#urci slauul saKoH coxpaHeH[fl

MO}I(HO nepenncarb B BtlAe
dtu t - l h u x : u t + g @ ) u x : 0 .

l lycrt, Hanpr.rMep, gaBHcHMocrb noroKa or nr'IorHocrl 'I xBaAparllq'
Hafl, T. e. f (a):1t2, rorl.a 3aKoH coxpaHeHgg npllHnMaer cJIeAyK>
uryrc Qopuy:

u 1 { 2 u u * : 0 .

Ecnlr HaqaJrbHafl nJlorHocrb pacnpeAeJIeHHfl asrol,{o6llneft 6u.rla
u@, A):q(x), ro, .Iro6H naitru flJlorHocrb pac[peAeJleHut B npo-
HgsorrHufi MoMeHT BpeMeHH, ueo6xoAt'ltuo peIxHTb 3aAaqy c Harlafib-
HbrM ycnoBnelr (aaaauy Koruu):

( Y q n )  u s { 2 u u , : 0 ,  - o o  ( x (  o o ,  0 { / (  o o ,
( H Y )  u ( x ,  0 ) : p ( x ) ,  - o o  ( ' t <  o o .

3afiueucs renepb peueHueM uenusefiuofi 3aAaqll Koutl.

HenHnefinaq 3aAaqa c HaqatbnblM ycJloBHeM
(sasa$a KoruH)

Paccuorpnu saAaqy

f fqn)  ut*  I  (u)  u* :Q,
(HY) u (x, 0):9 (.t),

- o o { x / - c n ,  0 ( l ( o o r
- o o ( . r < o o .

ffu) = Au (1- u)



i . r ,

: . t

i , ' i

i  ' -  r '

t08 9acrr 3. fxnepSonx,.recxr,re 3aiqat{r,l

," .BcnoMHuM npeAblAyulyro JIeKlltrrc, rAe Mr]t r{gyqa!'rr{ ypaBHeHrie
KOHBeKTUBHO|O nepeHOCa:

U 1 {  a u * : 0 .

B oroM ypaBHeHur.r u 0c, l)-oro r<ouueHrpaunn BeqecrBa
B IIoroKe, rotopufi ABn>t<ercr co cKopocrbro u. Mo>xno npoBecra
aHaJIOIHIO MeXAy HeflHHeHHbrM ypaBHeHHer\,l

u t *  g  ( u )  u * : Q

I{ ypaBHeHLIeM nepeHoca. EyAen cquTarb, q'l.o qacrrrla BoAbr B Toq-
Ke ffo ABltxercs co cKopocrbro g (r) (sAo,tt no reqeHnro rJJrr.J nporr{B
Hero), TorAa uepes I ceKyHA KoopAnnara vacrauu 6_vler

) t :xo{  S @) t  (ypanHeuue xapar i repr , tc ' r . r4K)"

BcfioruHnu, qro KoH[eHrparl]rr u(x, t) He i4eHnemcn B1onb
pl{crnKH. Ec.itu Hau H3BecrHa Har{a,'rbrran KoHrteHrpaurrfl

t

\ *  o  ru  ' l 0 Q,0)

Puc,28,2, Xapaxrep,lrcruKn ypaBsenr4fi  ut*g@)ux:0ia-o6urr.r ir  BxA xapaKre-
pr{crHKr4, etrxoAsruefi ns r. (xo, 0), nao,rs xapaKrepucrHKfl peueHHe ocraercff
.nocrotH.HblM . n paBHbtM Be,'ruqHHe u (xs, 0); 6-npuuep xapaKrepueruKa, Haqtl-
sarcqeficn ns r.  (2,0), ypanueuun u1{3uu*:0 c a (2, 0) :  l .

TO ypaBHeHHe xapaKTeprrcTuK npHHr.tN,taeT Br{A

K = lco+ g [a (xo, 0)] I (ypaoueu]re xapar(repr{crr4Ka, saqrrHaoqeficg
B roqKe (xo, 0)).

ffycrr, Hanpr.rMep, Mbr peuaeM sa.rlaqy

(yqn)

(Hv)

us{3uu* :0 ,
1 0 ,  f , < 0 ,

z  W ,  u ) : f  l ,  x 2 0 .

a Eo+ g[uko,0) ] t

xapaxre-
tt (x,,, 01,

t{ro5u nafiru xapaKrepl4crnKy, BblxoAflIllyo I{3 rotIKH' HaIIpI{'

Hrep (2, 0), usl AoJIxHbI Hanucarb

x:2 *  gLu \2,  0) ]  I  :
: 2 * s [ l ]  l :
: 2 + 3 t .

It/ioxno yrBep>KAarb, qro peilleHlte Haurefi ̂3aAaI{H U (X, t) paBHO eAI{'

Hu [ l r e  Ha  i lAHHLT  x :2 *31 ,  r .  e ,  u (2+31 ,  l ) : l  npu  Bcex  f  >0 ,
Ha pxc. 28.2 Hso6paxeHlt xapaKrepucruKrr Ailn o6qero cfiyqan

n AJrfl eroft xoHrperHofi 3aAaqn.
Tenepl rcHo, qro, SHatl xapaKTepilcrl4Ku e KaxAofi ToqKe H 3Hdfl;

qTo peueHrie BAoJIb XapaKTepHCTHK lle MeHfleTcfl, MoxHo noIyIIHT['
peureHue a (x, t) s nrc6oi; Itlon,leur BpeMeHr4 t. Mrt se [oJIyqI.IJIIr

B flBHoM BHAe BblpaxeHue AJIff u (x, t) qepes nepeMenHble )c n t, no

3HaHfie xapaKTepncTHK ypaBHeHIifl no3BoflqeT peuI,ITb HeKoTopble

I rHTepecHbre 3aAaqH.

3aAaqa &opoxHoro ABI'I I(eHHr

3ariuen,tcn MoAe,'Ibto Aopox(Horo ABH>KeHHtl' e roropoii noror
Bblr{r.rcfifleTca no $opr.nyJre I (L!\ = u', a Har{aflbHaff [.rIoTHocTb tISo-

PI4C. 28.3. Haqa'rsnag n,'torHocrt, asrol4o6l4,'left, ABlrxyullxct c,leBa llanpaBo.

6paxeHa Ha puc. 28.3. npyrtlMn c.noBal\{l l '  Ha\{ HyxHo peuurb saAaqy

( Y q n )  u 1 { 2 u u * : 0 ,  - o o  ( r (  o o ,  0  4  I  4  o o '

( 1 ,  , <  o ,
(Hy) u(x, o): 

ll, 
,, 

?:;.. 
,,

Haqueu c olpeAe,'IeHnfl xapaKTepucrl{K' BbIXoARIqilx I43 ToqeK BnAa
(xn, 0). [.na xo ( 0 no.nYuaeu

x : x o *  g l u ( x o ,
: r o * g [ l ]  / :
:  xo l -Z t .

0) l  t :
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j';

Paapeuran orllocureJlbtto l, uaxo,u,ItM ypaBHeHl.te xapax{Tepxrcrnx

t:  |  {x-x,) .

3rn npnuue JI'IHI.IH uso6paxeuu Ha plrc. 2B.4. Tenepb paccMorpuM
rorrxlt 

- 
0 4 .tro 4 l. 3Aect xapaKrepucrlrxl-I onpeAeJlslorct cJIeAyIo'

IUI,IMI,I COOTHOIIICHH fl M I,I :

x : x o *  E l u ( x o ,  0 ) ]  l :
:  x, t*  g [( l  -xr) ]  /  :
:  xo*211-xn \  t ,

Paspeuran nocJleAll,ee coorHouenue orHocHTenlHo l, noJlyqaeM

,  x - x o

IIpu I (.ro ( oo xapaKrepncruKlr
x:  xo+ glu ( ,c0, 0)]  I  :

: x o * g [ 0 ] l :
-xo

npHBOAtT K SepmuK&ltbHbttl4 /tuHuntfi' BbIXOAqIIIHM H3

xlpaxrepncrrrtv saftaqrl uao6paxeHbJ Ha puc, 28'4,
louex .ru. B€e

Vdapnaa 6onna

lleped

Petltenue nocnoflHHo
ilileso xaoaftfteprcnu L  -  t l L

l i i

' i l

'i

a'

t  =t to -r .s) t =  r -  a a'  2U-xs)

r 0 0 a s l

PUC. 28.4. Xaparrepucrurn ypanHeuua u1l2uu* :Q.

CoeepueuHo f lcHa o6craHosxa Ha Aopore i lp i l  0<t<112.

Ha puc. 28.5 Heo6paxeHo peuleHl'Ie sau:eft SaAaI{H B pa3rutlHble

MOMSHT6T BpeMeHlr. Otl, letuM, qTo XapaKTepl1CTlrKH CXOAflTcfl B OAHy

roqKy nptt' t : | 12, 3saqur, -A.rts perleuns saAasu npu t ) 172 nyxuo

npurr,Iiunil apyrofi MeroA. Kor.qa xapaKrepncrl'IKlz cxoAsrcs s oAuoft

foqKe, Mbr roBopr{u o6 ydapuotT eaiue (paepuee peurenna)... Tenepl

HaAO orBerHrb Ha nonp-oc:' c tcaKo& etfapocmbp nepe4nuit $pout

ii
t ;

tle ug u
QpoHta, a

Jlexr.lxn 28. Hennneisbre ypaBHeHHf, nepBoro noPtAKa 2ll

yAapHofi BoJIHbt 6yaer nepeMeularbcs BAoJIb aBrocrpaAbl? Xor* gro

H He OqeBlrAHo, Ho oKa3blBaercfl, rITo cKopocrb pacflpocrpaHeHHs
paspbrBa HaxoAtlrcfl no QoPtty,ne

o  f @ d - f t u r l
u : _ _ ; = ; ,

ur.-SKaqell.Hn peIUeHI.In cnpaBa

f (un\ u [ (u,.)-zuaueHur noroKa

u

PI4C. 28.5. flnmrrocrr Aopo)KHoro ABr{)KefluR B pa3,'Ifiqnble MoMeHfi'I BpeMeflll.

I' CJICBA OT BOJIHOBOTO

rrprr 3rHx rIJIoTHocTflx.

B Haureu rpt{Mepe
panuoft eAuHnl,e. B
cpa3y noryqaeNl

. s - o - t  -  r" - 0 - l - . -

9ro o3Hauaer, qro npu t>ll2 (lpour Bo,'IHbI 6yaer repeMqqarbcn
cJreBa HarrpaBo co cKopocrblo eaHHLIqa.

flonuoe perrenue saAaqu
'  ( Y q n )  u 1 l 2 u u , : 0 ,  - o o ( . r ( o o ,

{ 1 ,  . r < 0 ,
( H y )  u { x ,  0 ) :  {  l _ " ,  0 4 x 4  l ,

t  ,g ,  |  <x,
r.rso6paxeHo Ya p,nc. 28,5,

cKopocTb pacrpocrpaHeHHR pa3pbltsa oKa3blBaercfl
caMoNr AeJIe, ecJIH BcnoMHHTb, .l lo l( l l):ttt, 

"lo
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SAilEITAHHfl

f.

a.

V;iapHan BoJIHa B Ha[IeM npuMepe BosHltKaer 6.naro4apr rouy'
rrro noroK 6ucrpo pacrer c pocroM nJlorHocru u.Ecnu 6u norox
saAaBaJrcfl Qoprrrynbft f (u):u, ro ypaBlleHue I'IMeJIo 6n BIaA
us*un:0, a pelxeHue sToro ypaRHeHHfl npeAcraBJlrer BoJIHy' ABH'
*yuryloca BttpaBo 6eg ncraxesnfi. Ecnu Ha MTHoBeHI'te saAyMarbcfl
uaA iuuc.ltor'a Qopruynu f (u): a' ro craHoBHrcs oqeBIrAHbIM, qro

perxeHr.re 6yAer Aaurarbcfl HMeHHo raKuM o6pasou.
flpnvofi noAcralloBKoft pelxeHilfl B BI'IAe

u : q @ - g ( u l t \

Mo)r{Ho y6e,q[rrcn B roM' tlro era tpoprvry.la fleflg\o onpeAennem
peweHue saAaql.{

u t *  E  ( u )  u * : Q ,
a (.r, 0) - p (x),

- o o ( l c l - c o ,  0 ( l ( o o ,
- o o ( . r < o o .

Hanpuuep, peueHne 3aAaru Kouu

g(Vqn) i l1{ ut t* :0,
(HY) u (x, 0):1

HeflBHO BaAaeTefl cooTHoLueHHeM

u:qLx-g(u)  t f  :
: x - g ( u ) t : x - u t .

B uaureu qacTIrOM CAyqae rvroxHo noryrll.ITb pel.xeHue B fuBHOI e^ae

(no uuorux Apyrfix cflyqaffx 3ro cAeJlarb He yAaercn)

u(x ,  t ) :+ .

flponeprre, qro gra $ynxuun AeficrsHreJ]bHo flBJIffeTCR peneHueM

uaurefi 3aAaqu.

3A,4A.IH

l. Peuure saAaqy Kourn

(yqn)

(Hv)

u , {  t t u * :0 ,
[ 0 ,u (x, 0) : 
tx,

- o o ( r ( o o ,  0 4 l q m '
r < 0 ,
o { r .

Jlerqxr 28. Henunefrab€ ypaaHeHt,tt nepBoro noptAka 211

flocrpofire rpa$lrx perueHun Afit pasauqubrx MoMeHroB BpeMeHa.
Kax Bbr HHreprperupyere sro peuenHe? Kax BbrrJIflAHr coorno-
txeHLIe MexAy noroKOM H nJlorHocrtro s groft sa4aue?

2. Peunre saAar{y

ryqn)
(Hv)

u1 ] -  t t zu r :0 ,

, tr, Ol : {1,

- m ( . r ( o o ,  0 ( l ( m ,
r < 0 ,
o ( x .

Karosa gAecb cBfl3b McxAy noroKoM H n,'rorHocrrro? CoenaAaer
. JII{ nOBeAeHHe nOJIyqeHHOfO petrreHufl C TeM, rITO BbI OXnAann?

CpanHHre peuennq 3aAaqlr I u sal..aqu 2.
3. flpegno,roxuM, r{ro HeBr3Kafl xr.rAKocrb reqer no rpy6e u .rrpu

3roM rpocar{HBaercff qepe3 creHKn no 3aKoHy F (u):fta (r/cu.c).
3arou coxpaHeHufl (cxopee 3aKoH nsnleuennR) B groM cnyqae
SAI1HCbIBACTCfl B BI,IIE

u t * f * : - F ( u ) .

HaftAure peueHlle sroro ypaBHeHHr, ecJru f (u): u n rp (x) : u (x, 0l
(Hauanruoe pac[peAe,'reH[e saAauo s o6qer\r nrl4e). Aaftre r{Hrep-
npeTaIIHIO nO,'lyqeHHOfO pelxeHI'lt'

4. I-laftaure perxenue npeAbrAyqero ypaBueHvfl, ecilw norepn onpe-
Aenfltorcfl Synxuneri F (x, t):llx. flponeprre noJIyqeI-IHoe peue-
Hue. fces Jrr{ BaM ero 6usu,recxur? cnucn?

5. flpoeepare, qro QyHr<urair ,r, HerrBHo 3aAaHHafl coorHoIrIeHIIeM

u : r p f x - g ( u l t l ,  
l

flBJIfleTCfl pemeHHerll senHsefiuofi saAaqr{

(VH[ [ I )  u t *  g (u)  u* :Q,
(HY) u (x, 01: rp (r).
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fierqran 29

t i

c14cTEMbl
c r.fAcTHbtMtA

u l l u u , a u u o *  *  O . : O

(2g.1) t)11 ua*4ua,,, * * or--o

YPABHE.HVN
nPoh3Bo.qHbtMt4

IIEJIb "[EKI{141,1: flosHaxoMnrb sr.rrarerre c reM Saxrou,
lITo MHorHe $uauuecxue cficreMr,r (oco6eHuo B AT.IHaMHKe xr.IAKo-
cru) ue.nren onucarb oAHHM ypaBHeHHeM. !,;ra onncaHr.rq raKrx
crlcreM rpe6yrorcn cficreMbr cBrsaHubrx ypanuenHfi. B gTlr
cr.rcreMbl Bxo1rrr HeKoropble Her3BecrHbre Qyuxur.ll"r, TaKHe, KaK
AaBJreHne pec, !/,2, t), nilormocrb p(x, g, z, l), reuneparypa
T (x, A, z, t) vt r.rx qacrHbre [pou3BoAHbre. CsssN MexAy grnMu

$yuxuuaun onpeAerflrorcq $usHuecrnnrn saroHaMH H Ha[ra
BaAaqa-HaftrH sce erv Syuxurzu oAHoBpeMeHHo.

B nex[nu 6yaer roKa3aHo, KaK Mo)xHo peuurb nuuertuyn
cucreruy ypanHeuufi

u 1 l  A u , : O ,

ec;u npeoSpa3oBarb ee B HoByro crrcreMy He3aBHcnMbIx ypaB-
Heslrfi

0 1 1 . / \ u * : 0 ,

a SaTeM He3aBIrCLrMO peilHTb KaXir,Oe ypaBHeHlte erofi cucreuu.

Bo unorux o6racrsx HayKH Bcrpeqarorcfl cIIcreMbI BeJIIrquH, Koro-
pbre cBfl3aHbr MexAy co6ofi se o,IlHHM, a cpa3y HecKoJlbKHMI.I coor-
HorueHHnMH. Hanpullepr B AuHoMHKe xltAKocreii-sro qerblpe ypaB-
HCHHf

(coxpaueuue HMnyJIbca

BAO,']b OCil '),

(coxpaueuue r-rMnyJrbca

BAo,'rb ocv A),
(coxpaHeuue uaccu),pt* @u)*+ (pu), : o

/ p \ /  p-) 
+o(+) :0 (coxpaHeHue sHepru'),

r re  \ .  pr i r  +"  \7  t *  '  \  ov /y
p(x, g, z, t) -.uaBJIeHLIe B xu,l lKocrla'

u(x, g, z, t) -t-KoMnoHeHTa cKopocrtt,

o(x, g, z, t) -y-KoMnoHeHTa cropocrll '
p(x, g, z, t) -nJlorHocrb xHAKocrIt.

, , !

i l i
! l
t; ,

f lerqqn 29.  Cuctenu ypaeneaxi  c qacrHuMH.npoN3BoAHbrMv 215

flpune4enuan uettuuertuan crcreua ypaenenr.rfi Ha3r,rBaercq ypaa-
HeHr{flMH 9fi.rrepa ABHxeHfifl xr{AKocur. 3aAa.ra cocrour B oAHoBpe-
[,reHHor\[ orblcKaHl,ru Bcex Hel{3BecrHbrx Syuruuft p, u, u r{ p, Koro-
pbre yAoBJrerBopflJrr{ 6H sceM qerbrpeM ypaBHeHHflM (nvecre c Haqa,lrb-
HbrMrr  H rpaHuqHbrMn yc.ronunuu).

Ecrs n Apyfue npuql4Hbl A,'Iq H3yIIeHI.rff cr{creM ypannenaft. B reo-
ptr4 o6uxnoseHsux auS$epeHrl[aJlbHbrx ypaaHeuuft (ecnn .rurarenn
nottunr) [oKa3auo, I{To oAno ypaBHeHLIe BToporo [opflAKa Moxgo
[peAcraBnrb B BHAe clrcreMbr AByx ypaBHeuufi nepBoro nopflAKa.
tr4 xotn B reopr4H ypanueuuii c qacrHllMr.r npor4sBoAHbrMtr Bce He raK
npocTo, oqeHb qacTo oAHo ypaBHeHr.re c lIacTHbrMH [poI{3BoAHbrMH
BbrcoKoro nopfAKa Mo)KHo cBecTH K cr.rcrervle ypanueuuft c qacTHhrMH
rrpor{3BoAHbrr\4n [epBoro fiopfl,qKa. Hanpunep, mb,teepafinoe g palHeHue

t ls l :  Czt l r * l  aUr{  bU

lyTeM BBeAeI{nfl Tpex HOBbrx nepeil'reHHblx

I\{O}KHO CBCCTII K CHCTCN{C

(29.2)

u r : H ,
l ! '2 :  Hst

i l s :  l l t

ypanHeuufr nepBoro ropnAKa

dtt'

i : , " ,
0ur
o t  : u ,

dut .  duo

# :  t ' # f a u " l - b u , .

JInn rofo qro6u peuarb cr.rcreMbr rr.rra (29.2\, seo6xoAr.luo
xoporuo 3Harb rar(r4e noHflTnfl, t<ax co6cmeeHflbrc gflaqeflufl u caSun-
aetqbrc BeKmopbt Marpaubr. flo erofi npuqr{He Mbr rrpeAJraraeM BHI{-
MaHarc r{Erare.nq r(parKfifi o6sop nuHeftaofi anre6pu.

O6aop rnneftnofi a.nre6pu

Odqurt cny'iart Vucmaatrt c.a,yuafr

Onpedenenue. Ecnu A -rna,qpar-
Haq Marpuua noprAxa n, To co6-
cTBeHHbrMLr 3IIaqeHHfl Mr.l MaTpr,rr{bl
HasblBalorcfl n ropuefr xapafire-

IIpuuep,

f l ycm A : [ r  t ]  
.-  

L 4 l l
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prcTHqecKoro ypaBHeHLIfl

det (A - f l )  :0,

rle det (A-f f -onpeAeJlnrerb
Marpr{qbr A-LL
Hexoropne co6ctseH Hrte sH aqeHLI fl
MOryT COBnaAarb.

TorAa co6crseHnue sHaqegrin rB-
JrflroTcf KopHfl Mn ypaBHeHr4rr

l - l - r  I  Idet  
L 4 '  I  - l ' l  : ( l  - l ' )2-4-

: I"2 -2?y- 3 : 0.

Omy.ua  X r : -1 ,  l s :3 .

Onpedercnue, Ecnn l,-co6crseu-

coorBercrByroilllrM euy co6crseu-
IrDIM BeKTopoM HagblBaercR raxoft
uenyreaoft BeKrop, xoropuft yAo-
&neTBopfl eT coorHolxeHulo

416,:I"x.

I l p u u e p . B e x r o p X =  f  l l:  
[ z  I  

nB '
Jrflercfl co6crneHsuu BeKTopoM,
coorBercrByrorqHM co6craeuuouy
gHaqeHHIo Lz:S, TaK KaK

t l t l f ; l : , [ ; ]
Onpeilenenue, Matpuua .4-r uasu-
Baercfl o6parHofi K Marpl{qe I,
EETH

A A ' t :  A - t A :  I ,

[7punep, O6parHoft r

- 12 -21o :  L ,  l l
rBJlfleTCr MaTpr4qa

|- 0.25 0,5 IA-' - L-o,zs o,b I ,

rAe /-eAHHnqHat MarpHua. nocKoJrbKy

AA*t:A-t l  :  
[ l ?l

,Il,uaro H an v3ar\r4 n I\{a rp H IIbI

flycrr A-rnalparHafl Marpurla nopsAKa n I{ nycrb Bce ee co6cr-
BeHHbre snaqenufl 11, 16 ... ?\o pasJIHqHbI. Cocranunt Marpnqy P rar"
cro6br y Hee cmon1qanru 6u"nn xoopAltHarbl cofureeHHux BeKTopoB
(r ft-rra cron6ue cror.rr co6crseHHrtfi uexrop xpr cooTB€Tcrnyroqufi
co6crsenuor\ay sHaqeHulo fp), r. e. 

'

xr

fri f,ri " .

xat  xz i ,  , . .

a a

- l i o1  lCog  , , ,

Jtro

JCzn

xno

l l '  )
! l
t,

P = x, xn

Jle*qxn 29,  Crcrer , rur  ypaeHexhi  c qacrHur l  x  npoxgeoAHrrur 2 lZ

Tor4a Marpr.rua A, onpe4e,rfleMafl coorHorueHlreM

t \ :  P- rAP,

r,qe P-r-96parwan K Marpr.rue P, 6yAer Ar.raroHaflbnofi uarpuqefi surya

ft' 
-1

l ' ^ u  o  Il t
, t  - l  I, , : l  0  l .

t l
t l
L  L ,_ l

Hanpunep, y Marpnqbr
f0N : L ,

co6crgeHgure qncJra paBHbI ?,"r: 4
ropbr cooTBeTcTBeHHo

",:  i? |  v,
L I  J

3uauur, npoa3Be,qenne

8t
ol

u l,r: -4, a co6crseHHble Befi-

r - 2 rx':  L r I  '

P_'AP: [? 
-?] 'l; 

;] l? 
-?] :

:l_i^,illli;l t? -?l
paBHo AnarolraJrbnoft uarpHue 

f4 0ln:  [o  -4J  '
(tlurarenr Mo)Ker npoBepr4rb gro caMocronre,rluo.)

Tenepl MoxHo peururb rpocrylo cxcreMy 4nyx ypaeneHHfi c qacr-
HbIMU npoII3BOAHbrMLr (C COOTBeTCrBylouu.IMr.r Har{a,'IbHbIMI4 yC.uonunuu}.

Peuenne f lHHefiHof i  cncreMbt ut* Att . , :0.

Paccuorpnna BaAaqy Kouru AJrr clrcreMbr, coAepxaqerl ,qna ypaa-
HeH[lIfl n ABa HaqaJrbHbrx ycJtoBr.rfli

ryqn l) 9#*t d*%:0,
( 2 9 . g )  ( y q n 2 )  * + r # : 0 ,  - o o ( . r ( o o ,  0 ( l ( o o ,

(HY I) ur(x, 0):f lx),
(HY 2) ur(x,  o) :g(rc) ,  

-oo ( t< oo'
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2tg 9acrs 3.  fxnep6onxuecKhe 3aAaqh

3ra 3aAaqa Mo>Ker coorBercrBoBarr, onpeAeJIeHHn AaBJIeHr.rg
ul(x, t) r{ rrJrorHocru ur(x, t) xax QyHxurzu npocrpaHcroeHnoft roop-
AVHarbr x 14 Bper\,reHr.r I no HgeecrHslN{ pacnpeAedTeHr.rflM orr.Ix Bed'II{-
qHH B Haqa.nrnnfi  NroMeHT.

3anaurenr cucreMy ypaoueunfi n

niln

(2s.4)
rAe

u 1 {  A u r : 0 ,

': [3] .
BneAeru HoBue HeLr,s*ecrHbre Synx(Hn

f " ,  I
u :  l ' t  I

LUz -l

c noMorrrblo npeodpasoearutn

, . ,  ,  u : P u ,

rAe P-Marpr{qa, no cron6{am xoropofi croqr co6crBenHbre BeKropbr
Marpurlbr A (uarpuua P sau yxe r.r3Becrua). Oxasueaercs, qro nocJre
TaKoro npeo6pasoealr.vfl AJrtr onpeAe,{eHnfl [, noflytluTcr oqeHb rlpo-
cTar cucTeMa (ABa ypaBHeHrrfl oTHocHTeJrbHo HoBbrx HeH3BecTHbrx ul
I , t  u2 ol(a3blBaloTcfl  He3aBI{cr.IMtIuu). 3uauaT' u1 H u2 JIerKo HaxoAfT-
cq. flocne roro KaK nr u u2 HafiAenu, no $opuyne

u :  P a

HaxoArrTcrr HcKor\{bre $yHxullH ur tI u2.
CHaqana, oAHaKo, BbrscHHM, KaK BbIfJrfl,uHT cr.rcreMa AJIff orrpeAe-

JreHr.{fl u. tlro6u paso6parrcn B sroM, qr.rrareJrb AorxeH o6parurtcn
K Marpr,rquoMy ncqrrcJreunn. flpo4u$SepeHuupoeae o6e qacrn coorHo-
rueHgrr u: Pu, [oJryqaeM

0 u  _ p d a
0 t  

- '  
0 t  '

! : p P .
ox ox

(t{ro6n flyr{ue rroHflrb Aa.nrsefiuree H3Jrox(eHHe, ql{TareJlro peKoMeH-
Ayercfl sanr{carb 3rr.r ypaBHeH e B pa3Bepnyrofr $opue.)

r',rar plluH6ir $oprue
I du1 ,1

I  l .  l -  fo l
|  + L l  l o l
I - U X J

r 1utl [-jg-t, : [3 3]  ,  , , , : lT l ,  , . : lT, l ,
,-ar -j L-a;,

(2e.51

Ecnn yuuoxl-rtr
TO nOJIytIllM
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Tenepr noAcraBr4M coorHoueHr-rr (29.5) B ctlcreMy

u 1 l  A u * : Q

n noIytIHM

Por+ APU*:Q.

Tenepb o6e qacrn nocJre4uero ypaBHeHHq na P-r,

at+ P-rAPa*:0,
nJfi4

(29.6) at* Au" : Q.

Paglu:e Mbr y>xe BuAeJIH, qro AJIn uaurefi Nlarp'rubl

n  - f a  o l" - 1 0  - 4 J '

3annu:eu (29.6) o pa3BepHyrofi Qoprrle i l

# + n f f : 0 ,
(29'7\ ou, ^ du, tt- n -ai: o'

Io.nyuulacb clrcreMa uz dagx HecansatrHbtx ypaaueuurt, Koropble Mox{Ho
peuarb HegaBHcHMo. 9urare,rrc Aonxso 6url H3BecrHo, qro perrre'
HugMlr gTHx ypaBHeuHfi ssnsrcrcn 6eryuue BoJIHbI

ur (x ,  t ) :q  (x -4 t ) ,

a,(x,  t ) :  9 (x - f  4l) ,

rAe e u {r-npoH3BoJIbHbIe au${repeHulapyeMble $yHxuNtl.
Taxurra o6paeou, MbI Hatu;II4 SyHxuna u1 v u;..[ l. lr nonyueuus oG

qIII,ero peueHvfl u Hyx{Ho

.Il,pyrur,,ru croBaMH,

(29.S) 
u'(x'  l \ :2P(x-4t\-2'P(x1-4tl '

BbIqHCJI}ITb

: [? -?] [;;] :
: [? -?] [;[; v,l]'
_fz,p (x-4t)-2 rp (r+ 44.|- L q ( x - 4 1 ) + V i x + 4 t )  

l '

u -  P u
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2m 9acrs 3, Fxnep6onr,recKHe saAaqr

C.[eAosarerbHo, MbI HaIrt,'In o6qee peu]enlIe cucreMbl
nxft (29.3).

TnnHqnuu peurenneu (a Hx 6ecxoserlHoe qucro)

AByx ypaBHe-

uoryt 6uto,
HarpHMep, $yuxunu

q (5)::in E' Cqse npo'esonbHbre Qynxqau)tl, (E) : E'
Ir, cJIeAOBareJIbHO,

ur(x ,  t \ :2  s in  @-a\-2 (x '14t '1 ' ,

ur\x, t \ :  sin (x- 4t) { (xf 4t) ' '

flo4craeuu rerrepb o6qee pelxeHue (29.8) o HarlarbHble ycJIoBI{n
ur(x, 0): I  ( 'r),
ur (x ,  0 \ :  g  (x) ,

B peSylbrare noJlyqaeM

2p (x)*29 (x): f (x),

I (x) * tD (x) - g (r),

orryAa $ynrunr q H U JIerKo HaxoAnrcni

q( , t ) : * [ f  t " l+ze( ' ) ]  ,

rp('): * lrr Vl-l (,r)]

Tenepr Moxno Hanucarb peueHlIe saAaql4 (29.3) e oKoHrlareJlbnou
Bl|Ae

u, (x, t) : 2tp (x - 4t) -2\p (x 1- 4t) :

trlt u-n,) *2s @- +t)f-*l,r @ + 4t)-f (x-p e r1] ,
(2e.e)
u;(x, t) - q (x-4tJ f rP (x{ 4l) :

t  t - .  .  l  I  f  ̂  f ,  . , .  1:, lf (x - ai) | 2s (x - +tl I * v lz s @ a +t) - | \x'v +t) J .

SAMEIIAHHfr

l. MHorne qficJIeHIIbIe MeroAbI opueHTI'IpoBaHbI Ha peueHue cucmert
ypaoHeHuft H, BHaqt4r' MHofHe nporpaMMbl a;ls 3BM HanHcaHbI
iix, qro6u peuarb cucreMbl ypanHenuft nepBoro nopa4ra. f lo
srofi npuqHHe, IIpexAe qeM BocnoJlbsoBarbcfl nporpauuoii, trPH'
xoArrrcr npeo6paaonarb cBoe ypaBHeHlre BbIcoKoro nopflAKa
B cl{creMy ypaoueHufi nepBoro nopflAKa.

Jlexqrr 29. Cxcrer,,tsr ypaanenxfi c qacrHblMh npoh3BoAHbtMn 221

'  2. JluuefiHya cncreMy

ut*  A  (x ,  t )  u* !  B  (x ,  t )  u :0

MoxHo peuarb reM xe MeroAoM, qro H cucreMy u1! Aur:O.
PasHHrla B roM, qro B aroM cJlyqae Marplrua P ug co6ctseH-
HbIx BexropoB IMarpHIlbI A (x, t) 6yAer QyHxuueft x w t,

3A,A,AqH

l .  3aruu;rrecucreMy ypanHeHnft (29.2) n uarpuuHofr Sopue

A u t +  B u * +  C u : 0 ,

rAe l, B tr C-uarpuubt rperbero noptAKa.
2. Hafi,qr-rre co6crseHHue BeKropbr l.r co6crseuHbte snaqeHsr Mir.

pHubl

, :  [ i  l ]
3. Bocno.nrsoBaB[rrrcb pe3yJlbraraMl.r gaAarIH 2, peurute

i++++ff:0,
i # + 4 # + # : 0 .

yKA3AHI4E. 3anplrunre cHaqaJra clrcreMy B Marpr.rrrnofr rpopue.
flponeprre Qoprr,ry.rrr,l (29.5), sarlrcaB LIX B cKaJrrpuofi $opue.
flpoaeprre, uro Qyuxuuvr ur Lr uz Hs (29.8) ylourerBopflror
o6ounr ypaBueHr4flM (29.3).
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fierr.1rr 30

KONE5AHUF MEMEPAHbI
(BOnHOBOE yPABHEHVIE

B nonrPHblx KooP[I4HATAX)

qE.Ilb JIEKI{1414: floKasarr, qro xo"ne6aHttR neu6pauu
MOX{HO Orrucarb BO,'IHOBbIN'�I ypaBHeH}'IeM

u t t : c ' ( u , , + | u , + |  u 6 )  .

Ecnu ucxarb peueHue ,roro ,Ouu"euufl B *o" aroo"I{x BoJIH:

u (r, 0, l) : R (r) O (0) ? (l),

ro ono pacrraAaercfl Ha rpti o6rtxHonessux 4uQ$epeHIII.IaJIbHbIX
ypaBHeHIr f l :

T" 4?l2c27 :0 (ypanueulte rapMoul.rqecKl{x
KO/'IeOaHLtII),

rzR"  * rR '  * ( i " re -n ' � )R :0  (ypaenenue Eecce.nn) ,

O" -p rr20 :0 (ypaeHeuue rapMoHuqecKfix
xone6aHnii).

Bce nporsneAeHlll R (r) O (0) ?n (l) peureHuii 3rI'IX rpex o6uxuo-
beusux ausQepeuultarttbublx yparueHtlli onucblBaor ocHoBHbIe
xo.[e6aHnq rrrerrl6paurt, a $ynxuull R (/) O (0) onracnnaror $opruy
uell6paust. tlro6sr uaiirrt xo,re6aHuq uelt6pault tlpu ttpol'I3-
Bo,'IbHbrx HaqaJlbHbtx ycJIoButlx, Mbl cocraBllN{ TaKyrc xou6uua-

unro SynaaN.reHra,tbHblx peueunii, qro6ut HaqaJIbHbIe ycJIoBHfl
yAoBJIerBOpfl.Jrlrcb.

[e,ru aroii nexquv nc*a-Haftru xone6auun rcpgenofr ivteu6pauot.

c SaAaHHbIMV HAqA/tbHbIItru u epaHuttHburu acnoSunilu- AJIfl npocTo-

ru 6yAem cr{HTarb, t{To paAllyc ueu6paHu paBeH eAI'IHI'Iqe' a cMelqe-

Hr.re nO rpaHr{[e paBHo HyJrro. f lyCrr u (r,0, /) o6oauauaer BosBbIueHLIe

TorIeK ueu6pauu noA nJlocKocrblo paBHoBecnfl. ttaM HeooxoAI'IMo pe-

rxurb 3aAarly (cm. Puc. 30.1)

(yqn)
(fv)
(Hv)

ut t :cz  ( " , , * lu ,++ae.u) ,  0 ( r ( l '  0 (  tz -c rc ,

u : 0  r l p r l  / :  l r '

{i:J{,',,u'u, np'
0 ( / ( o o ,

t : O .

L

i

f,.
l f
t:
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9ro6u peurlrb gry
expunlruuofi crpyubl ltg
queit 6ecxoHeqHof o qlIcJIa
cfl 9TI{M Xe noAxoAoM,
ane.[yer HcKarb B BI4Ae

u (r, 0, t):  U (r, 0; T ( l).

Qopna grsx roneSanufi onpe4eJlflercfl

SyHxuueri U (r, 0), a )capeKmep ocltprl-
ta4uit - nuoxllrenerrr 7 (l).

lloAcrasus aro npeAcraBJIeHHe B
BoJrHoBoe ypanueHue (cu. 324auy l),
noJlYtIHM ABa YPaBHeHun

u = 0
PI4C. 30.1 . Ko.re6,rrcutaqcs ueu6-
paua (runep6oJluqecKat CMGtuaH.
Har 3aAaqa).

,  l  , ,t 7 " u r .

Orrueruu, qro 3Aecb usI rpe6yeu, qro6st KoHcraHTa pa3AeJIeHHa
6una nonoxnreJrbHa (noaroruy NIH o6osHaqLIM ee l,' t)). Torrxo s
sroM cfiyqae SyuxuHH T (t) .6yayr nepHoAurIecKI{MH.

Ha cJreAyroureM [rare Mb] peuuM llpa*HeHue fenonanoqa, Ho
cHar'aila pae6epeucr c rpaHuqHblM ycrroBnet\,l AJIn Hero. 9'ro6u nainn
ero,  noAcraquw t t ( r ,  0 ,  l ) :U ( r ,0)T( l )  B rpaHnr lHoe ycnoBne AJI f l
ueudpanu

u ( 1 , 0 ,  t ) : U  ( 1 , 0 ) T ( l ) : 0 ,  0 ( l ( o o ,

u (1 ,  0 )  :0 .

CneAosarerbuo, A"'rfl roro qro6u sailrx Soprnry SyuqaueHraJrbHbrx
xore6auufi ueuSpaHu, ueo6xoAnuo peulrrb saAaqy

LU +) , "2U:0 ,
u  ( 1 ,  0 ) : 0 .

r) flocxonuy KpaeBar saraqa

gaAarry, BcttoMHHM 3aAaqy o xo;le6anNsx
JreKunH 20, xoropas peuaJlacb cgnepnffiu-
npocrbrx xore6anufi. EcrH socnoJlb3oBarb-

TO peueHHfl

AU + )\2U :0

T" -1 },"zczT :0

rIe

(ypanHeuue fe.nrv-
roJrbua),

(ypaBHeHue fapMoHH-
qecKHx xo"re6aHuf i ) ,

I

L U : U , , + ; U ,

ILU fltu:A B xpyre,
l{/:0 H6 rpanurr,e xpyra

npn p40 nueer roJrLx@ Tpna.HaurbHoe pornenrc U-0, - trIpu* pedi
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3ro xoponro r.r3BecrHafl snnunmwrecrcan aa\a.ta ua co1cmeeHuue sHa-
qeHaltt, H HaM HaAo safiru oce I, npr Koropbrx oHa HMeer HeHglre-
&& pewetu.e. Peuresus U (r, 01 onflcbrBanr 

-$opr,ry 
SyH4aueurant-

nux rone6aHufi ruerrl6paHu,_a co6crBeHHble gucila l, gsrqlorca HyJrfl-
Mr.r HeKoropbrx $yuxuzfi Eecceng u nponopqEoHaJrbHbt r.racroraM
arnx xo,re6auuft.

l'ltax, _HaM npeAcrour renepb perxr-rrb sar.aqy sa co1cmaeuHore
sHaqeflufl O,tn gpaonenun lemneoltb4a (era sa4aua oqeHb BaxHa rr
caMa..no ce6e). Eyaerlt peuarb ee reM xe MeroAoM, trro H Apyrne
aunefirrue oAHopoAHbre ypaBHeHnrr c HyrreBbrNrr{ npaHHqHbrMH ycno-
BHqMI{,  A I ,TMCHHO MCTOAOM PA3AEJICHU9 NCPCMCHHbIX.

PeueHne gaAaqfl Ha co6crBeHnbre 3Hartenrrn
.qJtc ypaBHeHr{s feJtbMroJtbqa 

_ 
'

9ro6u pelur.rrb saAaqy

ryqn) LU +?^.zU :0,
(ry) u (t ,  0) :0,

t|o,{craBr.tM
U (r, Q1:R (r) @ (0)

a BaAarry fenrurontua. CAe"ras sro, noJrytraeM
r'R" * rR' { (},'2r2-nz) R :0 (ypanueHue 6eccena},
R  ( l ) : 0 ,
@"+ r?2o : o

(npoae,rraftre Bce 9To cauH). Orneru-rtr, qro Mbr nu6panw KoHcranry
pa3AeJIeHIr f l  B BI{Ae f t ' ,  n :0,  l ,  2 ,  . . . ,  TaK KaK xornM, uro6u
Qynr<urarz @ (0) 6unr repuoArzqecKuMr.t c nepuoAoM 2n. Ovenu4uo,
uTo $oprua ueu6paHu flBJrflercn nepao4nuecrori rpyHruuefi no 0.
Hraw, Ar'Ifl Toro qro6u peurzrb 3aAarry le,rluro.rlrqa, Mbt AonxH[,I
perrraTb Aea o6HnHoBeHHbrx aHS$epeuuuarbHbrx ypaBHeHHr

r 'R " * rR '+ (? "2 r2 -nz )  R :0 ,  0  (  r  (  l ,
R (0) < o" (Susnuecxoe orpaHuueHue),
R  ( l ) : 0 '
@"4  n2O:0 .

Vpanueuue Eeccens
Vpaeueuue

r'R" * rR'* (1,212-n2)R:0

xopor:uo H3BecrHo B Teopfiri o6HKHoeeHHux 4u$$epeHrluar'rlHbtx ypaB-
ueuuft. 9ro rax Ha3brBaer\{oe ypaBHeHne Eecceilq. Ouo sueer .U,Ba

fl
I

Jlexqur 30. Kone6anrr ue*r6Panur

JIUHCHHO.HC3ABHCHMbIXpeueHHfl

Qynrqun Eecce,rs nepsozo po.q,a n'ro
rropflAKa,

Qyuxuun Beccens smopoeo poAa /l-to
rropflAKa,

n, cJIeAoBareJIbHo, o6ulee peueHlie 3Toro ypaBHeHHff [peAcraBuMo
B BI,IAC

225

R' ( r ; :  AJ " (Lr )

Ru(r ; :  BY"( I ' r )

Otnrerau, vro
B ypaBHeHHe.
na pnc .  30 .2 .

R (r) : AJ ,(I'r) { BY,,(}vr).

peIxeHHR saBucnr or napallerpo! n H L', sxoAqulnx

Hexoropue rpa$uxu QyHxul't l l  Eeccerq .rplIBeAeHbI
,tlnn onireae.tretrnnit Qynxurrri J,,(Lr) t Y,(1"r) N{oxno

P'uc. 30.2, @yurquu Beccens: a-Qynr<uuu Deccenl repBoro poAa; 6-qiyilK(Hlr
Eecce,ls BToporo PoAa.

B6cnoJrb3oB arbcfl, ilemofuo; @pOQeHuyca, roropufi no3BoJltleT Haiilr

R (/) B BI.{Ae crerleHHblx pflAoB' 3rnu MeroAoM HaxoAsrct ABa
n"tt6fi"o-"esasficl '{NaHx creneHHblx Psla J n(}'r) u Y "-(}"r) ' f locxonlxy
'syurunn 

Yr(\ '"r) He orpanur{eua ltpu r:0, MbI nu6upaeu pe[IeHI'{e

B BI,T,4C

R (r) :  AJ "() ' "r) .
' ' 'floc"leAunfi ruar B orlpeAer'Ienun R (r) corsaH
rpa.uauuoro ycfioBqq R (I):0 ,q,'tn onpeAereHl'{q

I  l r  oot

C I{CIIOJIb3OBAHI{CM

scex l, (n aariiirrft

Ys?)
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j, ''

Ta6nrzua 30.1

7,59
1  1 , 0 6
t4,37
17,62
20,83

6,38
9,76

13,02
16,22
19 ,41

MoMeHr Hac He HHrepecyer roa$SuuueHr .4) .  f loacraB, ' teq R ( l ) :0 ,
n R (r) : J,(Lr), noryqaeM /" (I):0. !,pyruuu cr'toBaMlt, AJrtt rofo
qro6u' $ynxuun R (r) ofpaqattacu I HAnb Ha epaHuqe KpAea, Mbr

AoJrxHbr nu6part KoHcraHry pa3AeJIeHI'Ifl tar, r{to6H osa 6u.na KopHervl
ypaBHeHus J nQ):0,  t .  e .

I " :  k , . ,

rAe knn-  n- f i  xopeHl  ypaBHeHHn J"  ( r )  :0 .
X<ifouo r{3BecrHbl ra6.nuuu srux KopHefi, Ho llx Mo>xHo Bbtrinc-

rflrb Ha 3BM. 3naqeHus HecKoJIbKLIX nepBbrx xopHefi npeAcraBr'Ie-
ubl s ra6,'r. 30.1. 3Haq ern KopHH, MbI cpa3y Mox<eM nocrpotrrb
perileHr.re xpaeaoft sa1aqv, AJII ypaBHesus fenluroJlbua. Ecnu co6cr-
seHHb,re .gHaqeHlrfl 1,.:kr^, ro co6crsenHlte $yurul4v U,.(r) onpe-
Abrrtorcs tpopuynofi

Ha pnc. 30.3 uso6paxeHbl HeKoropble Ir3 3rux $yHxuufi- 4,rn pas-
luqiux sga,reHr.rft n H m. O6qas Sopua $ynxquu U,-(r,01 He eaog-
CI4T OT gUAqCHI.{fi KOHCTAHT A g B, 3TA XOHCTAHTbI BJtHfl}OT TOJIbKO

Ha aMnJlnryAy xone6auufi u pacnonoxeHl{e ilrrHHH y3JIoB orHocureJlb-
u o  0 : 0 .

KaxAas Synxuun npeAcraBJlfler co6oft Syu4aueHraJlbHoe KoJIe-
6asne rpyr.nofi ueu6pauu c 'Iacroroft

f  nr:  ko^cl2n.

3rB rlacrorbl MbI HauJIll us perueHul?

T ,, (t) : A sin (k o^ct) f B cos (k, ,ctl

Kopnu ypaoueuuf i  J , , (r 'S:Q

I
2
3
4

2,40 | 3,83 5 , l 3
8,42

I  1 ,62
14,80
17,96

5,52 | 7,02
9,65 |  10,  l7

I  1 ,79 |  13,32
14,93 | 16,47

o):  J n(k,*r)  [ .4 sin (no) * B cos (n0)] .

flexqxn 30. Kone6anrr meir,r6paust 221

ypaBHeHr.In
T" + ktr*czT :0.

tr ' lurepecHo orMeTHTb, qro orHoIxeHt.te qacrorbl xone6aHI'ts U n.(r,0)
K r lacrore ocHoBHoro xone6auus Uor(r ,0) ,  r .e .

t b

i?: i#,
B OTJrr{qr.{e or oAHoMepHofo cflyqafl He flBJIflerCs IIeJIbIM III'ICJIOM.

Apyrnrr,ru cJIoBaMH, Bblclrue xone6aHnq ueu6panrr He tlBJtflrcTcn quc'

tsrrvtr o6epronaMu ocHosHofi r{acrorbl. Otueruu raKxe, qro qucflo tn
coBrraAaer c qr.rcJroM r(pyroBblx ysJIoBbIX ,ruHltii y Qynruuu U ,*(r, 0l

n = 0 n  = 1 f l = 2 n--  3

n = 1

m = 2

l n =  3

m = 4

PHC. 30.3. iluntru y3JtoB A,'Is ocHoBHbIx rapMoHI.iK xpyr,toft uelt6panu'

(aruu.nuryAa
Ar.rycbr 3TI,rx

Tenepo,
ro,'Ibqa, Hx

xo.ne6anrfi B ?oqKax y3JloBbtx nsuvrit paBHa Hy.nro). Pa'

aS,noswc ttuuurt oflpeAe,'IflIoTcfl oTHoIIIeHHflMI'I

koi koz ftog I
F ; ,  E ; '  E ; ,  

' ! '  '  r '

KofAa safiAesu co6ctseHHHe $ynrunu saAaqn le.nou'
cJreAyeT yMrloxl{rb Ha BpeMeHH6ir unoxurelt

T "^(t) :  A sin (k,*ct)  {  B cos (h,^ct l

o ffi
@ ffi
@ m

Y"4 ffi
@
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u uafiru raKyio r'Iul{efiHyto
Koropaff 6u yAoe.nerBopnJla
perreHr.re ucxoAuofi gaAaqu

u(r,  o,

xou6usauuto nor'ryqHBur.rxcr SyHr<qufi,
Har{a!'rbHbrM ycJroBHfM. 3ro sHavur, uro

n'rsr 6yAerr,r nP€Acrasnsrb B BLIAe

Oruerrnr, rrro, 3aMerruB Berur{r{Hy ,4 sin (n0) f B cos (n0) nenuuu-
sofi cos (n0), rllrr roJrbKo no-ApyroMy nu6pa,ru Haqa,'to orcgera yrna 0.
Kogcragru Au*H 8,,. Tolxe MoxHo 6u.ryo o6reAlrHrlrb B oAI{y, Ho
3ro yxe HecyuecTBeHlro.

. Buecro roro qro6u crponrb cu'rolxllyFo npoueaypy orblcKaHltfl
xoa$SuuueuroB 4,,,, v 8,,, s o6ille[,{ cJlyqae, Mbt paccMorpuM c,'Iy-
qafi, xorAa tl He saBHcr{r or 0 (rsxe AoBo,rbHo o6ntufi). /{pyruur.r
cr'IoBaMI,t, npeAnoJloxHM, qro Haqa,'IbHoe cMeutenlie uelt6pauu 3aBucltr
mo/'lbl{O OT /; T. e.

u (r, 0, 0) : I (r),
u 1 ( r ,  0 ,  0 ) : 0 .

(Tar xe JIenKo MoxHo pacclltorpert c,lyvafi ut*0.) f lpu c,4e,laHHux
IrpeArroJroxeHl{flx peueHlle c,'leAyeT l.{cKarb B BHAe

(30.11 u ( r ,  t ) :
@

t A *J , (ho^r) cos (ho-cl).

Haura saAaqa-noAo6parr xoe$QttuueHrst A^ raKHM o6pasou, qro6H
BbrrIoJIHflJIOCb Haqa"lbHoe vcJIoBIIe

(30.2) f ( r \ :
@

\'!
L,/

m = l
A.J o (ho.r)

n = 0  m = l

0 ,  t + i ,
' l ,J'l (k,),

(ycnonue ilt:O BblnoJlHrercfl npu SroM aBroMaruuecru). [,rn onpe'
AeJreHH fl xoa$$H uHeu r ou A * Bocno,'Ib3yeMcfl op ro roHa JIbHoc rbto tpy u x.
uu f t  Eecce " ra  l Jo (ko , r ) i  f f i : | ,  2 ,  . . .  I

t
f  .  _ l
)  

rJ  n@,y)  J  , (k ,1 r )  O,  -  
I

0
I :  t ,  , ,

. . 1  I
f a

A1\  rJ i \ko i r )d r :  J  r /  Q)  Jo(ho , r )  d r .
0 0

(ueroa Bbrr{ucreHuR 3Tofo llnTerpaJla Mo}KHo uaiirr B. KHt4rax
Synxuunrra 6ecce,rn). Vusoxnu o6e qacrn ypann€uua (30.2)
rJo(koy) u npol. InrefpupyeM or 0 Ao l :
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I4s nocreAHero coorHouieHutt onpeAerfleM xoaQ$uuHetlrst

A i : 2 j  , r , r ,  l  o ( k o i r )  a r 1 4 6 , , , y ,  i :  t ,  2 ,  .  .
0

\4raK, He 3aBLrcRIIrt.Ie or 0 t<o.ne6auHn mena6panbl onllcblBalorcfl

$ynxuueft BriAa (30.1), roeQ$uqHeuru xoropoii BbIqHcr'It l torcr no

Qopnaynau (30.3). 3ro peureHlze He raK cr'lox{Ho, KaI{ Mor.llo 6u noxa'
eaircs rrurareJrro. Ero uoxHo IzHTepnperlrpoBarb c,rteA,vtoulull o6pa'
sord. Pasnox<vM Ha4s,xbHoe gcltosue f (r) B cyMMy

f  ( r ) :  A rJo (ko r r \ *  A rJo ( f t ' ' l ) *  A rJn (ko " r ) *  " '  ,

a gareM yMgoxlrM Kax{Aoe c,'IaraeMoe Ha coorBercrnyrculufi ocIIH"rl'
nnropHsrft MHox{HreJlb cos (ho,ocl), r. e.

(30.3)

u ( r ,  t \ :

B peeyrtrare
IUeHXe 3aAaql.l

I{MCET BI{A

u( r ,  t J :J0(2 ,4  r )cos(2 ,4  c t ) !0 ,5  " /0 (8 ,65  r )cos(8 ,65  c l ) '  :
( f loc ronrxy  hor :2 ,4048 . . . :2 ,40 ,  f to r :8 ,6537 . . .  +  8 ,65 ,  ro  a ro
pe[reHr]e He flBJrrrercf roqHbIM.)

l 'paSnrn  gyHxqnf i  Jo(ho t r ) ,  Jo(kor r ) ,  . . .

tlHrareno 6y,u,er no"reHo HMerb HautflAgoe npeAcraB,'IeHl're o rpa-

Quxax $ynr<uufi Jo(korr), Jr(horrl . '. , raK KaK peuenlle Bblpaxaer-
ia uep6! sru Qynxuuir. Ha pac, 30.4 uso6paxeH rpa$ux ./n(r)'

ArJ o(korr) cos (ftrrcf) * ArJ o (ftorr) cos (korcl) + ' . . .

[o,'ryqr{Jrr4 perrreHxe ucxoAttofi gaAaqII. Hanpuntep, pe-
o r<o,re6aHuxx tuena6paHbl c Haqa/IbHbIMH yCroBUflMfi

u ( r , 0 , 0 ) : J o  ( 2 , 4  r ) + 0 , 5  " l o ( 8 , 6 5  r ) ,
u r ( r ,  0 ,  0 ; : 0

no
HA

<Dyuxqur Seccerq I{yJIeBoro nopr4na "In (r).pHc. 30.4.
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Tenepl, AJIR roro qro6u nocrpor{rb rpaSrxH
Jo(koor), .., , Jo(k,nr), coctcneil rpa$uxu BAoJrb
m-fi ngat nonan B roeK) r': I (puc. 30.5).

tpyHruufi J ,(korr),
ocr x tax, vto6u

PI4C. 30.5. lpaSuxn (pyuxuufi  Jn(k6^r) (ocuonuure fapMoHlrKH xoae6aHufi
xeu6paHu).

3AN'EqAHHfl

l. flpegnonolrnM, qro Har{ar'IbHoe cMerrleHue rr,lelr6paHu, y xoropoii
c: l, gaAaerca Sopuynarr,rn

, r r . ,  J  u Q , 0 , 0 ) : . / o  ( 2 , 4  r \ + 0 , 1 0  J o ( 5 , 5 2  r ) ,
t " "  I  

\u ,  ( r ,  0 ,  0; :0 (uynenaa Haqa, ' tbHar cxopocr l ) .

B coornercrsHH c o6uluu MeToAoM Mbr AoJrxubr pa3Jroxurb
HaqaJlbHoe cMerqenue ueu6pauu B cyMMy QyHxuurl suaa J o(ko.r),
uafiru xo,re6asuR Ka)KAoro cJrafaeMoro, a 3areM sce xore6a-
HHfl cJloxHrb. Ocuonsan oco6esHocrt xo;le6aunfi ueu6paHu

7s!,ad cos!,4t)

PI'IC. 30.6. Haqanuuue yc,loBns pa3,'Iaranrcfl uo ocHoBHbIM rapMoHl-rKaM.

B roM, rrro Kax(Aoe H3 cr\{eurennit vuga J o (2,4 r), J o (5,52 r), . . .
. . . , J o (ko. r) conepuaer npocmoe eap*tonuqecrcoe ileutrceuue (r. e.
Bce ror{Ku ueu6pauu xole6;rrcrcs c. oAnofi n rofi xe uacrorofi).
B saureu cryr{ae HaqaJrbHoe cMerrreHue RB,'rreTcfl cyuvoft Anyx
npocrefiruux H, 3Haqlrr, trleu6paHa 6yAer yuacrBoBarb B AByx

+

Js(kur )

u ( r ,8 ,0 )

u ( r , 0 , t )

Js (2 ,4 r) 0,10J0 (5,5777

10/g (5,52 r) cos (5,5211
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rapMoHnqecKr,rx Kore6auunx (cna. puc. 30.6)

u( r ,  t ) : Jo(2 ,4  r )cos(2 ,4  4+0,10  " /0 (5 ,52  r )cos(5 ,52  l ) .

B pesynlrare cJroxeHufl ornx npocrefiuux xote6asufi no.ny-
qaercfl p$yJrbTr.rpyrcqee cJroxHoe ABr.rxeHxe uer'r6pauu. orue-
Tr.rM eIIIe, qTo qacToTa BblcoKotlacToTHoro rone6anus He Kpar-
HA qACTOTE HI.ISKOqACTOTHOTO.

2, Ecnu HaqaJrbHbre ycfloBr.rq saAaubr B Br.{Ae u:f (r), ilt:O, ro
Mbr MoxeM pa3Jloxsrb HaqaJrbHoe cMerqeHne I (r) a cyMMy gJIe-
MeuTapHbrx ((KHpnt.tqHKoB) A*Jr(ko^r), xaxAuft Hs Koropbrx
coBepruaer xone6anus BrrAa cos (ko^ ct) Ha csoefi co6creenHoft

. qacrore. Cnoxfis SyH4auentaJrbHbre xore6aHHq

A *J o (ko^r) ccts (h o^ct'1 ,

MbI rIOfl yrIHM pesyJlbrllpytoqne KoJIe 6awun, Bbl3BaHHbIe Hd\d.ttb.
ttwlrr crtewuuen f (r\.

3A,4,AqH

1. floAcrasbre u(r, 0, t):U (r, qf Q B BorIHoBoe ypaBHeglte

. l  \
*7 ttoe 

I ,

qro6u pa3AeJrr,{Tb ero Ha ABa ypaBneHl.{fl

LU +.1,"2U :0,
T"  17zgz7 -9.

2. flo4cranoexoft U (r, 0):R (r)@(0) npueeAl'Ire 3aAaqy le.nr,u'
TOJIbIIA

K Bl.{Ay

LU +1"2U :0,
u  ( 1 ,  0 ) : 0

r 'R" * rR'+ (1"212-t tz) R :0,

R  ( l ) : 0 ,

@"  a  n2@ :0 .

i l t t :  cz  (u r ,  *  f ,  u ,

Konctaury
IIpr.rHr.{MaTb

pa3AeJrenur uu o6oguaqvilw n2. floueuy tx Mox(er
ToJ lbKo 3HaqeHLI f l  0 ,  l ,  2 ,  . . .?
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3. Peunre saAaqy

g(Vqn) uy: r\u,
( fY )  a  (1 ,  0 ,  l ) : 0 ,

0 < r < 1 ,  0 ( l ( m ,
0 ( , 1 ( m ,

0 ( r { 1 ,(Hv)

4. Peruure

uqn)
(fv)

(Hv)

0 ,  0 ) :  l - r t ,
0 ,  0 ) : 0 .

Iu ( "
I  u t U ,

saAaqy

u , r : L u ,  0 ( r ( 1 ,  0 ( l ( m ,
u ( 1 ,  0 ,  / ) : 0 ,  0  a  l 4  m ,

lu f t ,  0 ,  0 ) : , / o  (2 ,4  11 ,  0  (  r  {  l ,
\ r , ( r , 0 , 0 1 : g .

5. Peunre 3aAaqy 4, ec,'rn Har{a,rrbHoe clrerqenue ueu6pauu 3aAano
B  B H A e  u ( r , 0 , 0 ) : . / o  \ 2 , 4 r ) - - 0 , 5  " / 0 ( 8 , 6 5  r ) - 1 0 , 2 5  " / o ( 1 4 , 9 3 r ) .
Kaxosa Har.rBbrcuafl qacrora xole6aHHii ueu6panu B oroM
cnyuae?

6. flocrpoftre rpaSuxu cr'reAyrciltux OyHxrruii Ha orpe3Ke 0{r(1
a) J o(5,52 r '1,
6 )  . Io (14 ,93  r \ .

L{ocru 4. ?nnnnTHL{ECKl4E 3AfqALll4

Ilerqran 3l

NANNAChAH
(v1HT Y tAT 14 B HOE O n hCAH 14 E)

Oneparop .IIanlaca

(a r . r )  ^ :#+#+#,
BeponrHo, cannfi naxsuft oneparop MareMarurrecxofi Susuxu. KaKos
CIUbICJI STorO onepaTopa Il KaKOe OTHOIUeHHe HI\'teeT Cyil'IMa Tpex
rracrHbrx ltporr3BoAubrx Broporo [optAKa K 3aKoHaM npupo4u? Orsersl
Ha 3TH Bonpocbl cBr3aHbr c reM $axrou, qro ,rarrflacuan $yHruHu
rro3BoJIrrer oueHnrb gHaqeHr.re $yur<ulru B ToqKe qepe3 gHaqeHfiq

$yHr<uull B coceAHHX Tor{Kax. Kponre roro, JrarrJracHaH MoxHo cqn-
rarr o6o6qeHueM eropofi npou3Bo,{Hoft QyHrur-ra oAsofi nepeueHHofi
ua MHofoMepHuft c,lyuaft.

Tenepr Mbr nepexoAlirlr K ocHoBuouy ceoficrBy JIan,'Iacuaua,6na-
IOAapr KOTOpOMy OH rxHpOKO l{C[O,[b3yeTCr.

UE/rlb JIEKL{1414: !,arl uHtyrrrr.rBHoe onucague Jlan"nacn-
aHa H npHBeCTH ero BblpaxeHrrf l  B pa3,lHr{HbIX Cr{.C'reNraX K0-
op,tuuar. B sau6o,nee BaxHbrx crlcrel{ax KoopAr.{Har AByx- u
TpeXMepHOIO npOCTpaHCTBa JIanJraCHaH 3ant{CbrBaeTcf B BHAe
Lu:u***ur , ,

L u : u r r + * " r + * u *

Lu:  ur . " {  urr*  uzz

Lu :Hr r+ |  " ,  *$uosqu , "
2 t

LLI . :  Llrr-r-;  u, r V uqp -f

,  c t g Q . .  ,  I
+ Fu,o* 7;64uoo

l locxo.ntry npeo6paaonaHur KoopAuHar Bbr3brBaror sarpyA-
HeHrlrr y r{eKoropblx cryAeHToB, Mbr o6cy4l-rrr,r trpaB]IJIa, Koro-
pbIMH HaAJeIKHT rro.qb3oBarbcr npu BbInor'rHeHI.rH TaKLIX npeo6-
pasonaHufi.

17 nn*toueonouan
(ABa H3l\lepe-

Iloanpuan HHs)

Il nnttoueo,tbuan
( I pH r.r3Mepe-

Qu,tuttdpuwecrcan HI'Ifl) ,

Cfupuuecrcan
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OcHorHoe cBoficrBo AByMepHoro oneparopa A

Ec.nn
l. A,u )0 s rorrKe (x, Ul, ro u\)c, g) nenowe <<cpedueeo aHaqeHun

$yuxuuu B coceAnnx roqKax) 1) (Hanprr'rep, Ha oKpyx(Hocrl{ c
ueHrpoM B roqKe (x, 0);' 2. Lu:0 n rouxe(x, g), ro u(x, g) pasHa <cpeilne,ug sHaqeHun,

' 
QyHKUHLI B coceaHax rorlKax);

3. Aa 4 0 s roqxe (x, A), ro u(x, gl fiontwe <cpe1neeo sHaqeHun
QyHKqrtn B coceAHux roqKax)t.

Hcno.nrayn sror t$arr'), AaAnrtl HHTepnperaqalo ocHoBHbIX ypaB-
senuii MareMaraqecxoft Qneuru.

lIHryurneHbrfi cMbtcJI HeKoropbrx saKoHoB $usurn

Cornacno ApasHeHutu men/tonpoBoduocmu ut:qzLu, Ails reMne-
parypbr (nrn roueHrpauna) u, cKopocmb usJilefleHut reMneparypbl
,lr nponopqr.roHaJrbHa serltql,IHe Aa. 3uauNr, ecJrH TeMrreparypa B
TOqKe ile&bute, qeu cpeAHfln reMnepaTypa Ha oKpyx(HocrlI, oKpy-
x(apuefi AaHHyro rotlKy, ro reMneparypa B AaHHoft roqKe 6g0em
sffipacmamb.

Q" ,C

G.,
PI4C. 31.1. I4HryurrnHoe onucaHrre JranJracuana Lu: a- cpeAHee eHaueHae $ynr-
t\riu u Ha oKpyxnocru c ueHrpoM B roqKe p paBuo u(p), Lu 101 :0; 6-cpenneo
onaqenl,re $y"xuur.r u Ha oKpylKHocrI.I c IIeHTpoM B ToqKe p 6onrue, ,reru ri (p),
Lu(p)> 0; e-cpe,quee 3HaqeHfie Qynrur.rr.r r Ha oxpylKHocrn c rreHrpoM B roqKe
p Meubrrre, ueu u(p), Lu(p) <0.

" CorflacHo eonflo*oitT gparHe*un Htt:qzLu AJrfl cMeqenng ueu6-
paHbr, yeKopeHr.re ToqKn rraelr6paHu ur, (unw cilila, 4eficrnynqar
ua ro.rxy) nponoprluoHaJrbHo Be,rruqr.rge Aa. 3naqnr, ToqKa ueu6pauu
l#

l) no.q (cpeAHrM sHaqeur{eM rpynrur.ru B c@eAHr{x roqKax) nosrMaercr cpeA-
Hee srraqeHr.re.Qynlrrnu ,rs6o no oKpyx{Hocrn, nu6o no Kpyry c ueurpom
B roqKe (x, g).-I lpun, ped,

t) 3rm Saxr (teopeya o cpe4neru) He saBr{cr{r or pasMepHocrfi npocrpae.
craa,-lIpuu, pe|,

'?,

2,.

3 .
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Acsopnemcn eeepx (cuna HanpaBJreHa aaepx), ecJrn ee .cueqeHue (lo
nucore) Jflevbu)e, teu cpeluee crteulevue coceAnux roqeK.

Ecar.r $yuxuur yAoBJlerBopfler gpaeHevun Jlantaca Aa :0, ro ee
gnaqeHue BcerAa coBnaAaer co cpeAHr.rM gHatreHueM. Hanpruep, Ha-
rsHyran Heno,qBnxHafl pe3r.rHoBaa ueu6paHa yAoBJlerBopser ypaB-
HeHHro .Ilanraca, cJreAoBareJrbuo, cMerqeuHe veu6paHH s nrc6ofi roqxe
panno cpeilnelwA cileuryHaro ueu6paHbr Ha oKpyxHocru c qeHrpoM B
grofi roqxe. Puc. 3l.l HJrJrrocrpr{pyer gro csoftctso JIarrJIac}IaHa.

Upaeueuue lTgaccoua Lu:f , rAe f -Synxuur, 3aBuctilrafl or
npocTpaHcrBeHHbrx nepervreHHbrx (rrloxer 6urs r.r xoHcraHrofi), onu-
cbIBaeT 3HaquTerbHoe r{ficJro pagrHrrHbrx seneuufi.
l. Lu: - p o[rrcblBaer noreHuuan g/reKmpocmamuqecKoeo nonn, ecilH

p-flJtorHocrbr cratuqecKuX 3apnAoB. 3Han ocHoBHoe csoiicrgo
Jra[J]acHaHa. qro 6u BbI MoTJIH cKa3arb o cgoficteax noreHuHaJlb-
HOIO nOnq?
Lu: - g(x, A\ onucbrBaer craur.IoHapHoe pacnpeAeJleHlle reMne-
parypbr or renJloBoro ucroqHllxa g(x, g). Ecnw g(x, A) ro,'Ioxu-
TeJIbHa B ToqKe, gHaqHT, s grofi ToqKe TerIJIo eofiennemcn, ec'fiH
xe g (x, y) orpHqareJlbHa, To renJlo s grofi ToqKe rord'loqaerct..
Lu{ }"u:O-aro ypaBHeHHe fe.nrlrrolrua (npune4eHuoe BoJI}ro-
Boe ypaBHeHHe), Koropoe onucbrBaer (noMuMo MHororo Apyroro)
rrpocrpaHcrBeHHylo qacrb co6crseHHHx xone6asufi neu6pauu.
3ro ypaaneHue Bo3HuKaer npr{ pa3AefleHulr npocrpaHcrBeHHblx H
npeveuHofi [epeMeHHbrx B Bo"rrHoBoM ypaBHeHHx I{ ypaBHeHIrI4 Te[-
Jron poBoAHocTH.

lloxa ,{ro Mbr roBopuJll.r o QusuuecKoM cMbIcJIe JIarIJIac}taHa.

LLt : tt*r* ttur, (4nyrraepuuft c'uyuafi)'
Au: ur** uur* u"" (rpexuepuufi c,lyuafi).

oAHaro Bo MHOTHX SaAagaX BOSHHKaeT seO6XOAtrlr,rOCTb 3Harb Bblpa-
xeHile ,urr raflJracilana B Apyrux KoopAHHarax. Eclu, HanpuMep,
rpaHr.rua o6nacru-oKpyxHocrb, ro ecrecrBeHHo nepeftru K notnp-
floti l  xoop1uHama.il (r,0), a ec,ru o6racrb TpexMepHa, a ee rpanuUa -

c$epa, ro cJreAyer nepefiru x cQepuuecrcun rcoop1uuamau (r,0,91.
klrax, HaM npeAcrordr orBerr.rrb Ha Bonpoc: KaK Bbrr,rsAltr JIanJIaclIaH
B pa3Jrr.rqHbrx ctrcTeMax xoopAuuar?

flpex4e qeM npr.rcrynr{rb K orBery Ha gror BoIIpoc, HaToMHHM
r(parKo o Trflrrr ocHoBHbrx cHereMax KoopAHHar B AByMepHoM l't rpex-
MepHoM npocrpaHcrBax:

AeKaproBa npfMoyfoJrbHas cncTeMa B AByMepHoM npocrpaHcrBe,
AeKaproBa rIpnMoyroJrbHafl cHcTeMa B TpexMepHoM npocrpaHcTBe,
fioJrfpHbre KoopAHHarbr B AByMepHoIu npocTpaHcTBe,
uH,lHH.U,pHqeCKHe KOOpAI.IHarbr B TpeXMepHoM npocrpaHcrBe,
cSepnvecrue xoopAuHarbr B rpexMepHotu rpocrpancrBe.
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flo.nn puue KoopAH Harbr orr peAeJrfl rorcfl coorHorreHrrqMr.r

1 2 - x 2 * U 2 ,  , f : f c o S 0 r

tgl: glx, t4Jrtt 
/: r sin 0.

. f lNnuu4put{ecKne KoopAr{Harbr cBrr3aHbr c AeKaproBbrMrr cJre,q,yrc-
IIIHMH COOTHOU]CHH'I IU}t :

12:  xz  *  !12 ,  r :  f cos  0 ,
tg0: ylx, r.rd,rr.r / - rsin 0,
Z :  Z t  Z :  Z .

l l

C$epuvecrr.re KoopAuHarbr on peAeJrrrlorcfl cr'reAyrorrlnM

r2 :  xz  *  A ' *  z ' ,  t :  r  s in  p  cos  0 ,
COSrp:2f7, I1JIH g-rSincpSin0,
tg 0 : gfx, z: r cos e.

l

t.F,

f lercqxn 3f ,  J lannacNaH (rHryrrxaxoe onrcarxe) 237,

i lpeo6pasoBaHHe KoopluHar
. ,Tenepr MEr noAroroBfieHbr N npeo6pasoBarrr.rlo KoopAHHar. B ta-

rlecrBe npH[4epa noc['rorpulr,t, rax lpeo6pagyeTcfl Jlaililacwar npH ne-
pexoAe K nonnpHbt.u r(oopAlrHaraiu. Ec,nu mu pas6epeMcfl B aroMr To

PI4C.  31 .2 .  @yuxuuona. : lunar  3aBHcu-
r.rocrr $ynxtuu u or nepeneurrtrx (r,  0)
u \x, !/).

Pt'IC. 31.3, (DyurquoHallHafi 3aBtlot.
uocrt  npou3Bo,r lHof t  ax or  nepeMeHHbtx
(r, rJ) tr (x, g').

cMoNieM Jrerxo nepexoanrb or oAsoli cucrer,rbr KoopAHHar r apyrofi.
Hr?.n, y Hac. ecrb , ' lan,TaclraH

L L I : u r r * u u a .

tlro6u safirl l  Jrand'racnaH s Hoeofi cHcrel,re KoopAuHar, o6pa-
rurvrcr K AHafpaM\,re, uso6paxeuHoii sa puc. 31.2. I{enl AuarpaMMbr -
ToqHo rroKa3arb, qro or rrero saBucHT. Harpurraep, H3 arofi AEar-
pa\,rMbl Blt.n,Hor vro $yHxuufl u gaBrctrr or HoBbIx nepeveuuux r u 0.
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KaxAaq rr3 grnx fiepeMeHnbrx B cBoro oqepeAb saoucr.rr or x t4 g
(coe4uHanu,fle JrHHr.ru{ yKa3brBaror Ha ary aaencnuocrs).

Mu uornu 6sr napucorarr Ar.rarpaMMy, B ocHoBaHr.r[ xoropoft
HaxoAHJIr.rcb 6s r n 0, Ho nocro,'rbKy HaM rrpeAcrol,IT BbrqvtcilflTb ux)c
^ uru, ro 6orrure rroAxoAHT HMeHHo ara Ar.rarpaMua. Kar >xe renepb
nrrpasart u** H u, uepea r u 0?

Ha cauou Ae.nd"cAenarb 3To oqeHb flerKo. Cuaqa.na uafigeu u*
u tt.r, Mat uaftgeu u*, cKraAblBas rryru Ha Ar{arpaMMe, BeAyqHe
or il x x. B AausoM cflyqae cyqecrByror roJrbKo ABa raKr.{x nyrn,
TAK qTO

I t 'x: I t ' t r )c* aeor: l l r  (cos 0)-ue (sin 0/r) .

IIo npanunaM AnQ$epenrrr{poBaHr.rfl cJro)r(Hbrx Qynr<unft cJleAyer rre-
peMHolKr,rrb npou3BoAubre, Ha[HcaHHue y pe6ep Ka)KAoro nyrr{, a
gareM cJloxr.rrb r.rx. Asa;loruqno

ttv: tt.{!/ * ue,v : tt.r sin9 * ue (cos 0/r).

O6paruucn renepb Ko BropbrM npor.r3BoAHbrrr,r. Haft4eu u** (n xa-
qecrBe ynpa>KHeH[q npeAocraBnM rrr{TareJrro BosMoxHocrr saftrn
uuu);

CHa{ara, oAHaKo, rrocrpor-rM Apyryo Ar.rafpaMMy (cu. pnc. 31.3).
r{ararenrc, BepoffTgo, scHo, rITo ecJrr u gas[iar or r w- 0 (noro-
pbre B cBolo oqepeAb 3aBncflr ot x w g), ro ux raK x(e (soo6rqe
ronopa) 3aBr.rcr-rr or rex xe nepeMeHsux. Taxnu o6pasou,
i l . r " :  (U" \ , :

: ( u * ) r r * { ( u * ) e 0 * :  \ . ,
: (a, cos 0 -us sin}lr)" cos 0 f (a"cos 0 -ussin 9/r)6 (in 0711 :
:(urrcos 0-a"e sin 0/r  f  us sin 0/rr)  cos 0 f
*  (uro cos 0--a, s in 0-rss sin01r -us cos 0/r)  (-  s in 07r).

Aga,ryorttqHo

uuu: (Ltrrsin 0 1 ure coS 0/r-cos 0/rr)  s in 0 - f
* (a"s sin 0 f a" cos 0 f u66 cos 0lr -us sin 0/r) (cos 01r).

Cr.na4uraR u** H usy, nor'IyqaeM oKonqareJrbHuii pesyntrar

Lu : It x*.* uau : u r, + + u., + ) use,

r. e. BbrpalKeHr.re AJIR lranJracrarra B nonr.ptrbrx rcoopduuamax. Ero
cMbIcJI raroft xe, KaK r,t y Jra[JracuaHa B AeKaproBbtx KoopAr.IHarax,
Ho @pua sailuct4 Apyrafl. K coxad'regr,ro, rerrepb gro oleparop
c nepeileHHotnu rcoeQQuqueHfiianu, raK qro ypaBHeHlre, coAepxaqee
JlanJracr4aHbr B no,'rffpHbrx KoopAHHarax, pe[rarb TpyAHee.
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AHaJorutIHo MoxHo npeo6paeonarb r.r rpexuepuufi ilanilacva]f.

B pesy;rlrare lo,ryqaeM n quaundpuqecKux ttoopduuamax

A,u: t t r r+ f ,  " , * i  r r r+  u"" ,

a cQepuaecrcusc rcoopduuamax

Lu : ttrr + 1 u, * * u*r+ry ue * Vfu uee.

341fiE'IAHH'

l. To"rtro B AeKaproBofr cucreue KoopAHHar Jrannacual o6naAaer
nocroflHHbrMll xoeQ$uuueHTar\,ru. Sruu o6tscHflercfl, noqeMy ga-
AaqH B rpyrux crrcreMax KoopAHHar penarb rpyAHee. Telr se ue-
Hee K orrlM ypaBHeHr4rM c nepeMeHHbrMr4 roeQ$uqueHrallu Bce
exle npHMeHr.iM MeToA pa3AeJreHHn nepeMeHHbrx, npaBAa, fioJtyqa-
toulHecs npH sroM o6HKHoseHHue guQ$epeHqr{a,rbHble ypaBHeHufl
roxe 6yayr c nepeMeuHbrMr.r xoeQQuuueHraun. Tax noryqarrorcfl
ypaBHeHHe Eeccert, ypaBHeHr.re JlexaH4pa H Apyrue, raK Ha3br-
BaeMbIe KJlaccuqecKr.re ypaBHeHr{g Ma eMaril,{ecKofi $usuxl.l. Taxlre
ypaBHeHHg peuatorcg o6uqso MeroAoM pagr'roxeHr.rn B creneHHbre
pflAbr.

2. Kpoue ynoMflHyrbrx 3Aecb, cyqecrByer MHoro Ap" rlrx KoopAH-
HarHbIX cncreM l). Hanpurr,rep, 3aAaqa o xone6asuflx gJrJIHnrHqec-
xofi ueu6paHu rpe6yer npeAcraBJreHrrfl ilarlilacnaHa B gJrJrnnru-
qecxor? clrcreMe xoopAxHar. t{ro6u cAeJrarb gro, rpe6yerca He-
cKoJrbKo uHofi lo4xo4: npeo6pa3oBarb aJrJrr{nc B Kpyr, peunTb
nor'ryqfiBruylocr saAaqy B HoBbrx (no;lnpuux) KoopAHHarax, u sa-
TeM [oJryqeHnoe peuenue npeo6pa3oBarb K HcxoAHbrM KoopAr.rHa-
Tau ?) .

l )Cru. Tux-o-non__A. H.r_ CauapcxNii  A. A. VpaaHeHr{r MareMaruuecxofi  $t.
^ ,slrxu,-M.: Hayxa, 1972 u yp. ug1anus.-17pun. pe|,.
2) 

[enecoo6p^a3Hee-HenocpeAcrgenHo nepeiiru x sn.iunruqecKuM KoopArrsaraM. -
tl puil. ped.

l  uur*  u"" .
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SAIAqH

l .  Kar  3anucarb Bo,r rHoBoe ypaBr{eHrre u11=7g�zLu a c$epnuecrxx
KOOpAIiHaTaX, eC,'rH BaM HSBeCTHO, qTO peIxeHHe 3aBLICltT TO,!bKO

2. ilJ ;i;.rr" Bo.rrHoBoe ypaBrreHr.re ur,,:o,Lu B no,rrpHbrx Ko-
OpA,HHaTaX, eCr'I I I  I I3BeCTHO, qTO pell leHHe 3aBHCLIT TOJIbKO OT f
w t ?

3. Kax 3arucarb ypaBHeHue Jlannaca Aa - 0 B no,rrnpHbrx KoopAr.{-
HaTaX, ecr'lH II3BeCTHO, I{TO U SaBWCl4't rO,rlXO Or r? KaXOeO pe-
ueHue ororo ypaBHeHfiq? 3ru Synxuuu Ha3brBarorcrr norneH4ua-'' nailu c rcpgeoaod cu.ttnempueii.

4. Kax garrucarb ypaBHeur.re .Ilan,raca n c$epuuecrux KoopArrHarax,
ecJrx perxenue u gaBvcprr roJrbKo or r? Moxere JrH Bbr wafirw
peueHrlff eroro ypaBHeuuq? 3ra Qynxunn Ha3brBarorcq ceepu-

5.
6.

qecKu- cu.M.|ilem puqHu,Mu nomeHLw&ltatwu.
t l ro sH Mox(ere cxasarb o noBepxHocrt  u(x,  0:xa?
flpeo6paayfire rpexMepuuri lan"racuau Lu : ur, * u,,, * ur" r< cQe-
ptqecKHM KOOpAr.rHaraM.

flerqun 32

oEulre cBohcTBA KPAEBbIX 3AAAq

IIEIIb "rlEKI{l4H: O6rncuurt, KaK Bo3HlKaror ypaBHeHrzff
c qacTHbIN{H I]pol{3BOAHblr\[r, He coAep]Karrl]re npor.rSBoAHbIX no
BpeMenr.r. B or"ruque or runep6o,'nlqecKofo BoJIHoBoro ypaBHe-
HHfr r4JrH napa6onnuecKoro ypaBneHr.Iff TerrJronpoBoAnocrr.I 3TH
ypaBHeHHfl He rpe6yrcr HaqaJrbnbtx ycnonaft. n.nt Hl.rx HyxHbr
ToirbKo rpaHuqHbre ycd'roBtrfl. I-lo srofi [puqr.rne 3a1a'ril AItfl
TaKr.r_x ypanuenufi Ha3brBarorcR KpaeBbrr\{u 3aAaqaMr.r.

Vxaxeu rprr Hau6onee BalKubrx runa rpaHr4uHsrx ycnoanfi.

l. l lauavHoe ycroBHe nepBofo po4a (ycnorne rl lrpux.rre).
2. fpanauHoe yc/'roBlre Bropofo poAa (yc,'ronae HeliruaHai.
3. fpaHuunoe yc./roBrre rperbero poAa 

- 
(ycnonue Po6eHa).

B nenquH ltpoBoAflrcs npr.rMepbr H fiorcHeHr.rq grr.{x rpa-
HI,ITIHbIX YCNONUI?.

.[,o cux nop Mbr H3yq,ailH fln,'reHur, Koropbre pa3BHBaJrHcb 6 npocm-
paucmee u ao operteHa. UyqecrByer, oAHaKo, Muoro Reneunft, xoro-
pue He LrgMeHsrorcfl c reqeuueM BpeMeHr{.3rN ssneHaq e 6onuxr.tucrBe
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CfiyqaeB On[CbIBaOTCn KpAeBbL.trU 3lt / lUnmUqeCKUt4L[ 3AdA4AMU, H UeJIb

Haueft r ' IeKuHH-_no3HaKoMIt ' t 'b qHTare, ' l t l  c raKoro r?Ina 3aIaqaMH.

Moxgo yKa3arb ABa c, ' Iyl{af l '  KorAa B ypaBHerII lrx l \ ' lareNlarl ' l -
qecnoii  $usnxn He coAepx{t lrcr BpeN{R:

l .  CrauuouapHbre 3aAaqu.
2. 3aha.ru, B Koropblx 3aBI,tcHNIocrb or Bpel\ leHrt Bxoal{T B BIIAe

BpeMeHHof o N{HoxtlTed'ltl.
CHa,{ana Aasarlre paccttorpl{ iv{ cral l l {ogapHble saAaqll .

CraqnoHapHHe BaAar{x

l lpe4no,,toxxM, qro Hac Hnrepecyer crall.t loHapnoe (npn l '- oo)

peIIleHHe ypaBHeHufl TenltonpoBoAHOCrH

u t :q "2  Lu '

Oqeer.rAno, ecJIH pe[IeHHe He usJneHnemcn so 8pe14e\u, Jo ut=0 n

\ paBHeHHe rerlr 'IorpoBoAHocru nepexoAl'rr B ypaBHeHHe Jlan'naca

A a  : 0 .

flponn.nrccrp[pyeM no4po6uo I'IAelo craquouapHocrfi Ha npuMepe'

Paccltorpuu sa,u,aqy

r y q n )  u t : i l * x f s i n ( n . v ) ,  0 ( x (  l ,  0 ( l ( o o '
(  u  (0 .  / )  : 0 .

( 3 2 . 1 )  ( f V )  {  
'  o ' z | 4 - s a ,

I  u ( 1 , / ) : 0 ,  
v  \ w

( H Y )  u ( x , 0 \ : s i n ( 3 n x ) ,  0 ( x (  l .

t{ro6or ttaitru craulioHapHoe peueHl.Ie u(x, xl (ecnn ouo cyilIecr'
oyet), [oJIOxHM ut:0 1I petullM Kpaesun sadaug

# : - s i n ( n . r ) ,  0 < r ( 1 ,

u (01 :s ,
a  ( l ;  : 9 .

Pemense groii saAaqn LIMeer BHA
I

u (x ,  e \ :  *  s in  (nx) '
' f i "

{
I
I
\

Ec.nu penurb saAarly (3?.1),
6yler coBnaAarb c sin (3nx),
CTEIICHI4 NOXOAI,ITb HA

ro ee pe[IeH[e
a 3aTeru Bce B

I
;E sln (rl'r),

s HaqanlHufr MoMeHT
6o.nouleft n 6onturefi
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,I l .nn sexoropbrx saAarr Moxer He cyuecrBoBarb crauuoHapHoe pe-
ueHile (ue aaencnuee or npeueuu), a Ailf l  Apyrux craur.toHapHbrM
peueHneM Moxer oKagarbcs BpeMeHHas cllHycouAa. C;re,qonareruHo,
H-e Bcer,la cnpaBe.llJlHBo' qro npol't3BoAHbte u$ ufi . . . paBHbt HyJl]o.
I IO3TOMY MbI, XAK I]PABI,!d' IO, AOJIXHbI HMETb HCKOTOPY}O HHQOPITAUUO
o Er.r3HqecKoM CMbrCJte 3aAaqfl .

Bnge.rreHne BpeMeHHofi KoM[oHeHTbl
B runepooJtnqecxHx H napaooJtHqecKHx 3alaqax

B sa4ave o xone6ansnx ueu6paHu

U q n )  u t t : L u ,  0 ( r  (  l ,
( fY) u:0, Ha oKpyxHocrH,

(H"' I u (r' o' o): t ' ?' o)'
r  )  

\  , r ( r , 0 ,  o ) :  g  ( r ,  o )

MbI  L IcKa, ru ,  perueHr . re  B  BuAe u( r ,0 ,  t ) :U  ( r ,0 )T  ( l ) .  l l pu  e rou
Synxufin UJr,0) Ao.nxsa 6srru perxeHneM xpae'nofi sala\w riln
ypaBHeHr.rfl feltnaro;rua

ULI[)  LU - l l tzU :e,
(Hy) u (1,  e)  :0.

Taxar cr{ryaurr' xapaKTepHa AJrfl reop'H ypaaueHufi c qacrHbrMrt
npor'r3BoAHbrMt4, rAe peueHue saqacryro _npeAcraBJrrer co60rl npoHs-
B€AeHr.re rpocrpancrseHnofi sacru U (r, 0) Ha opeueHHyro vacrl T (l).
oaxrnqecxn Mbr nodryqlrNr ro x(e caMoe yfanueHue fe,riruronr,qa, ecJrn
[onbrraeMcfl BbrAeJrurb npel,reuHliro r{oMnoHeHTy B ApasHeHuu menno-
nPoaoonocmu 

ut: LLt.

IIp" peueHHH KpaeBbrx_ 3aAaq qaqe Bcero HcltoJrbsyrorcfl Tprr
rnna rpaHr.rqHbrx ycJroBufi. Ha Hr.rx MbI ceftqac ocraHoBnMct.

Tpx ocHoBHbtx rnna rpaHr{qHHx yclonnfi
B XpaeBbrx 3a,qaqax

Kpaenan sa1aqa c rpaHr,rqHbrMu ycJroBnrrMH
nepBofo poAa (saAaqa AHpnxre)

Tpe6yercn Hafiru perxeHae ypaBHeHr.lfl B HeKoropofi o6nacrta
npocrpaHcrBa, Koropoe nprdur.rMa€r Ha rpaHaqe o6.nacrH sadaunorc
gHAqeHufl. IJ KaqecrBe npxMepa MoxHo npHBecrH sa,qaqy o Haxox-
AeH.HH craur.roHapHoro pacnpeAeJeHHr reMreparypbr sHAmpu o6nacrx,

i;

ecnu sadau.a mer,tnepatnApe Ha rpaHl{ue srofi o6racrn. ,Il,pyroit npn.
Mep: safirv, pacnpeAeJIeHHe floreHIrHafla BHyrpH o6.nacrH, ecJIH
HsBecreH noreHuuaJl Ha rpaHllue. Hnxe rpaBeAeH eue prA rtpuMepoB,

TI PN MEP bI 3 AN,NI N,N PH XJI E

Paccnorpuu ypaBneHlre Jlannaca sHAmpu- Kpyra c 3aAaHHbIMI{
sHarreHr.rflMu pe[reHufl Ha rpagnqe (crrr. puc. 32.1):

:

g(Vqn)  u , ,+ lu , * )  uoo :0 ,  0  (  r (  l ,
( fY)  a ( l '  o ) :s ino '  o {o  (  2n '

B xaqecrse eu1e oAHoro npaMepa MoxHo yKa3arb sHewHfito 3d'
ilaug fiupusctte, Altfl roropofr perIeHI'Ie ypaBHeHI'Ifl trlannaca nnrrercr
BH.e KpAeat a rpaHHrIHble 3HaqeH[q 3aAaHbI rlo oKpy)KHocrI'I (cM.
puc. 32.2\.
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u-s in9  Ha zpanu4e

PAC.32. l .  BHyrpeHur r
sa4aua.[,r.rpux,re.

PVC. 32.2. BHeuHqq ealaua ldupax"re.

Kpaensre saAaqn c rpaHxqHbrl,r ycroBfleM
Bropofo poAa (saAaua HefinraHa)

Tpe6yercx safiru peueHne ypaBHeHHff B HeKoropofi o6nacrn
npocrpa-HcrBa-, Ha rpaHuue xoropoft saAaHa BHewHnfl Hopilanbflan
n pouseoduan 0 u I 0 n (xor opafl npono p quoHanbva eme Kanulelry norbxy).
3ro o6n1an saAaqa u rnfr craurzoHapnori rennonpoBoAHocrH, H AJrfl
gJreKTpocrarwKl{|, ecrr4 Ha rpaHr-rqe 3a,qaH noToK (Tenra, aJreKTpoHoB
H r .  A . ) .

Hanpuuep, npeAnoJro)KHM, qro rennoeoft noroK Ha fpan4qe Kpyra

a =Sin0 Ho oKpyxHocnu
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H3MEH'IETC'I  I ]O 3AI{OHV

* : s i n o .0r

Tor,4a crauHorrapHoe pacnpe,{e,'reHue relrneparypbr BHyrpH r(pyra
flBJltercfl peuenrreNr xpaenofi 3aAaqu

( L u : 0 ,  0 ( r ( 1 ,
I o,'
l f f : s i n o '  r : l '  o < o

B srofi saAaqe nontoK renJra (xan/cu.c) vepes
dnyrypo npu 0<0< xr H Hap!/ycA rpn n<0<

O,4uaxo, rJocKoJrbKy no,tu,oiti nomorc
,( 

g or: 
,f,,n 

o do: o
i o '  J

(yc.norlte, Koropoe BcerAa AoJr)xHo Bbrno"tr{flrbcrr
rvrolxHo yrBepxAarb, qro reMrreparypa xaxAoii
He u?.r4e&neffLcfl Bo Bpe.MeHu.

PIIC. 32.3. floror renla B 3alaqe HeinraHa. Teruneparl,pa s KaxAofi roqxe
nocTotHHa, nocKo'trbKy noJrHOe KoJtuqecTBo Tenr'ra, BTeKaro[leto B ToqKV fi BHTe-
xapuero u3 Hero, paBHo HyJlo,

/lpyruuu cJroBaMu, 3aAaqa HefinaaHa (ans ypaeHeuun .Ilannaca)
HMeer cMF,IcJr roJrbKo B ToM cJlyqae, KofAa no,'lgltii rroroK TerIJIa
qep'eg. rpaHlII Iy paBeH HyJno. MareMartrt{ecxn 3To gnaqur, qro .Ha

12n .

f  paHrrr ly  HanpaBreH
2x.

B 3aAaqe Heiivaua),
roqKH BHyrpu Kpyra

flexr{xr 32. O6rqxe ceoicrea rpaeaurx aagau 245

rpaHHr{e  Ao/ lxHo Bb l [o . I IH f lTbc f  cooTHouleHl te

? 0 n

)  ; ; :  
u '

L

lrgaqe 3aAatla rre 6yAer uNrerb peuerrfir. :
Hanpunaep, BHyrpeHHsn 3air,aqa Heiln,tana

( L u : o '  0 ( r ( l '
l a u
i  # ( t ,  o ) :  l ,  r : 1 ,  o { o  (  2 n ,

He rrMeer $u:auecroro cMblcr'Ia, [ocKo,'IbKy nocmonnntii e\uuurtuwtl
nomoK BHyrpb o6,racrrt He MolKer o6ecneqrrrs cra(r.roHapHocrb pe-
ueHI4q.

Enre oAHa oco6engocrb Ba1a'.r,u HefintaHa, Koropan or"'Iuqaer ee
or Apyrilx npaHr{q}rblx 3aAaq, oro HeeAHHcrBeHHocrb penreHun. Apy-
n{Mn c,'roBaMH, 3aAalra Heiinaaua

l ,

r : 1 ,  0 ( 0 { 2 n ,

uMeer 6ecrcouequoe Ji4HoJtcecmeo peureHuri u(r,07 (salaeruu, .rro o6iltnii
rroroK rrepe3 rpaHnuy paBeH Hynro). Ecnu y Hac ecrb oAHo peue-
Hr{e, To, Ao6asnss K HeMy KoHcraHTbr, Mox(Ho Harlru H Bce Apyrr{e
peuenlrfl. Hanpulrep, oAHo rr3 perneHuft uaurefi saAaqr.r Heiiuaua
HMCET BIZ,II

u ( r ,01 :  12  cos  (20) .

( L ^ u : O ,  0 < r <

i  # t t ,  o ) :cos(20) ,

Ec.nn npH6aBurb
Apyroe' perleHue.
peueHr.rq HyxHo
sHaTb SHaqeHr4e

K HeMy I]poH3Bo,'rbHyro KoHcTaHry, To no,fryqHTcf
IIo erofi np[qiIHe AJrff BbrAeJreHlrff eAHHcrBeHnoro
HMerb AonoJrHHre, lbHVro nu$opua{uto (Hanpnuep,

peueHr.rff e oAHofi rouxe).

Tpe6yercx safirw
JracTH rrpocTpaHcTBa,
BVNA

Kpaennre 3aAaq[ c rpaH[qHbrM ycJroBHeM
Tperbefo poAa

raKoe perxenne ypaBHeHHfl B rreKoropofr o6-
KoTOpoe y.u,oB,'rerBopfer Ha rpaHrrr{e ycJroBfiK)

0 u .
a ;+n (u_g) :u ,

rl.e h-zaAaqnafl KoHcraHra, a g-sa)\atHafi Qynxqun, Koropaff,
noo6rr(e roBopg! Meurercs BAoJrb fpaggrlbr. O6paiuu BHHMaHr4e. Ha
To, qro HoBoe rpaHnqHoe yc,'toBr.Ie flBJrflercn KaK 6l,t cMecbn tpa-
HutlHbrx yc"nooaft flepBbrx AByx rurroB. 6o.nee npuBbrrrHaf $opnra
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9TOrO yc,rloBHg UMeeT BHA

0u
v : n : - h l u - g ) '

Cor.uacso groMy rpaHxr{HoMy ycJroBulo, noroK, nrexarcqufi r o6-
JIaCTb rrep$ rpaHHrty, [poiloprlt4oHareH pa3HocTH MeXAy reMnepa-
rypolt u u Hexoropoft saAaHnoft renaneparypofi g. Oro osuauaer,
uro  (npr . r  h>0)

l) e-cnr.l reMneparypa u Ha rpaHnqe Bbrue reMrreparypbr oKpy-
;xarcqeft cpeAbr Ha rpaHnue g, ro renJro oameKaem uz o6nacru;

2) ecru ,J MeHbue reMneparypbt g', To renJro ometcaeftx s o6racrl.
(oHeqHo, 9To He qro lzHoe, KaK 3aKoH ren.noo6trleHa HrrcroHa,
a rpaHnqHbre ycJroBHfl BCex TpeX TIIIOB COBepUeHHO eCTeCTBeHHbr
Int craur{oHapHbrx saAarr renJronpoBoAHocrH.

IIPHMEP

Ilpe4nonoxnM, r{ro BHe eAt4tilu*oro Kpgea reMrreparypa pacnpe-
AereHa no saKoHy g(0):sinO. B 3roM cJlyqae noroK renJra qepe3
TPAHI.IqY AOJIX(CH 3AAABATbC' B BI-IAE

0u
i : - h ( u - s i n o \ ,  r : 1 ,  o ( o  (  2 a .

Cle4onare,ruro, craunoHapHoe pacnpeAeJreHr.re reMrreparypbr
BHyrpH Kpyra ss,'rsercq perxeHr.reM xpaeoorl 3aAar{u

( Y q n )  L u : 0 ,  0 ( r ( 1 ,

( f Y )  7 ; + h ( u - s i n 0 ) : 0 ,  0 ( 0  <  2 n .

KoHcrasra h senqercq Sllsuuecxalr napaMerpoM u qucJreHHo
paBHa KoJrHlrecrBy refiJra, nporeKarouleMy qepe3 rpaHr{uy npu pa3-
uocru reMrreparyp B oAr.rH fpaAyc. Ecnu h BeJrHKa, ro rrplt pagHocrr{
TeMleparyp B o!,nH rpaAyc ren.nonofi rroroK BeJruK H peueHue cra-
lfoBurcfl rroxo)Kr.rM Ha peueHue sa1aqv flupaxne c rpaHnqHHM yc-
toBI IeM 9:s in0.  C Opytof i  cropoHu, ecnu h:0,  to  rpaHl . rquoe yc-
toBue nepexoArlr B ycJroBne mennousoJtupoeanuoil rpaHHubl

$:0 .
Qurare,rr Mo>xer npeAcraBnTb, KaK l,I3rlreHflIorcf peueHHg 3aAaqu

(32.2), KofAa napan,terp h npo6eraer Auarra3oH or 0 go f oo. Eclu
Ir:0, To rpaHur{a renJ'ror.r3oJrupoBaHa vt, cJreAoBareJrbuo, perueHxe
r (r, 0) flBJrflercff KoHcmaHmori (peureHue B AaHHoM cryqae He eAHH-
crBeHHoe, TaK qro nrc6an KoHcraHTa flBJrrrercr peurenneivr). Ecnn h
craHoBnTcrr sce 6onlri le u. 6orn,ure, To peueHue cranoBnrcr Bce
6attwe u 6ortotue noxo>xnM Ha peueHHe gaAarlu ,[Hpuxne c rpaHrrr-

(32.21
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H b r M  y c J I o B v e M  u : s i n 0 .  E c n u  h > . 0
peueHrle raKx{e 6yaer crpeMurbcfl K
cKoJrbKy HyJIb-3TO CpeAHee 3HaqeHI{e

SAIATIH

H CTpeMHTCtt K HyJIp, TO [r
ro)KAecrBeHHouy Hyno (no-

sin0 sa rpauuue).

l. Moxere JIH BbI Lr3
,[,r'rpux.rre?

(vqn)
(rv)

2. Hueer {ru saka.q^a

HHryr{rrrBHbIx coo6paxennil pelxHrb 3aAaqy

A a : 0 ,  0 ( r ( 1 ,
u ( 1 , 0 ) : s i n 0 ,  0 ( 0 ( 2 n .

HeftuaHa

A a : 0 ,  0 ( r ( 1 ,

#: sin 'o

pelueuue BHyrpI{ xpyra?
3. flonurafrTecb npeAcraBnTb, KaK BbIIJIRAI'IT peIIreHI{e 3aAarl[

.  ( Y q n )  L , u : O ,  0 ( r ( 1 ,
( fY)  #*O(u*s in0 ; -0

np[n pa3rHtIHbIX 3HaqeHnsx napaMerpa h.
a. Kaky-ro KpaeByp saAaqy HyxHo peul'lrb' 'no6u naftrn craqnonap-

Hbre perxeHlls cJleAyloqeft eaAa'su:

u t t : u x x - u t * u ,  0 ( . r (  l '  0 ( f ( o o '(yqn)

(rv)

(Hv)

ryqn)
(fv)

u  (0 ,  t ) : 0 ,
u  ( 1 ,  t ) : 0 ,

0 ( l ( o o ,I
t
I
\

5. Hcxoln vB $asuuecroft HHrepnperaul{l{ ilailracnara' qro BbI
Moxere c.Ka3arb o6 o6u{ux csoiicrsax peruenuft xpaeoofr sa'qaqn
AJrr ypaBHeHHfl fe.nuaro.nlua

u (x, 0): sin (3nx),
n, (x, 0; :01 0 { x (  I ,

L u - - I u z u ,  0 ( r (  l ,
a ( 1 ,  0 ; : 9 ,  0 ( 0  (  2 n ?

(vqn)
(rv)

6. Aafire $usnuecxyro LrHrepnperauurc xlaenoft saqa'rs c rpaHilqHbIMH
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yCJIoBI.l tlvtl.t

(yqn)

(rv)

cMeuaHHofo Tilna BrrvTpr{ xBaApaTa

l t x )c+  L lua :0 ,

{  u r ( x , 0 ) - h l u

)  u ( * , 1 ) : 1 ,

I  " (0 ,  u ) :0 ,
\  a ,  ( l  ,  u ) :0 ,

0 ( x ( 1 ,  0 ( t < 1 ,
( r , 0 ) - 2 1 : 0 ,  

0 . ( . r (  I ,

BHyTPE H H9q 3AflALtA trl4Pt4xt1E
flnr KPyrA

UEXb JIEK(1414: florasarr, r(aK Me.ro.rtoNl
nepeMeHubrx peulrrb BuyrpeuHroro 3aAaqy {upux,

(VUn l  u , , ++u ,++ r r s6 :Q ,  0 ( r
( f Y )  a ( 1 ,  0 ) : g ( 0 ) ,  0 ( 0 { 2 n .

'CHa.rara rpaHHr{Hoe yc,'IoBHe pag,qarae.rcff B pnA

g (0) : i [r,, cos (n0) -j ], sin (n0)1,

a 3areM lrrrlercr o.,u"Jul. xaxAoii 13 3aAaq

'  u ( l '  0 ) : s i n ( n 0 ; ,  a ( 1 , 0 ) : c o S n 0 .

PerueHug arLIX 3ailaq ganncbrBaorcn B BI{re
u  ( r ,0 )  -=  / ' s in  (n0) ,  u  ( r ,  0 ) :  r "  cos  (n€

orKy.qa noryqae'rcu peuenue 3aAaqg ,I,upuxne

u(r,  01 :  2 , , lo, ,cos (n0)f  b, ,  s in (ng)]
t l =  0

l locne roto KaK pemeHHe B Bi{Ae pflAa nor'ryr{eHo,
re6pauuecxux npeo6paeosaHuft peneunro MoxHo n
egfi, t4rTetpaJrbrryro tbop,uA, Koropaff Ha3brBaercfl ,J,
Qo p.mg tt oti Il y accoua.

(33.1)
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B grofi JIeKr{urI npeAJ'Iaraercn MHo}t{ecrBo HoBbIx ltAefi, xan peulnTb
saAar{y !,Hpi.rxne

(Yqn)  u , ,++r , ,++ i l so :0 ,  0 ( r  (  l ,
( f Y )  u ( 1 , 0 ) - g ( 0 ) ,  0 ( 0  (  2 n .

Csaqa.na uu 6yAeu peuarb 3ry 3aAaqy MeroAoM pasAe,iIeHI'Ir
rrepeMeHHbrx, a 3areNr, KorAa pe[IeHLIe B BHAe pn4a 6y4er uafi.4eHo,
Mbr npeo6pasyev ero K ApyroMy sltAy (uumeepa'tonan Qopngta
II gaccoua).

Cxena peureHlrr BHyrpennefi  gataqn,I lnpnx,re.

o ( y ( 1 .

flerr4nn 33

N{ pa3AeJIeHHfl
xd're Ad'rR Iipyfa

r  < 1 ,

)1.
o, nyTeM aJI-
npugarr dpg-
uumeepanonofl

3aAaqa (33.1) oueHr, BaxHa n SneHvecNux rpr{.roxeHuflx. Ee
MO)KI{O lrHTep[peTfipoBaTb KaK 3aAarry Haxo]KAeHfif l 3JreKTpOCTaTn-
qecKoro n0ren[ua"ra BHyrpr.r Kpyfa ro fi3BecrHoMy pacnpeAer'reHua
noreH[I,r aJIa Ha rpaHuue. .Il,pyran HHrep nperarrr4 R - MoAe,rl prr,r,nluoii
rrJIeHKrr. Ecnu cAe.narb H3 npoBo,'IoKr.l KoJIbuo I r.rgornyrb ero rax,
qro6u usru6 sa1aBarcn Qyunuueft g(0), a 3areM norpy3urb B MbrJrb-
uufi pacroop, To MbIJrbHafl ndreHKa HarflHercfl B coorBercrnuu c rfop-
uofi npono-noxx. BoseHneur{r roqeK n,.reHK[ onucHBar,orct pe[rgHueM
saAaqrz (33.1), ecflH cMelrleHufl g(0) rraa,ru.

A u = 0
u 1 1 , 9 1 = g Q

,1 r ,91=P( r )6 (8 )

6 " + 1 2 6 = g

^ > 0
@ (9)  =  c  cos  (Ad)  +  ds in  ( IR ( r ) = a r ^ + b r - ^

l \ = 0
R ( r ) = a + h l n t )

(tr)=ar^ unoDacuoae
I>-  0  r ' ^ .  ln ( r )

@(d) = c, cos ( nO) + d n sin\n8
1,. U,|,2,. . .  r  @' nepuoouqecxaf)

R n ( r )  =  s r r n

u, ( r, 0) = r n Ia' co^s.h.O)l
Bib iewenun Auiiit R(i@@

u ( r, 0 ) = i^r n t a rcos(nq) + b r sin (nB)i

os= f i i ' " o@de,  r t ,  o ! .= ) [ -g6 - )cos ( le )de
bn -- * [ g(o) sin"(nil do
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t{urare.nt AoJrxeH xopotuo paao6parrcfl B MeroAe pa3AeJrer{Hfl
rrepeMeHHbrx, s o6ulprx qeprax aao6paxeHHoM Ha pr.rc. 33. l, r{ rrr.{a-
Te./rbHo npopa6orarb ero.

Aaalrlr HecKoJrbKo noRcuesnft x puc. 33.1."
l. t{rrrare,nb AoJr)KeH rrpoBepr.rrb, qro KoHcraHTa pa3AeJreHnff AoJrxHa
6arca ueompuqamenouoti (eor noveuy oHa o6osHa.rena I2). Ec.rru 6sr
KoHcra_Hra pasAeJreHr.rr 6u.ua_orpuqarenrHofi, ro $yuxqnn @ (0) He
6una 6u [epiloAr,rqecKr.rMr.r. Ecnn xe KoHcraHTa pa3AeJrenr.rfl HyJre-
Baf, To. B peureHr.re ueo6xo4r.rrvro BBecrr.r .norapu$ruuuecxuft q.rreH,
t . e .  R ( r ) : a f  l n r .
2. r{,urarelb AoJI)KeH 3Harb, KaK floflyqurb KoHcranTbt an u bn.

klrat<, perxeHr.re nHyrpeHHeft sa4aun .II,upuxle 3anr{cbroaercR B Br,rAe

(33.2) u ( r , 0 ) :
@

n = 0
r" lancos (n0) * b" sin (n0)].

flpex4e .leu nepefirn K Apy_roft Sopue rpeAcraBneHr.rfl perrreHr{ff,
npoBeAeM a:aailus Soprr,rynu (33.2).

AHanus peureHnfl saAaq[ ,[upuxle

l. OcraHonuMcq cnaqara Ha crpyKrype perxeHr{n (33.2;. CornacHo
sroMy pe[reHHro, Mbr B nepByro oqepeAb AoJrx{HbI paSJro)KHTb rpaHnr{-
Hyro Syuxurno B pflA Oypre

g(o): 2 b,cos (n0)f bo sin (n0)1,
n = O

a SaTeM peuHTb saAarry AJrfl KaxAoro cHHyca r.r KoctlHyca, BXoAf-
rqHX B psa. Kaxloe H3 srlrx cJraraellbrx nopoxAaer perxeHnfl Br{Aa
r'sin (n0) u rn cos (n0), rar rrro ro npr.rHt{nqy cgnepn@uquu

a ( r ,  0 ) :  )
. - i

2. Peuesne, HarrpaMep,
(Yqn)  Aa :0 ,

( f y )  a  (1 ,  0 ) :  I  +s in0 f  U -s in30 f  cos140)

AOJTIKHO HMeTb BHA 
.3

u (r, 0): I + r sin 0 * -u- sin (30) + ra cos (40),

r"lancos (ne) * b, sin (n0)].

SaAAqV

0 ( r ( 1 ,

nocKoJIbKV g (0) e AarrHoN{ cJryqae y>xe
c  x o a $ Q u u t e H T a M n  a o : 1 ,  a E : 1 ,  b t : 1 ,
gHarleH?rtr a,, Lr bn paBHbr HyJIIo, rrogroMy
ueo6xo4uuocrn noJrb3oBarbcrr Qopnynaun.

pa3JrolKeHa B psA Oypue
Ds :0,5, Bce ocraJlbgble

NilN HX BbIqI{CJICHUfl HCT
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- 
3. Ec;rn paAr4yc Kpyra npoll3BoreH (cxaxeu, R), ro peileHue

SATIHUCTCfl B BHJIC

u (r ,  0) :  i  ( r ln i ' [aocos(n0)*0" s in(n0)] .
n = 0

4. 3aueruu, rrro KoHcrarra ao B peueHHH (33.2) npeacraBJlffer
co6ofi cpe4Hee sHaqeHue $yHxuuu g(0;

9ruu eaneprilaercq pettreHl,te gaqattlt MeroAoM pasAeJIeHHfl nepeMeH'
Hux. llepefiAeM renepb K BecbMa uHrepecHoft uHrerpaJlbHofi Qopuyne
flyaccoua.

HHrerpa.nbnas Qopuy.na flyaccoHa

BosrMe\.r peueHr.re saAaqlr ,[,upuxle, noryrleHHoe MeroAoM pa3'

AeJreHHfl nepeMeHHbrx

u ( r , 0 ) :
@

n = 0
(rlR)" [ao cos @il * b" sin (no)],

ao:Lzn J stol ae.

/ @ \

it *, E (rrR)' cos [n (o - c,)] i e @) a":
\  n = r  )

2 n t  @  \
t  n  I  s  - l

: ; l  l l  + I  Q tR) " l e in$ -o . t+e - in (s -d ) f l  E@)da :
u  t  n = t  )

(rr,trr BsflJrH c.nyuafi npolr3BoJtbHoro paAnyca rpyra) H noAcraBl'lM
B Hero $oprr,Iynn 4,'rn BblqtlcrreHufl xoaQQuqueuroB an n br. flocle
psAa BbIKJTaAoK c npr.rMeHeHHeM a,rre6pu, HHTerpaJIbHoro ucqncJleHrfl
H Tpr.rroHoMerpHH [onyqaeM

: i n

2 n

; j

2rr

u(r , 'B) : f i
t ' , i ' r @

;J  s (o)do+;>| ! r'rnr" j g(o )x

x [cos (na) cos (n0) * sin (na) sin (n0)] da :

: * 3* {' * r--jffu * rF##E} s (o) ao :

iloc;leAnee BbrpaxeHne u Ha3brBaercr Hnrerparunofi $opruy.nofi
coua. I4rar, Mbr rroJryqrrJrra eure oAHy Qopt'ty npeAcraBJlenlrfl

2rr

\
J
u

2n
r f: 2 " J

llyac-
perrF
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Hrrr BHyrpeHueri eaAaqlr!,upuxne

(33,3)

AHanus HHTerpad'rbuoi i  Qopubr petueur{f l

l. Moxno cqnrarb, qro no Qopuy.rle flyaccoHa (33.3) roreH-
r$ail u e roure (r, 0) flB/rflercs BBeweHHbLtt cpeduu,u rpauurrHoro
noreHuua,'ra. Becosas $yuxqur Ha3brBaercfl flAporr,t flyaccoua H HMeer
BHn,

f.apo ftyaccoHa : n,=r;nH;i6'=;i_u;u .

3ro ronopHT Har\.t Koe-qro o QnsHxe cHcreNrLJ, a HlvreHHo: rroreHuaa,rr
B ToqKe flBJIqercf BgqetueHHbl.t4 cpe)uuu lroreHqHaJIoB cocenFII{x ror{el(.

fapo flyaccoHa noKa3brBaer roJrb-
Ko, KaKoB BK,raA xaxAofi roqKrr
e o6u{Hii noreHuua,'r (prrc. 33.2).

! . , r r  rpaHnvHbrx 3t raqeHr{ f i  (R,
a), 6,rusxl.rx x (r, 0), f lApo flyac-
coHa craHoBnTcrr 6o"llrurnr, TaK
KaK 3Hai\,IeHaTer'Ib flLpa paBeH KBaA-
pary paccrorrHr.rfl Mex{Ay rolrKa-
uu ( r ,  0)  u (R,  a)  n,  sHauur,  MaJl
(puc. 33.21. D,raro.qapn siolry
6o,rtLunfr BKJTaA B rHTefpan AaIor
sHar{eHtan g(a), a"nn xoropux(R,
a) 6nusxu x (r, 0). K co>xa.teHnro,
ecJrr{ roura (r; 0) KaK yroAuo
6nusxo noAxoArrrK rpauuue r: R,
ro ffApo flyaccoHa raKlr{e Heofpa-
HHqeHHo Bo3pacraer. floarouy

qucJreHHbre altaqeHufl perueHrlrr e6,'rusn rpaHr{rrbr yAo6Hee Bbrqr{cJrarb
c noMorrlbto pflAoB.

2. Ecns Bbrqucr'rlrrb floreHur{an B ueHrpe Kpyfa no Soplryne
flyaccoua, ro no"rryquN{

2 f r
l p

a (0 ,  0 ; : ; . \  g  (a )  du .
, a i

Apyrnruu cJIoBaMH, noreHl{aaJI B lreHrpe paBeH cpeAl{eMy sHaqeHl.rKt
floT€HqHaJra Ha oKpyxHocrH.

pHC. 33.2.  PeureHue a (r ,  0)-rsseuen-
Hafl -cyr{Ma fpaHHqHbrx noTeH[ua,'IoB.
a - KBaApaT gTOH A,'lrrHbt flB,'IreTCr 3Ha.
r\reuare,'reM arlpa flyaccoua.

i l  l r ,

2ir
- l Po) :  2"  J

0

f  R l - - rs  
- l

L@ls (c r ) da.

Sruu uu BaBepuaeu o6cyxneutte saAal{il !,rrplrxne. tlttrarenn

rrox{er noKa3a'tbcfl, qro rla caN,loN'l Ae,'le 3Ta Sa\aqa I'l He raK yNi

BaxHa, [ocKoJIbKy o6nacrl, o xoropor'r oHa petltaeTcfl, raK npocTa.

AeficrsIrefllHo, ypaeneuue Jlan,raca ynpoqaercfl.' ecr'II'l o6nac'p',

n roropofi nu{ercn peuetlHe, npeAcraBJIrer co6ofi xpyr, I{BaApar,

noJlyrrJlocKocrb Lr r. 4. O4Haxo 3Aecb cyqecrBellHbl ABa \'tol\'leHTa.
l. Bo unorux cflyr{arx 3Kcnepl4MeHTarop' paspa6aruaar ceorc $usu'

qecKyto annaparypy, Moxer alt6llpars Qopuy fpaufil].bl tlo cBoeMy

vcMorpeHlllo (a rolr qilc, 'Ie H B BI{Ae oKpyxHocrn).
2. Aanee ulr 6yaetu Hsyqarb rcouQopuuaLe omo1patrcenilt' Koropble

nogBo,'IflroT npeO6paSonbtBaTb CJloXHbIe O6,laCru e o6naCrn npOCtOfi
. rfupuu (nanpnrnlep, xpyra). CneAosarenlno, Qto6lt-peuurb saAaqy

!,upnxnd e irpou'snoniiroii o6fiacru, l\to)xHo rcouQopr,tuo oro6pa-

Ar1Tb ee Ha Kpyf , BOCI9JIb3oBarbcfl pe1lleHlleNl, noJIyqeHHbll{ S OrOft '

JIeKIHLI, u npeo6pasoBarb SareM efo K tlcxoAHbllu KoopAHHaraM,

SAME'TAHHfl

l� Kpaenyro saAarly A"'Ir HeoAHopoAnofo ypaBHeHllfl

(Yqn) Lu:f ,  nnyrPu D,
0(|D u:0, Ha rpauuue D,

BCerAa MOxHo peuHrb cJIeAyrcuHM IlpHeMoM.
Haftaeu qacisoe perueHr're V ypanu-eHus, LV: f u perur'ru xpae-

Bylo 3aAaqy
LW :0 ,  nHyrpu D,

V(/ :V, Ha rpaHnue D.

TorAa peureur4e scxoAsoft garawt HaxoAHTcn no Qoptr'ly,le
Apyrurrau cJIoBaMH, HeoAHopoAHocrb ypaBHeHI'Itl MoxHo
B tpaHHqHoe yc, ' IoBHe,

2. Kpaeoylo saAarly c HeoAHopoAHbIMpt rpaH[qHbIMlI ycJIoB]rflM]l

(Yqf I )  Aa :0 ,  aHyrpu D,
(fY) 11:f , v,a rPaunue D,

I
i

u - V  * W .
repeHeerH

Mox{Ho pe[II4Tb cJIeAyFouIIrM
a) uafiru .nro6yro $ynxunlo
rqe D yclonvrc V:f;
6) peu:ut HoByIo KpaeByrc

cnoco6ou:
7. xoropan yAoB,terBopffer Ha rpaHI'I-

saAaqy

LW:AV, eHyrpn D,
V{/  -0,  Ha rpaHuue D;

o) uafiru peureHile ucxoAHoii saAaqu no
, ,,{,pyrunu cJIoBaMrI, ; E€oAHopoAHocrb

MOlXlro nepeHecTrr B ypaBHel{}Ie.

Qopny.ne u:V *V
rr3 rpaHurr,Horo ycJroBl{fl
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l, Tqarenluo pas6epurect Bo Bcex Aeranflx flprlMeuenr{fl MeroAa
pa3Ae,'reHr.rfl flepeMeunbrx nprr peruenr.rfi sa1a\w {r,rpnx.ne (gg.l).
9ro saxno [oroMy, rrro, KorAa au 6yAere peruari cJreAyruulue
ga4a,uv, Bo3Hr.lKHyr HHTepecHbIe orJrnqr{fl. Bu 4onxHu oco6eHno
xopouo rroHr.rMarb, fioqeMy KoHcraHTa pa3AeJreHr.rfl He naoxer 6ntru
orplluareJrbnofi, u npu ?v:0 or6pacbrBaercfl oqeHb BaxHoe peuer

^ !I1 llouerrny? llocuorpure BHHMarerrbHo Ha pac. 33.1.
2. Hafirure peueHne aHyrpenueft saAaqu Anpnine

(Yqn)  u , ,++u,+  +aos :0 ,  0  (  r (  l ,

npa cJreAyroqux rpaHflqHbrx ycJroBHflx:

a)  u  (1 ,  0 )  :  I  f  s i n  0  * ]  cos  o ,
6 )  u  ( 1 ,  0 ) : 2 ,
n )  z ( 1 , 0 ) : s i n 0 ,
r )  u  (1,  0)  :  s in  30.

Kax sHrnq4flr Ba[rH perueunn? VAonneraoprror Jrr{ our{ ypaBue-
Hun Jlanlaca?

3. Hafilure perreHne nuyrpeuHeft 3aAaqr ,l,upnxne B Kpyre paArycoM
R : 2 .

(Yqn)  Aa ==0,  0 1r  4 �2,
( f Y )  u ( 2 ,  0 7 : s i n 0 ,  0 ( 0 ( 2 n .

Kax surnsAur rpaSnr sroro perueuun?
Kax usuennrcfl perxenne 3aAaqfi 3, ecnn rpaHarrHoe ycJroene
MeHr.f rb ua u (2,
rueHng?

5. Peurure saAaqy

(vqr)

0):sin(20)? KaK eurnR4nt rpaSux sroro

254 9acru 4, 3nn&nrrqecxle 3aAaq,

SAlAqH

(fv)

Ai l  :0 ,

a ( I , 0 ; :

flpuxuurre, KaK Bbrr,'rflAnr rpaSnx peuenun?
flycrr B nApe llyaccoHa r:3R14, 0:n12. flocrpofire rpa$ur
3aBr.rcr.rMocru flLpa llyaccoHa or yrJra or B Anara3ose 0(a ( 2n.
V6eAurecr B cnpaBeAJruBocrrr 3arr{eqanur I Hg arofi JreKrIHr.r.I

2

4.

o ( r (

1 sin 0,
1 0 ,

l ,
0 ( 0 ( n ,
n ( 0 1 2 n .

6.
,f

8. V6eAnrecl B cnpaBeAJluBocrrt saMeqanrrq 2 us eroft neKrrr.r?r.
X) B caoe MeNAy nrocKocrflMil (rpexMepHbll{ cryuaft).

Flexqnn 34. 3aAaqa Nnptxne B Konbqe

flerqnn 34

3AAALfA nt PnXnE B KOnbLlE

UEJIb JIEK(I4|,I: Peurnru 3aAaqy .llupux.ne B xonbue

( Y q n )  u , , + l r , + + r l e i v : Q ,  R ,  ( r ( R , ,

(fv) I '1:" ll: t' 1ll' o ̂( o ( 2n,
l u  (R, ,  0 ) :  e ,  (0 ) .

3Aecr uut onflTb Bocno,'tb3yeMctl MeroAoM
Hbrx, HO B OTJlilqHe oT BHAmpeHHeU SOOAqU
Heu or6pacbltsarb peueHlts BHna

l r ^
-  s i n  (n0 ) ,  

Tcos  
(n0 ) ,

C.ne1osare,'IbHo, peueHue AOJIrl<Ho 3antlcblBarbctl B BHAe

u (r ,  07: ao * boln r  {
@

* 2lto,,r '*b,,r-") cos (n0) *(c,,r" *d,,r-") sin (n0)].
n = l

Mn raxxe Kparxo o6cyAlru pemeHue nseusefi 3aAaqu ,Il,upux;le.
B :rou cryqae HaM rtpltAercn or6pocurn cd'laraenble' Heorpa-
HIlqeHHbIe rp:u r - oo. C,reAoBare,'lbHo, peuleHne sneilHeli aa-

Aaun ,[,Hpllx"re
( Y q n )  L , u : Q ,  l 4 r 4 o o ,

( fY)  a (1,  0) :  gr  (0) ,  0  < e 12n,
cJreAyeT HcKarb B BIIAe

u (r, 01: i ,-" fao cos (n0) * b" sin (n0)].
n = 0

Cyuecroyer iltHoxecrBo pasnoo6paeublx ro Qopnle o6.nacreft, Ann
Koropbrx Mox<Ho B flBHoM BH,[e Bblnucarb peueHue 3aAaq[ '(Hpux;le.
Mu nepeuuclr.rM roJtbKo HeKoropble u3 HHx:

255

a) n xpyre (;rexuxr 33),
6) n xo.nrue (AaHHar .nexuuR),
B) BHe Kpyra (Aasuas JIeKuHfi),
r) n uape (n noc,reayrculnx fleKuHtlx),
a) n c$eprauecxoM c.noe (n noc,{eAyloulHx
e) r nonoce (anyr'lepuurfi c"ryuaft),

pa3AeJreHuf rlepeMeH-
lupuxne r\rbr He cTa-

ln r .

rextlurx),
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Stor cnucoK MoxHo rrpoAo,'rxarb Ao 6ecxoueqHocru. Mu xornm
peillHTr,. npOcTyIO, HO AOCTaTOT{HO TUttI.{tIHylO saAaqy .[lapUxne, rax
qro6st qtlTarerb ocBoizdrr o6que np[Hrrnnbr r{ Mof npr{ ueo6xo4Hrrrocru
pe[rHTb cBoro 3aAar{y.

PHC, 34.1. Vpaoueuue "4an,raca B Ko,{brre.

3Aecr Haura tlenl-sarirn Qopuy munruoft nJreHKHr uarlnyroft
Mex(Ay AByMn npoBofloqnbrun o6oAxarura. Beponruo, e sror? 3aAaqe
lrHTyrlqnn ylxe He Hrpaer raxoft poJru, KaK Bo BHyrpenHeft saAa,{e
.[,Hpnxne. Mareuaruuecxyro MoAeJrb 3aAartu sarru[reMI cneAypu{tttvt
o6pasou:

(34.1)
(Yqn)  r , ,++r ,++ i loo :0 ,  R,  ( /  (  R , ,

(,v) {ili,, 3l:::13]: olio(2n,
O6,qa" cxelra erofi sagavn u:o6paxena Ha pHc. 34.1.
' . 3a4aua cocror{T B ToM, ,rro6H naitru peileHlre u(r, 0) *teucdg
oKpy)KHocTflMVt | : R, U r: Rzr CoBrrzAaloqee Ha oKpyxHocrax c g. (0)
u coorBercrBeHHo c g, (0). 6yaeu lrcKarb peuenrrr BI4Aa

i  ;  
u ( r ,  0 ) :  R  ( r )  @ (0) .

,floAcraennR rrx B ypaBnenue ,rlan.naca, np?txoAl.rM K AByN{ o6ltxno-
' BerrubrM anQQepenunar'rl'HbrM ypaBHeHaflr\{ a,'rr $yuxqufi R (r) n @ (0)

r 'R" * rR'-XzR :0 (ypaeHeHne 3f inepa),  i

@" + l,2O: 0.
'Onuetlrlvr, qro KoHcraHTa pa3AeJIeHHF B arr.{x ypaBHennflx Aon'xna
"6urr '6o.nlure H,'rn paBna Hylro (uu o6osHaqfinl-r ee lo), uHar{e peue-

Jfexqrn 34, 3aAaqa flupuxne B ronbl{e 257

nue ,rlJrrr @ (0) ne 6yAer nepaoAl{qecKnM. Aa.nee I\{bI peHI{M o6a arnx
ypaBHeHr.rff, a sareM rIepeMHoxHM gru pe[IeHHx, B pe3yJlbrare nci.ny'
rruM Bce peIxeHHs ypaBHeH14r Jlan,raca, Koropble [peAcraBHMbI B BHAe
R (r) @ (0).

I,le arux 4nyx ypaeneHufi Hau6o.nturuft ltHTepec npeAcraBJlner
ypaBnenile 9ftnepa. K cuacrsn, aro oAHo Hs HeMuorux o6r,lrHoseH-
uux ga$QepeHIlHarbHbIX y paBHeH l.tft c nepelteH Huua roeSSH lrlleura MH,
KOTOpbre penaioTct cpaBHuTeJIbHo JIerKO.

PEUEHnE vPABHEHHfl enJIEPA
( ;2(" *  rR'-  I tR :0)

CtlyqAla I (I:0). B orou cryqae ypaBHeHI{e 9fi"lepa
npuHr.rMaeT BHA

r 'R"  *  rR ' :0 ,

o6u1ee peueul.Ie Koroporo JlefKo HaxoAuTcfli
R  ( / ) :  a * b l n r .

B canou Aefle, cAeJraB noAcraHonxy V(r;:R'(r), nofiyqaeM
\ts V ypaBHeHHe c pa3.lteJlflto[Il,tMucq nepeMeHHbIMI{

r V ' 1 V : 0 .

HaxoAHM V (r):crlr, orKYAa

R ( r ) :  c r ln r  {  c5 .

0). B arou crryqae ypaBHeHue 9ftnepa

r z R "  *  r R ' - I 2 R : 0 .

Byaem ficKarb pettreHue srofo ypaBHeHatt B BI'IAe R(r):7".
Haura qenr -lc'afi'rn ABa gllaqeHun a (cnaxeM, a1 il d,r), ̂ taK[x,

qro6rr Syut<uua
R (r )  :  erT '*bra,

rrBJrrr,[acb o6ulula peueHueM ypaBHeHLIff . f loAcraHosKa \(r) : r"
B ypaBHelrue Sii,t iepa rpr.IBoAHr K d':?u u q'--I '  C.reAosa'
Te,'IbHO,

R ( r ) :  a r l  4br -x .

Peurr ts  gro ypaBHeHHe,

cavqAlz 2. (l >
HMCCT BI-{/T

Vlraw, ucno,rlsyr peileHl4e ypaBHeHI{fl 3ii,nepa, MbI nollyqfi,tllt

h : o  1  R ( r ) - a * b l n r '

\  e t s l : c * r i o ,

r" > o t fi |i] 
:_"J",!,?,'u,]ir,,n,ru,
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l i

. l

:
,rl

, l

@yuxqnn p(0) ao"rxua 6url nepuoiluuecrcod c nepnolou 2n.3lavur,
BeruquHa I Ao.nxHa [pHHHMarb 3Haqenfig 0, l ' ,  2,3, . . . . Tenepb
Mbr MoxeM c lloMoxlbro npoH3BeAeHUt COCTaBUTb cJ'reAyroulHe pe_
lUEHfifl.

Peuenun ypaBHenrr Jlannaca

c-  KoHcTaHTa,

c l n r ,
cr" cos (n0) (n: l ,  2,  .  .  . ) ,
cr"  s in (n0) (n: 1 ,  2,  .  . ) ,
c , ' - n c o s  ( n 0 )  ( n : 1 , 2 ,  . . ) ,
c r - t r s i n  ( n 0 )  ( n : 1 , 2 ,  . . ) .

flocxo.nmy cyMMa orux peureuaii
To AeJraeM BbIBoA, qro o6uee peueHr.re
clyqae AoJIxHo fiMeTb BUA

u Q, A\ : ao * b, ln r -l i,. 11a,,r, a b..r-,,) cos (ng) *

* (cor,, + a,i-:), ,sin (n0)].

Ocraloct roJrbKo Hafiru ece xosQsHulreHrbr B cyMMe
qro6u yAoBflerBopHrb rpaHxqHbrM yc,'roBurM

I  u (R',  o):  g'  (o),
t a (R,, 0): g, (0).

flo4crauonra (34.2) B rpaHHqHbre ycroBuq npuBoAr.rr
rqHM ypaBHeHr.rRM:

g, (s) ds

g, (s) ds

(peualorcfl orHocuTe,'lbuo ao n bo),

t.

TaK)Xe tBrtReTCg peueHr4eM,
ypaBHeHr.re Jlannaca B Ha[JeM

134.2)

Ir,*u,," 
^, -* 

[
Io,*r,,"^,:*J

L 2 . n �

io "^ ' i  
'1b,R ' " : ;J

r ; "
I  a,Riyb,R, ' , :  + [r .  - 'u

g, (s) cos (ns) ds

g, (s) cos (ns) ds

(petxarorcs
TeJIbHO O,r

{34.3)

flerqrn 34. 3aga,ra flupuxne a Konbqe 252

, 2rt
I  l P

I c"Rt + d,R,": ; .\ g, (s) sin (ns) ds ,  ̂ ^
! 

'" 
d (Peuarcrcn orHocl{reJlbHo cR

1  , T  u d u l .
I c,,RE+ d,R;' :; J 

g, (s) sin (ns) ds
|  

' " 0

Teu caurru r{3 3Tr{X ypasueHufi HaXOAtTTCfl BCe Hel43BecrHue roeF

Ou[tr'uentrrr a6, bs, a,,, b),, c, v d,,. Tenepl.3aAaqa (34'l) no'nnocrbK]QuqueHtt o.6, bs, o,,, b),, c, v d,,. Tenepl.3aAaqa (34'l) no'nno"1l!cbl.t [ t t .ueHrtt en, bn, a,, ,  b,,  c. v d,, .  Ief lepb 3aAal{a (JZt ' l )  r loJl

pere"u. PerLreurre i-aercs supaxeuuerr,l _(34.2;, xor@uUueHTbI KoTo-
poro onpeleJltriorcr no $opnaynavr (34.3;.- r{ro6u ryqne nor{flTb rro,'ryqeHHHe pe3yJIbTaTbI, paccMoTpI{M

HecKo,' lbKO I]PnMePoB.

Hexoropute BapnaHTbI 3aAaqu [upuxle B KoJIbqe

NPHMEP 1.

(34.2) rax,

K Cr'reAyp-

oTHOCU-

u bo) ,

rroreHql.Iarr Ha BHyrpeHuefi orpyxHocrl'l paBeH
eHeulHeft paeeu sin0. TorAa

( Y q n )  A a : 0 ,  |  < r  < 2 ,
I  u  ( 1 ,  0 )  : 0 ,

(rv) f , ir, oj: r in o. o (o ( 2n'

IIepnoe, r{To Mbt AO,'IXHbI CAe,rraTb-3TO BbtirlCJILlTb BCe hHTefpa.nbl

n (3a.3i u peunrb coorBercrByloque ypaBFIeHIlf l Atrtf l Qo, bo, an, b*

i_'u, d,. l ienecoo6pasuo cHaqaJra florblrarbctl no4o6parl TaKI{e

u'i"tnotd pelleH14tt ("t B6IIIuCaHHbIX guule),,rurief,Has rOrr' l6nna{Us

Koropbrx yAoB,lerBopfler fpaHltqublM yc,'IoBll lm (s4ecr u:.4rsin01-

iAi-'siri0y. 3areri IIs fpa'HqHux ycnotrrfi safiru xosqQuquenrut

(sAecr A:213, B:_i213). B pesy,rlrare 3rl ' lx rpocrblx Bbltlrcre-

Hnli no,ryuaent

b o : 0 ,  A n : 0 ,  b n : 0  ( n :  l ,  2 ,  .  . . ) ,

|  2 l S ,  n :  l ,
: 

\ o Aflff Bcex ocraJIbHbIX n,

[  -Z IS ,  n :  l ,

llpe4no,'toxuM, qro
HyJrro, a [oreHquaJl Ha

c..

d, : \

3Has sce .xoeqptpuqueHrlt,

0 aflq Bcex ocrarbHblx n.

Bblrr[ueM peueHlle 3aAaqfi

u( r ,01 :+ ( , - i )  s ino .

Jlerro rtpoBepr.trb, t{ro 3ra Qynxunn yAoBJlerBopser o6ouu rpaHuq-

HblM yCJTOBHq[4. OqeefiAHo H TO, qTO OHa yAOBfleTBOpfeT ypaBHeHttK)

Jlann'aca, raK KaK rIpHHaAJIexHr K,'Iaccy Qyuxunfi suaa (34'21'



9acru 4,. 9nnxnrhqec.Khe sa,qaqn

NPHMEP 2.

Paccuorpuu saAaqy c 
'nocmonHHbt.nlr 

nomeHt4u{tJ,aJrlu Ha tpaHu-
qax Korbua

(Yqn)  Lu :0 ,  |  < r  <2 . '
(  a  ( 1 .  0 t : 3 .( rY)  
i  r i r ,  e i :s .  o(o(2n,

B sroM cflyr{ae MoxHo c3KorroMtrrb Maccy BpeMeHr.r, locKotbxy oqe-
BItAHo, qro peu-eHfi€ He 3aBr.rcHT or 0 (rax KaK rpaHr{qHbre ycJroBr.tf l
He 3aBrl.cflT or 0). ,[,pyrurr,ta cJroBaMH, lraute peueHHe cJreAyer Hcxarb
cpeAn $yHxuufi nuga aolbolnr. f loAcrasrss sry $yuxur.rro B rpa-
HIrqHbIe ycJloBltfl, noflyr{aeM

a o * b o l n  I  : 3 ,

a o * b o l n 2 : 5 ,

o rKyAa  ao :  3 ,  bo :2 l l n2  : 2 ,9 .
Cne4oaare,rbno, peuenueu 6yAer SyHxuur

u ( r ,  0 \ :  3  + 2,9 ln r .

Ee rpa$ux ueo6paxen ua puc. 34.2.

PVC. 34.2. 3anucrrlrocrs noreuuua.la or paAr.]yca Br,ryrpH Korbua.

IIPHMEP 3

Peuurvr eu1e oAHy LrHTepecuyr,o saAa'{y
(Yqn)  A ,u :0 ,  l . - - r  a -2 ,

f  a ( l '  0 ) : s i n 0 ,( rY )  
\  re ' , o l : . i " s .  o (o (2n ,

3+ 2,91n r

Moxno 6ucrpo npoBepl.lrb' qro Bce roeQSn[neurbl qsr bo, ao, b,r'

co- n dn paanir Hy{ro, a xoa$$uuuenrbl cr H d. oupe4eJlfllorcfl Hg

cHcTeMbil ypaBHeHHH
2 n

l n
c , * d , : ; J  s i n 2 0 d 0 : 1 ,

:r*

2cr* .  d , l2 :*  J  
s in '  0  d0:  l '

0

Peruar gTy ctrcreMy, no,lyqaeM dr: ll3 u dr:213' Cne4oeare'nonot
peuIeHI,IeM 3aAaqn flBJ'ltleTcff QyHKUHfl

^  / t  2 ) s i n o '
u \ r , a ) : I e / i - a '

ooplra KprrBbrx rpH pa3JrHqHbrx 3HaqeHuqx 0 noKagaHa Ha puc. 34.3.

Pl' lC. 34.3. A'lt,t",tt,ttas n,{ertKa Mexr'ly 1/ (1, 0)'=516 I n u (2;0):sin0'

Haua nexu[rr 3aBepuaercfl KpaTKHM O6CyX4eHHel\{ gnemnefi,ga'

4auu .l.nplrxae /l 'rtt KPYra.

BHeuruqs 3araqa

Bnerurtss 3aAaqa

(yqn)
(fv)

Iupux.ne
LupHxle

l l
u , , + ; u , + ; r o o : 0 ,  I  (  r  (  o o '

a ( 1 , 0 ) : g ( 0 ) ,  0 ( 0 ( 2 n ,
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262 9acrr 4. gnnrnrxqecrxe 3aAaqh

perxaeTc9_ roqHo raK >Ke, KaK peuJaJracb BHyrpeHHnn sa4aqa B JeK-
Uuu 33. 3a ucx.rlto.teHfieM Toro, qro renepb ueo6xoAuuo or6pocu*
Te peueHufl, Koropbre He oepaHu.rcHu npu cmpeluneHuu r x decxoueq-
HOCnU, T, e,

ln r, rn cos (n0) H Fn sin (n0).

CreAosarenbHo, B KagecrBe perxeHun ocraercfl nsarl $yuruuro

u (r, 0): 2or-,[ao cos (n0) {b,sin (n0)],(34.4)

i

r4e xoorpSr.runeuTbr an u bo Bbrqr{cJrflrorcfl r1o reM x<e $opuy.tau, uro
lr paHbrxe:

2rr
l n

au : *J  s (0 )ao ,
0

2T 2rr
| ( '  | n  -a":; J s tel cos (n0) d0, b": + \ g (Q sin (n0) d0.

0

ApyrHur.r .no"u,rlr, Mhr rrpocro pa3JraraeM QyHxur.lro l.r (1, 0):g (0)
B prA Oypte 

@
g (0):}td, cos (ng) f b" sin (n0;1,

a sareM xaxAstii qJIeH 3roro pRAa AoMHoxaeM Ha xoe$suuueHr r-n.
tlro6u recHee no3HaKor\,luTbcfl c grr{M peueHueM, npr4BeAeM ABa

npuMepa.

Il pu"uepot sHeuHert saAaqu lupuxne
NPHMEP I

BseurunR Bana'qa
( Y q n )  A a : 0 ,  l 4 r 4 o o ,

( f y )  u ( 1 ,  0 ) :  l + s i n 0 - 1 - c o s ( 3 0 ) ,  0 < 0 ( 2 n ,
uMeeT perueHlre

u (r, 0y: I + | sin 0 * | cos (30;.

NPHMEP 2
BHenHna 3a.[aqa

U q D  . $ t u : 0 ,  t ( r ( o ,
( fY) uQ, A)=cos(40),  0(0^(2r,

uMeer peueHue

9urarenr AoJI;NeH
I I ]CHHC.

I

a (r, 0) : 4 cos (40).

rrolbrraTbcfl  r IpeAcTaBHTb, KaK BbIfJIf lAHT 3TO pe-

2. Cyrqecreyer l 'o,rlbKo ABa peIxeHIJfl AByl\lepHoro ypaBHeulls JIan-

Jlaca, Kolopbre ue gasucfr ot 0, a 3aBgcfr ro,'IbKo or r. 3ro

KoHcraHra c u lnr. f lorenquan lnr Hrpaer 6o.i lnuyn poJlb B reo-
pHrr  H Ha3brBae' rc f l  ,norapuQvt t tuecKHM noreHl{ i laJIoM. Huxe vu

no,a,po6uee ocralloBtlMctl Ha ero cBofrcrBax.

SATA'TH

SAMEqAHHfl

L Peuresue sueuneft saAar{t{ fl,uprlx,le npn npoHsBOabHoM paALIyCe R

( V U n 1  A r . r : 0 ,  R ( r ( o o ,
( f Y )  a ( R ,  0 ) : g ( 0 ) ,  0 ( 0 ( 2 n '

BI,{N,
@

u (r ,  0y: )  (r lR)-" [a, .  cos (n0) * b, ,  s in (n0)] .

l. Peurure 3aAaqy .[lrtPux.le
(Yqn)  A,u:0,  |  1r  / -2 ,

I  u ( 1 , 0 ) : c o s 0 ,
(rY) 

i rr 12, o1 : sin o.

2. Hafiaure peueHlle sHeuHefi ga4av^u Aupnxne
( Y q n )  A a : 0 ,  l 4 r 4 o o ,

npfi c,'IeAyoulHx rpaHI'IqHbIX yCJIOBI'IRX:

a )  a  ( 1 ,  0 ) :  l ,
6 \  u  (1,  0 i :  I  {  cos (30) ,
si ll (l , 0) : sin (0; f cos (301,

I  l ,  0 ^ ( 0 ( n '
r )  a ( l , o ) : i  o ,  n ( 0 . , - 2 n .

3, PeureHne eueuHeft SaLarru Heftrr'raHa
( Y q n )  L ' u : 0 ,  l a r ( o o '

( r Y )  # 0 , 0 ) : g ( o ; ,  o ( 0 ( 2 n ,



9acrr 4. Snnhnrx,recxxe 3aAa'{H

r{Meer ror xe BHA, qro H pe[reHr.re BaAaqH ,Il,upax;le, r.
@

u (r, 0): 2, r-" [ao cos (n0) * b" sin (n0)],
' e0

Ho renepb xoaoQuuueurbr a,t H b;, AoJl)KHbr
rpaHr4qHbrM ycJroBr.rrM. lloAcrastre gro.
ycJroBne

u u  , .
T  ( 1 ,  u ) - s l n U

r,r [oJyqr4Te perueHHe SaAaqr.t

( A r r : 0 ,  l 4 r 4 o o ,
I  A t t

I  # ( 1 ,  0 ) : s i n 0 .

l lponeptre Barxe peuenne. Konequo, ecJrr{ nu npu6anure K cBo-
eMy perxeuurc KaKyro-HH6yIa xoucraHry, To cHoBa noryrrure pe-

yAoBJrerBopflTb HoBblM
perxeHHe B rpaHHqHOe

ycJloB!rfl

rlICHHC.
4. IloAcranme

H noJryqETe

o6qee peueHue (34.2) s rpaHaqHbre

. l  u (R', o) : g, (01,

t rz (Rr, 0) :9r (0)
ypaBHeHun (34.3).

flerqran 35

tlE4b JIEKI{l4tl: Hahru raKue qacrHbre perxeHan ypaB-
HeHufl ilannaca n cQepuuecrux KoopA[rHarax, uro6u r.ls Hr.tx
MolKHo 6u.no -crpourb ,peueHufl pa3,.'rHrrHbrx sa4au (rnna sa4au
Auprrxne, HerinalaHa). Kpove rofo, Mbr peuuM sH7mpeHHtun sa-
ilauy Lupuxne

(Yqn) (rru,) ,+ =+ [sin qa,nl ,  1 
I  ^ '

'  s l n g '  ' �  ' � r r Y  ' � - 6 ; n : 1  t l o c : U ' ) ,

( f Y )  u ( 1 ,  0 ,  q ) : g ( q ) ,  0 ( p ( n ,

IJIfl OAI{O|O qaCTI{OrO Cflyqafl, KotAa IIOTeHII[adrI Ha fpaHltue
SaBncHT TOr'IbKO oT g.

l) ?aec" reBas qacrb ypaBHennt
II pun, pel.

YPABHEHIAE
B COEP]4L{ECKI4X

(coEP14r.tECKrlE

NANNACA
KOOPIt4HATAX
rAPMOHt4Kt4l

ecrs r2 Aa n c$epuuecKr4x r,ioopi(HHarax.-
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!,ll peruenrn sa4aqr HaM rlpllAercr pas,rtoxnTb norenlruaJl
ua rpaHrlqe g(p) s peA no cQepuaecrcun eapl4oHuKail

8 ( q ) :
@

t t = 0
orrP,, (cos tp),

rAe qacrHbre peIxeHHfl ypaBHeH{f
c$epuuecxHe rapNloHHKu Pn (cos cp),
xaHApa or cos rp. f loc"le roto KaK
pe[reHHe HaxoAHTCfl cpa3yi

u (r, <p) - )a,,r"P,,(cos tp).
n = 0

Aua.rrotli.*ro HaxoAHTcg pe[IeHHe oueuueii sadatau,A,upuxm:

i l (r, e) :t,#P, (cos q).
n = O

Jlannaca, rar< Ha3bIBaeMbIe
gBJtfl rorcfl no,'tltHouautr "rle-

pa3JroxeHlre rIpol43BeAeHo,

O.nsofr r4s Bax{Hblx saAaq q)usllKu flBJIflercfl Sa&a'{�a onpeAereHuq

ilorer{quaJra BHyrpl{ IIJIII BHe c$epn, e^c,'Itl 3aAaH noreHunaJl Ha rlo'

Bepx'ocr' c$e[u. )Jnn engntpeuHeiisa1a,ra Mr,I A9JI)KHat .nattru $ysx-
uHio, Koropafl flB,'IfleTct peueHI'IeM sa&allw

(3s.1) (yl{n) (rzrt ,) ,+#[sincpi l ' . I"  *r,- f t  'u,  :o'

( f Y )  u ( 1 , 0 ,  ( p ) : 9 ( 0 ,  , p ) ,  - n ( 0 ( n ,  0 ( q ( o .

O6paruu BHuMaHHe,Ha To, uro cQepuuecxufi " 'IalJIacHaH 3aII11caH He

rax, raX paHrure. 3ra SOpMs SaIIICU 6o.nee XOunaKTHa lt 6O,'lee

y4obsa Ans ucnonl3oBaHne. .I l,pyran rl ir l{qHafl Hnrepnperallxs srofi

sara'ql raKoBa: saiirn pacnpeAe,'IeHI{e reMlteparypbl BHyrpl{ cQepu'

ecJrri reMneparypa Ha rpaHnue cQepn saLa*a, O'IeHl uacro Syur<-
q'q g(0, cp) nl,reer cneutuanbuotrt eud, TaK qro Her Heo6xoAlzMocrll

peuarb saAaqy B caMoM o6qeM en.u,e'
B srofi JIeKuut{ MbI ocraHoBnMcs Ha AByx

qaflx. B oAHoM cJlyqae $yuruun g(0' q)

B ApyroM-6yaer 3aBncerb fiLoltbKo om gana

Baercfl or ceBepuofo flov'Iloca cQepu).

BaxHbrx qacTHblx cfly-
6yaer KoHcmaHmoil, a
e (gror ynofl orc'{tlrbl-
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I

i

i
I

{acrHue cJryqa[ 3aAaq[ .(upnxne

Vacmuofi clt7qart /  (g(e, e):const)
flcHo, uro B oroM cJlyqae pe[IeHHe ]re 3aBr.tcr.rr

r.r ypaBHeHHe ,rlannaca nepexoAr.rr a o6trxHosenHoe
HOe ypaBHeHue

(rzu r ) r :  Q.

9tb o,reHl rrpocroe ypaBHeHue, fi qr{TareJrb Moxer
ero. O6ulee peueHr.re 3Toro ypaBHerrnfl r{Meer BHA

(35.21 u(r) :*+b.

Apyruun cJroBaMr{, cpeArz Bcex noreHrlnaroB cyqecrByer ro,yrbKo ABa
TaKI{x, Koropble He gaBHcflT or yrr'toB, a 3aBl,tcfr roJIbKo or r. 3ru
norenrlua,'rbr-KoHcraHTa u clr. f loreHqua,l l lr wrpaer oqeHb Bax(-
Hyio po,'rb B Qusure lr rra3brnaercrr HboroHoBcKHM noreHqr{aJrou.

Tenepr MbI peul-rM ABe 3aAarrn, n xax4oft H3 Koropbrx noreurl1an
3ABHCHT TOJIbKO OT / .

SAIAttA / (florenqualr nugmpu cQepsr)

o r y r J r o B q H 0
ar$QepeHqraru-

JrerKo peulITb

u (r, o,
Ka>KAas.

( Y q n )  A a : 0 ,  0 ( r ( 1 ,
( fY )  u (1 ,  0 ,  A ) :3 .

Cor.nacso (35,2), noryrraeM orpaHr.rqeHHoe pelreHae
sAnAqA 2 (florenquan uercdg AByMn cSepauu,

' Topbrx o6nagaer nocToflHH[,rM noresquanou)

PI4C. 35.1. 3a4aua {apux.ne B rxape.

Ilpe4nonoxuM, rITo MbI xoruM uafirn crauuoHapHoe pacnpe/leJle:
une reMneparypbr MexAy AByMfl c$epauu, Koropble noAAepxltBarcrct
npH pa3rurlHbIX reMneparypax:

( V q n )  A a : 0 ,  R r ( r ( R l '

f  r r ( R r ,  0 , 9 ) : A ,
( t  Y )  

i  u ( R r ,  g ,  q ) : 8 .

flocxolrxy MbI SHaeM' 'Iro o6qaR tpoptrla IloreHquara' He saBl4cff'
u l e r o o r 0 " q ,

u ( r ) : *+a ,

T o n o A c T a B H M e r o B r p a H H q H o e y c J I o B H e I , I p e u I , I M n o J l y q u B n y } o c f l
cucreMy orHocHTeJIbHo 4 H b. B pesy.llbrare noJlyqaeM

a =  
( A - B ) R r R z  h ^ R , B - R r A= --F;=Tr t u: -R;=R; .

Ipa$uxu
nos A l.l

u (r)

gTOrO rIOTeHqHaJIa npH pa3IHt{HbIX 3HalleHl{flx noTeHI\Ila-

B rao6paxeHbl Ha Prc' 35.2.

n, R 2

PI4C. 35.2. floreuuual MexAy AByMfl KoHueHrpltqecxurru cQepauN'
pux o6.nalaer noreHulraJloM A, a 

- 
npy r an - noreH[ua,rottt B'

Vacmuoit c/tllqart 2 k@, q) sasucutn mo,xbKo om 9)

B sroll cJlyqae 3araqa 'Il,upuxle sanl'IcblBaerct B BHAe

I
(yqn) (r 'u,) ,+fr- fs in94e],p:0,  0 (  r  (  l ,  0{q(n,

( f Y )  a ( 1 , 0 ,  P ) : 8 ( P ) ,  0 { P ( r l .

R2

oAHa D3 XOTO-

MeroAoM pa3AeJIeHHfl [epeMeHHblx s saftAeu peue'

u( r ,  q ) :R ( r )O(q ) .

npHxoAHM K AByM o6stxuoseHHurra auQt}ePeHqllaJIbHbIM

a)  :3 .
H3 KO.

Bocnollsyeucn
HHfl BI{AA

B peay.nrrare

u.(r) u (r)
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ypaBHeHHffM:

r 'R "  *2 rR '  -n  (n  *  l )  R :0
Isin rpO'] '  I  n (n* l) sin cp(D: 0

HeuHoro ttosx{e quTarerb yBrlAHr,
nu6qaHa B BnAe n(n]_l1.

VpasHenue 3ftnepa Mbt peurlM,
onpeAeJIHB BO3MOXHbIe 3Har{eHaf c[.

(ypaanenue 3ftnepa),
(ypanHeuae,I lexaH4pa).

norreMy foHcranra pa3AeJreHHfl

noAcTaBlrB B
C4eutan sro,

nero R (r):r" n
nOr'Iyt{HII

'  
, r : .1 :

l  _ ( n +  l ) .
CneAosarenruo, o6u1ee peueHr{e ypaBHeHH, Oft"uepa H\,leer Br.tA

R ( r )  :  a rn  {  b7- tn+ t t  .

_.VpaeueHue .Ilexau4pa peilr.rrb He raK JrerKo. O6rquft MeroA pe-
rflehrdf ocHoBaH Ha rroAcTaHOBKe

r :  coS e .
flpo4e.[as ory saMeHy nepemeHuoft, noJlyr{aeM HoByro Qopnry ypaa_
HeHHr ,rlexaHApa

( l  -x , )  * tg-z*#+Of t )n<o:Q,  - l  <  x  l - t .
Tenepl Hy)xHo pemarb_ oro ypanHenr.re u noAcraBr4rb ts peiueHr.re
tr: cos rp. VpanueHue "rleNaH4pa aannercq flaHefiHH* vpubn"nr",
BTOpOro fiOpflAr{a c nepeMeHHuu[ xoao+uqueuraNr[. oaHi H3 Oco-
9:A19:I.L,troro- 

ypaBHeHlrn B rou, urb- xoesQuurzeHr.il _n,; npn
aqalax" oopaqaercr B HyJrl  rra KoHuax orp*r{a _l  <x( l .  Vpin_
HeHHfl 3TOrO rfina Ha3brBa0Tcf cfi HryilcpHbrrrrn 4ns$epeHqr{aJrbHbrMr{
ypaBHeHHCMU il OqeHb qacro peuanrcff [,reroAoM <Dpo6eurryca. He,
B!,aBarcb a no4po6uocrrr aroro NleroAa, Nrbr npHBeAeM ToJrbKo HaH-
oonee saxunri pe3y,rbrar. OrpaHuueuuue peileHufl ypanueuua J1e_
XaHApa MOryT cylqecTBoBarb, To, ' rbKo ecnru n:0, l , -2,  . . .  .  f lpU
gToM oxa3blBaercg' qro oHH f lB! 'r f lK) 'r 'cr no/tuHo,Me.uLt p,,{x) (nonHno-
uanaa ,rlexaH4pa)

Pu(x). . . -  l ,
P, (.r) : v,,
_ l
P , ( . r ) - 7 ( 3 x . - l y ,

I
P r ( x ) : 7 1 5 . r ' - 3 x ) ,  - l  < j ; <  l ,

: :

I snP,(x1 -;* i;[(x'-- l),,1 ($:?ilil1; )

n : 0 ,
n :  l ,
n - 9

n : 3 ,

;,
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f paSuxu HecKo,'rbKHX noJIHHoN{oB,rleNauApa Hso6paxeHH ua puc. 35.3;
Tenepr flcryo, qro ofpaHHqeHHbte peuenlln ypanHeHuft

r ' R "  * 2 r R ' - n  ( n *  l )  R : 0 ,  0  (  r  (  I '
f s i n rp0 ' ] ' *  n (n f  l )  s i n  t p (D :0 ,  0  (  cP (n ,

I,IMC}OT BI,IA

R ( r ) : 41 ' "  '
o (q) : aP, (cos P)'

P" (cos tp)-ero IoJI['tHorlr .IIeNaH,qpa n-fo ttoptAI(a'
3aMeHeH Ha cos q. 14 uaxoueu, uureM peIIIeHHe IrcxoA-
BHAe ptAa

@

u (r, p) * | a,r"P, (cos rp),
r t = 0

Oyuruua
B KOTOpOM .r
Hoft sa,(ar{u s

(35.3)

xbbrpsnuueHrbr Koroporo ru6llpaeu tax,'tto6bl yAoBJlerBoplrrb ^rp?-
lrnqHo\4y ycJ'roBnrc 

'a 
( I , Q) : g (p). noAcraHosKa peueHllfl (35.3)

(- 1,-1)
PI4C. 35.3. floruuoruur "rlexan.upa P', (r).

B rpaiiHr{i{bre ycJIoBHf AaeT

2ro,o,(cos 
rp): g (q).

Ecnv. yano)$uttrb o6e qacru 3Toro coorHoueHuq na P.(cosg)sing
ri nponHrerpnpoBarb no Q or 0 Ao n, To no,'IyqHM

F ^ . o r t r
J g (q ) r,u (cos (t,) srn cp 6,p: 2^a,j P,, 1.ot p) P, (cos cp) sin I drp:
o n = o i

: fro, ( o, (r) P ̂(x) dx:
n = 0  J t

f  0 ,  n * m ,
' : {  2 a -

|  f r ; ; t '  t t :n t '
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Moxuo y6e4nrrca n
Ha orp$Ke [ -1 ,  l ] .

0
PI,IC. 35.4. 3aeucHMocrt
Hd cenepHolr i:cr,nroce),

HyJITO-Ha iloJllocax:
SaAarry

r/2 rE
reMnepaTypbr oT. rrrr4porbr B

ToM, qro noJrnnorlrbr JlexaH4pa oproroHa,rrbnbl
C,reAoearennHo,

I

(35.4) ? m J - l  P
o . : -+  

J  S (W)P .  ( cos  rp )s in  p  d<p '  (n r :0 ,  l ,  2 ,  .  .  . ) .
tl

I4rax, peueHr.re 3aAaqu ,II,lrpuxne (35. l) aaercfl BbrpaxeHr4eM

(35.5) u (r, g) : ) a,,r,' P,, (cos <p),
u = 0

r4e roe$$urrxeHrbr an BbrqrrcJrrlorcfl rro {ropuy.rranr (35.4).
flpu ne4elr renepb n pLrN{ep qrr ruHApHqecKr{ -cr{ MMerpil rrHoro roreH-

usaf ia.  : :

Quttuu)puqecKu-cuitJilempuqHuit no me ullua,x
(ne eaeucnuqfi om 0)

_ llpe4no,'roxr{M, rrro reMneparypa noBepxuocru c$epur onpeAerrrercq
Qopnynoii

e ( q ) :  I  - c o s ( 2 c p ) ,  0  ( q ( n ,

H npeAnoJroxlrM, qro r\{br xorr.tM nafiru reMneparypy Bnyrpr{ c$epu.
B Harueil 3aAar{e Ter\{neparypa rrocrogHH an Ha JrrrHuax nocroqHHoii
Ix l4porbr (uanpanrep, reMneparypa paBHa 2 Ha sKsarope: q:n12, n

I - cos(ze)

I

p  aAHaH a  x

9:0, q < ft). 9ro6u waiiru u, HyIKHO

( Y q n )  A a : 0 ,  0 ( r ( t ,
( f Y )  u ( 1 ,  0 , e ) : l - c o s ( 2 p ) ,  0 ( p ( n .

fpatpur< re^4repa.rypbr Ha [oBepx'ocr, rs'6paxeH Ha p,c. 8b.4. Haru
Heo6xo4lrrrro uafiru xoeSQuqraeHrbr an AJIR peueHus 

'(35.b). 
r{ro6u

cAe,naTb 3To, Mbr AOJIXHbT

r t i
.li
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nu6o socnoJrb3oBarbcfl tpoprrrynofi (35.4;,
ru6o socnoJrb3oBarbcfl nporpauuofi, cyulecrBylour,efi ua Ba[JeM
BbrrlncJrure,'rbHoM ueHTpe H npeAnasHaqeuHofi AJ'Ifl BbIrIHcreHItq
xoe$SuqueHroB pa3JIoxeHHfl no noJIuHoMaM Jlexau,u,pa,
.nu6o npoanHTb HeMHoro sApaBoro cMbIcJIa.

PllC. 35.5. 3anncruocru reMneparypbt or paccrotHHt Ao qeHrpa utapa.

flonnraeucr Boc[oJrb3oBarbcr nocJreAHHM peqerrroM, Paccuorpnu
TpuroHoMeTpriqecKoe Tox{AecTBo

cos (2q) : 2 cos2 rp- l,

KOrOpOe rro3BoJrser nepenHcarb reMneparypy Ha rpaHnqe B Br4,qe

I -cos (2'P) : | -L2cos'� 9- I ] :
.  2 . ^  |

: t - ; [ 3 c o s 2 a - l ] + T :

4 ^  4 ^:5 P o (cos q.)-  T l ' ,  (cos q).

Mu no.nyuu.nu pa3rro)KeHne $yHxuHu g (g) B pnl no rroJrHHoMaM
JlexaH4pa. Tenepl peueHxe saAaqu Jrerxo Haxornrct

t t ( r ,  q ) : !  n , (cosrpy  -+Po(cos9) :

4 2r2  , ^:  =i-? (3 coss q- l).

f pa$uxu ororo perueHHr Ha pa3rurIHbIx lxriporax npuBeAeHbI lra
puc. 35.5.

?A'IEqAHH9

l. O6parurr,t BHuMaHr.re Ha ro, qro nocJre pa3Jro)KeHufl $yuruun g(g)
B peA

g(p) :  2o ; ,P , (cos9)
f l = 0

Hyxno roJIbKo yMllox(Hrb n-fi q.neu pffAa Ha rz, rITo6bI norytlnTb

a)
6)

B)

oTcqeTa

pe[rrrTb
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peuerrHe
o

u (r, cp) : I anr"Po (cos tp).
n = 0

2. PeueHueNr sHeilJHefr saAaqn Aupgxne
( Y q n )  L , u : O ,  l ( r ( o o ,

( fY)  u(1,  0 ,  q)  :9(q)
sBJlflercfl SyuxqHa

u(r, p):L #+P,, (cos cp),
n = 9 '

rAe
TE

b,,:!# f g (ql Pn (cos rp) sin q rlq.' t

Hanpuruep, ecrll f paHHrIHoe yc,'IoBre g (q) : 3, ro perueHue u (r, q1.-
:31r. Oruernm, qro B groft saAaqe peueHue crpeMnrcq K HyJrK)
spw r + oo, a B cfly'{ae dogx nepetteqHbtx pe[IeHHe sgeuHefi ga-
AaqH c nocroflHHbrM rpaur{qnbrM ycJroBHeM camo 6yAer nocroqHHbrM.

EAT,AqH

L floAcrasrre R (r) :7d s ypaBHegr.re Sfinepa
rzR" *2rR'  -n  (n *  l )  R:0

H noJ l y t lH re  e : f l .  t 4  Q , : -  ( n+  1 ) .
2, Cae.naiire 3aMeHy nepeueunofi r: coS p B ypaBneHun ,rlexau4pa

f s i n g O ' . 1 '  I  n ( n f  l )  s i n q C ) : 0 ,  0  ( q  ( n ,

H npHBeAHre ero K BHAy

,, ^' d2@ 'l irr
( l  - x ' ) f f i - 2 * ;  +n (n+  l )o :0 ,  - l  <x (  l .

3. flpoeeprre $opny"ry Po4pura

P ,,(xy.-. #^#[(x'- l)"]

AJIff  I lo, ' l l , lHolr. lon,r lexau4pa,
4. Penure BHyrpeHHroFO 3aAaqy !,r.rpux,re B uape

( Y q n )  A a : 0 ,  0 ( r ( 1 ,  0 ( q ( n ,  0 ( 0 ( 2 n ,
(fY) a (1, q) :  cos (34).

I4cno,ll:yt rpHronoMerpr.r!o, ronbrrafirecr Bbrpa3nrb cos (3cp) uepee
cos e, cosz cp, coss q, a 3areM cxou6lrHHpyfire ux rax, uto6u no-

.ir
l t i

. Jlerr{r,rr 36, HeoAnopoAxar gaAaqa,Axpxxne (Qyxr<qltr fpnHa}, 273

nyqaflocb pa3,'IoxeHl.Ie

cos (39) : 
I,oP o (cos rp) -f aPt (cos cp; + . . . .

5. Penure BaAaqy ,(Hpuxne B uape

A l r : 0 ,  0 ( r ( 1 ,  0 ( q ( n ,  0 ( 0 ( 2 r .

urr, e):i _l til. ';?_
B srofi saAaqe BepxHRff no,rycrlepa uarpera (f l), a. Ht.{iKHflfl
oxnax4ena (-l).

6. Hairlure peueHr.re saraql Aupnx"ne B lxape

( Y q n )  L , u : 0 ,  l ( r ( o o ,  0 ( p ( n ,  0 ( 0 ( 2 n ,
(fY) t t  ( l ,  q) :  I  * 'cos rp.

llponeprre orBer.

flexr4ran 36

HEO.qHOPOIHA9 3AAALIA &!APWXnE
(ovHKtJr4s rPhHA)

qE,rII
(rpyuxurzr
,[,Nprzx.rre
paccMarp
naeaemcfl
HHKOB,  p
TCM HAXO
(Qyuxuur
rorca). B

,Il,ocrarovHo o6uefi saAaqefi npnxna4uofi MareMaruKl,t flBd'Irercfl
oilpeAeJreHrre floreHr,Ha,'ra B HeKoropoli o6nacru npocrpaHcrBa, ecJIH
3aAaHo pacnpeAeJleHr{e ucroqHLIKoB f (x, g) sHympu srol? o6nacflI"
B attexmpocmamuqe norel{uua,'r (n no.rrtrax) s o6,racru D o6ycnoueH
pacrpeAeJreHneM sapaAoB c nJlorlrocrblo f (x, 0 no oroii o6nactn.
Tunuqsas 3aAaqa-onpeAeJreHue noreHql{a,Ila B Kpyre B AByt\'repHor\{
cJryqae.

B rar<oft gaAarle floreHul{ar'I Ao,'I)I(eH yAoB"'IerBopsrb ypaBHeHHIo

IIb ,'IEKIIl4l4: floxasarb, KaK c nox{ourb}o $yHxquu fprana
ulr ncrouuura) r\,roxHo peuHTb HeoAHopoAHyto 3aAaqy
[e. B groi\r Bax(HoM N{eroAe npaBar qacrb ypaBHeHHtt
Tpr.rBaeTcff KaK rreKoTopoe BxoAHoe Bo3AeHcTBlie v pa?-
t.a B HenpepbIBHylo coBoKynuocrs Aentrao6pa3nbtx llcrol{-
pacnpeAe!'reHHbrx tto uexoropoii saAaunofi o6.nacru. 3a-

xonHTcfl onlKJruK cucreMbl ua xaxAutii raxofi HcroquaK
Hfl fpuua) rr Bce orKJIItKu cyI\{MrIpyForcff (Hurerprapy-
B pesy,rrrare no,'ryqaeN{ noJlHoe perueHl.Ie 3aAaqn.
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j'4'

,,I
! ,
i

flyaccoHa (Hanpuuep, c HyrrreBbnvrr.r rpaHuqHbrMll ycnonuauu)

( B o . 1 y  O u n )  u , , * f , u , * i ' r r : f  ( r , 0 ) ,  0 { r (  l ,  0 ( 0 ( 2 n ,
( f Y )  a ( 1 ,  e ) : Q ,  0 ( 0 ( 2 n ,

Mu nn6pann HyJreBbre ycJroBnfl ue uryuafiuo, Ec.nu 6u l,ttr xo-
treJrH penr4Tb SaAaqy r o6ulenr cJryqae, c HeHyJleBblMH rpaHHqHbrMu
ycJroBHflMr.r H HeoAHopoAHbrM ypaBHeHueM, TO BKJTaA HeOAHOpOAHbTX
rpaHu'{Hbrx ycnoeufi MoxHo 6u,ro 6u safirn tto unTerpa.lluoli $op-
uy;re [yaccoHa Hs ,nexuuu 33.

tlro6u rroJryqHrb xorb KaKoe-ro npeAcraB,reHse o HeoAHopoAqblx
,qH$QepeHuuaJIbHbrx ypaBHeHr-rflx, 4anafire paccMorpHM rpaQuuecxu
peueHue c.ne4ynqefi saAaqr AJrr ypaBnegun flyaccoua:
(yqn)  Lu :  -Q,  0  4 r  (  l ,  0 (0 (2n  (q - rono>xurer rbnaf l

xoHcraHra),
( H Y )  a ( 1 , 0 ) : 0 ,  0 ( 0 ( 2 a .

Ha rpasuqe noreHr{r{a/r (rnu revneparypa, ecd'ru BaM sro 6orlue
HpaBr.rrcr) noAAepxHBaercfl paBHbrM HyJrro, a ilanilacr4aH paBeH - q
Bo Bcex roqxax o6nacru. Ilocro.nlxy Lu (p) cJryxr.rr r'lepofi pa3Hocru
MexAy Qyuxlrueft u (p) Lt ee cpeAHr.IM sHar{eHUeM, ypaBHeHHe llyac-
coHa yrBepxAaer, qro fioBepxgocrb u(r, 0) BcerAa BbrnyK,'ra Bgrlg.
flpyrlrvu cJroBaMu, ona 6yAer noxoxa Ha roHKyr,o ueu6pauy c sa-
xpeffreHHbrM KpaeM, Koropyrc cBepxy auHs o6Aynaer rroroK BO3Ayxa.

Ecnu npaBafl qacrb ypaBHeur.ts f (x, 0 usMeHflercr or ror{xH
K ToqKe, To u BbrnyKJrocrb raKxe 6yaer nepeueHHofi $yHruuefi ToqKH
o6nacru.

flepefiAerr,r rerrepb x rnasHori qacrn Haueli .nexquu: onpe.qereHr.rn
Qynxuun fpuHa u perrleHuro ypaBHeHHs (36.1).

Cuauala, oAHaKo, MbI AoJtxHbt BBecrH noHrrue [oTeHrrr4aJra nlo-
qeqilbm ucmuutuKoS u unoKog.

IloreHqxaJrbr roqeqHbrx ucroqHuxoB n croKoB

,[,;rn peneuur HeoAHopo,aHoro nusefinoro ypaBHeHHr Aocrarortno
peuHTb 3To ypaBHeHlre c Tor{eqHbrM ficToqHHKoM, rlocKoJlbKy peLle-
Hlre gaAaqu s o6qeN{ cJryqae Mox<uo Hafiru, cyMMupyfl BKflaAbr or
Toqeqnbrx HcroqHLrKoB. Hau:a sa4ar{a-olpeAeJrnTb noreHrlualr, Koro-
puft coe4aer B 3aAagHori o6;racrr roqeqssrfi HcroqHHK (H.nu crox).
Sruu ucroqHlrKaM Mo>xHo Aarb pasrurrHyro HnTepnperaunro. B reo-
pHl{ TenJlonpoBoAHocTrr MbI MoxeM paccMaTpHBaTb HcToqHnK xaK
ToqKy., n xoropoft BogHllKaer reflJlo, a croK-KaK Toqxy, rAe renro
norJroxlaercfl. B enexrpocraruKe Lrcroqnr.rK Moxer paccMarpuBarbcfl
HaK or,qenluufi nonoxsrerssuft saprA (nporou), a croK-xaK
m.u,e;lrHuli orpuuareJrbHr,rfi saprA (s,nexrpoH). B lrc6ou cJtyqae He-
gaBucuMo or HHreprrperaur.ru Mbr HafiAeu 4ayllepHuft rroTeHuuaJr ,r,

co3AaBaeMbrfi eArasuquuM ToqeqHbIM HcroqHHKoM (rroucx rpexMepHoro
noreHuuaJla Mbr ocraBd'rfleM rrtrrareJrio B Kaqecree ynpaxueuul).

flpeAno.noxr{M, r{To or4enlutrii roqegsufi zcroqunx nenuunuu f g
noN,rerrleH B HaqaJro KoopAr.rHar. fcHo, qro rerr,'ro (u,tu uro-ro apyroe)
6yAer nureKarb H3 o6naclu BAoJrb paAH-
aJIbHbIx nulH*tft, u, c,'leAoBarer'tbHo, nilfl
Be.r'IHqfi HbI rroJl I{O[O I1OTOK a, n p OTeKaIOUerO
I{epe3 oKpy)r{Hocrb paAfiyca r \{o)KHo 3a-
III{CaTb

llo,r sar it tr oloK, BbrleK arcu1x it vepes ox p yNi-
2Ja
o

Hocrb -  -  \  r . r ,  (r \  rd\  :  -2xru, (r) .
tr

Ho nonssri i  noroK AO,'rx(en coBnaAarb
c Ko,luqecTBoM TenJIa, co3j larlrrofo BHyTpll
xpyra (saxon coxpaHeur.,r) ,  r .  e.

-2nru, (r)  :  Q.
Peuaq aro aaQfepeHr{rraJrr,Hoe ypaBHe.
HHe orr{ocure.[bHo $ylrxuuu u (r), ro-
i l lyqaelvl

u (r) :  f i tn ,
(Peueuue u:o6pax<eHo Ha pr{c. 36.2.)

B ar'reKrpocrarrrKe pa3Hocrb roreHuHa.rrou u (B) -u (A) paBHa
pa6ore, Koropyro seo6xoArruo coBeprrrH'rb, qro6ut nepellecrl{rl, eAH-
uuqsnrt [o,/ro]KHreJrbHsrui sapn4 r{3 ror{Kr.r A e rouxy B (puc. 36.2).

Iexqxr 36, 'Heo4aopoAHar 3aAaqa n{rpxxne (6yxxr.1rn fpxna) 275

PI4C. 3ii. l. Pa:rua,'rrssrrl noroK
Tenr'Ia oT To(teqHof o I{cToqH t{Ka:
a -TeIIJIO Bbttre,'IfleTcrl B Ha-
qa,'re IioopAHHar.

Q  r ^ l

-f - u(8)

d

-l- "to'
Pt.IC. 36.2. Fldrenuuan roqeqHoro 3apflJla B ABy\{eprroM cJlyqae: a-pa6ora, Heo6-
xoAHMafl AJIr i  nepeMelrreHurr ea[r{HqHofo 3aprraa uc A s B.

Crox MolKHo HHTeprtperupoBarb KaK orpr{qare.rottsrft  ucroqHr,tK, TaK
qro cTor( BeJilrqHHbr -q co34aeT IOTeHIIHaJI

o '  I
l L ( f l :  - ; !  l n  - .

zJ\ r

u@=*7t  h l
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9ruu sanepuaercn o6cyxAeHue noreurr,riaJroB ToqeqHbtx aapn4on. Te.
nepb Mbr roroBbr K perxeHHlo HeoAHopoAlroro ypaBHeHufl MeToAoM
$yuxuuu fpnHa.

Vpannenue [IyaccoHa B Kpyre

3aiimemcs perxeHueN,r oqeub BalxHoii saAaqu

( 3 0 . 2 )  ( V q n )  u , , * l  u , * l " u u : I V ,  0 ) ,  0  (  r  {  l ,  0 < 0 - ( 2 n ,
( f Y )  r r ( 1 ,  0 ; : 9 ,  0 ( 0 ( 2 n .

MeroA Qynxrtua fprrHa (uerol Qyurunu ucrouuuxa) cocrour lrs AByx
uaroB.

l. florueulaeM B roqKy (p, rp) roqeqsnii eAHHH,{Hufi
xoAr.rM noreHrruaJr G (r, 0, p, g,), rolopufi cos4aerca
u o6paulaercr B HyJtb Ha rpaur.r(e.

2. CyurrlupyeM HrlAuBHAyarrbHbIe orKd{IlKll G (r, 0, p,
uue npaaoft qacrblo (n,roruocrrrc sapnaon) f (r, 0), no
B pesy.nrrare nofiyqaeM lrcKoMoe peuelue

3apflA r.r Ha-
srHM sapflAoM

Q)' esneueH-
BceMy Kpyry.

Hafi,qeu rerrepb QyHxuuro ucroqnuKa

q) f (p, p) p dp dq.

Ang Haurefi sahaq,r.

Onpe,ueneHne QyHxrlult llcroqHvKa A (r, 0, p, tp)

3aneunu npaBylo uacrl f (r, 0) Haurero ypaBHeHI{a roqerlHbrM
HcrorrHr.rKoM BefluullHu l, nolreureHHbrN,l B lleKoropyrc npolt3Bo,'tbHo
nu6pauuyro ror{Ky (p, p). MareuaruqecKrr roqel{Hufi ucroqHuK npeA-
craBJrflercfl 4enlra-SyHrqueft 6 (r-p, 0-q) t;. A{sr, cqn.raeM, qro

4entra-Qyuxuua paBFIa HyJIIo BcIoAy, KpoN'te roqt(a (p, tP), B Koro-
pofi uaxo,qlrrcr eAuHuquuft sapr4. Ha ssHKe cH,'I Ae"rbra-$yuxuuro
MO)KHO r.rHTepnpeTlrpoBaTb KaK ToqerlHylo eAI.{HUtIHylo cHJIy, npuJIo-
x(eHHyIo x roure (p, tp). Hau-ra galat-ra-uaitru rtoreHtluar'I Toqeq-
HOrO 3apflAa, ecd'rH rr3BecTHo, llTo Ha rpaHillle oH paBeH Hy!'Ilo.
(Dyux[ua, yAoB"'rerBopfl rou1as 3TIrM ycJIoBHfl rI, Ha3blBaelca Qyuxqnefi
fpuna Hilu QyHxqrefi Hc'toqHt{Ka. Oira paBua omK/'tuK!/ cucrellbl
B Toqr(e (r,0) na ucmoLtHuK, ttoNrexleHHblft s 'roqNe (p, q). TpyAriocrr,
pelxeHl.Ifl erofi gan.aq,n B ToM, qro ucxotltrtft rtoreHlruaJl Ao"IlKeiI
o6pautarrca B Hyr'Ib Ha rpaHHI{e. Ec.ng 6u tte :ro yc,' loB}le, To no-
TeHuIraJI l\{oxrro 6ulo 6st .nerro uafirl{, TaK I(aK N{bt y)Ke 3HaeM, tITo

u( r ,  o ) :J  jG( r ,  o ,  p ,
0 0

r) Cu.:
.Nl.:

B"ra;lHr,rupon
I'Iayxa, 1976.

B. C. O6o6ueuusre $yuxuHu B Mareriaru'tecrof i  ( tusrtxe.-
- l7 pu,u. pe}.

Iexqrn 36. Heo.qHopo4Har eaAa'{a flupuxne (eynxllxr Fpxxa) Zl7

noTeHql.IaJI TOqeTIHOIO SApnAa paBeH

rAe , '-paccTofllIUe oT 3apsAa no Tor{K[ Ha6,[roXerrHrr.
I4cxovufi noreHrruad'r MolKer HMerb cneAyrculHii Sn:uuecxuft cMrjcJr:
l. B,reopr.r' Tenr'ro[poBoAHocr,-3To paBHoBecHafl reri lneparypa

BHyrp[ Kpyra, ecJrH rend'rosoff ucroqHaK pa3Merqaercs B roqr<e (p,-,i),
a Ha rpaHr.t[e noAAepxHBaercrr Hy- r
f lCBAf l  TCNINCDATVDA.

2. On onuctisaet orK,,roneHue
ueu6pauu or noJrox{eHun paB}roBe-
cHfl, ecJIH OTK,'IOHeHI,i8 Ha tpaHrrr{e
paBHbr HyJrro, a B roqKe (p, e) vem-
6paHa orrrHyra rra oqelrb 6o,rtuyro
BblcoTV.

3. 'B gJreKrpocrarnKe sro pac-
I] peAeJreHHe noreHrlHaJra BHyrpH r( py-
ra, ecJruI roqeqgut? no.noNare,rlgrtfi
3apflI noMerrleH. B rorrKy (p, q), a
Kpyr 3a3eMJreH rr eto noTeHrlua,'r
noAAepxHBaercfl paBHbrM HyJrro.

Tenepl Hati4eu SyHr<uuro fpu-
Ha; oHa 6yAer floxo)Ka ua Qyux[uro,

llocrpoeHHe peueHufl

IUA| l. flocro.rsr<y SyHxr{r.rn
I , I

?;rn R-

rrBJrfiercrr roreHrruaJror\{ nor'rH B roqre P:(r, 0), Koropoe co3AaHo
eAI{HprqHbrM ToqeqHbrN,r 3aprr,4oM, noN{er.qeHHbrM B ToqKy Q: (p, g),
{R - paccmorHue Me>Kry roqrauu P u Q) e4raHcrneHrioe, qro HaM
ocTar'rocb cAeJraTb-TaK u3r\,teHHTb ery QyunUnio, vro6br oHa o6pa_
Tr.tJracb B HyJrb Ha fpaHriue.

IIIAr 2. IZs excnepr.rMeHra HsBecrlro, qro eKlunomeHtl,ua/tbvbo
./tuHuu roqeqHr,tx 3aptAoB (no.noxurenlrrttx v|i l t4 orpuqarentuntx)
npe4craBr'rf lpr co6ori oKprlJttHocma (puc. 36.4;.

OcnosHas HAes nocrpoeHr.rrr SyHkuuu fpuHa cocrour B c.reAyro-
rueM: Hy)KHo cHapailcu Kpyfq pa3Nrecrrrrb apyroii (orprauarenrnufi)
sapla -raKr.r\,r o6paeom, qro6u no,'ruHrt noreHuria,'r Ha oKpyxHocrr,I
r:l 6atn rcoucmaumort. 3areu NroxHo Bullecmb r.r3 noreHrlaaJra 3TV
KoHcraHTy H noryr{urb uynenofi noreHrlua,rr Ha rpaHr.rue. Oueau4Hd,
saiiAeHuuft raxr{N'r o6pason floreHqua!'r 6y4er o6na4arl eceMu csoji-

l .  / l \
m t n  \ ; i  '

.  . .

Edunuqaaq oKpg)KHocn6
Pl4C.  36 .3 .  <Dyuxqan fpuua G ( r ,  01
p, Q) ToqeqHofo uc'rorrHur(a, pacnono.
xeuHofo n rouxe 1p, q).

uso6paxeHHyro Ha puc. 36.8.

a c,0, P,E)
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crBaM[ Qyuxul.rll G (r, 0, p, rp).
BHe r(pyra HyxHo pastuecmumb
uxar Ha oKpyxHocrH craJI

ocraeTcr HerrcHbIM, s xaxofi Toqxe
ompuqameJtouotd sapnd, qro6bl noreH-

nocrorrHHbIM. Moxso cpaBHIrrenbHo

i  i* .

i
s

'{!.1

Jierrrtpon' t
,(1npg4aneianufi upnd)

llgnefui tpneil4uqt

PHC. 36.4. Iloreuuua,r no,ln, o6paeonaHHoro.[Bytrfl nporHBonor'Io)l{Ho 3apsxeHHb}M}l
qacruuaMn; a,  6 -  ; l tuun (oKpyxHocrH) nocrotr t tHoro noreHuuaJla.

t  ( t /p ,  q )  =A
(0npu4anenanud

aapad)

- ( P ; t P ) = Q
( flonoxunettttati

sapnd)

PHC. 36.5. 3apn4ur Q " Q autot ncrrotHllutii noreHqtra'I Ha oxpyxHocrl

.nerxo y6e.4HTbcfl-B Totrl' qro ecJIH orpHlrare'rlnltfi 3apflA noMecrHTb

B roqKy Q:(p,  rp) : ( l ip ,  Q),  ro no.nuuf i  nonxeHquaJx

u ( r ,  o ) : * , n  t t R - � + h  l l R

6yAer nocrotnHblM Ha oKpyxHocrl r: I '  3Aecl ^uepes R u
sHaqeHbl paccrosHur or 3aptAoB Ao rotIKH (r, 0) (crrl. puc.

MoxHo rroKagarb, qro BeJII'IqHHa noreHquaJla Ha oKpyxuocru
orlpeAenteTct BbIpaxeHl'leM

I  t ,- 
2n'np 

(noloxl.treJlbHaq roncraura).

flerqur 36. HeogaopoAHae 3aAaqa n{r.rpnxne (Qyxrqrr l-paxa) 8l

C yuerou eroro

(36 3) G (r, 0,

pe3y/rbrara crpor.rM SyH^uuro lpana
l - l

2t-ln l iR + # ln p,

1 t
t l

l l o r e r r q r a l  o r -  B H q H r a a u e  n o -
p H q a l c n b l r o r o  c T o q l r H o f o  n o -
3 a p f l A a ,  p a c n o -  T € H r \ l r a n d  f p & -
n o x e H H o f o  B  H H q H

r o v n e  Q

R : f / @

R -  l [ r , _ { 2 L * t a _ . , t ) + U p ,r  -  p ' " " \ -
-Qopuy.rru, Bbrpaxarcuue paccroflHue uexAy AByN{rr .roqKaMr{ B
noJrflpHbrx KoopAxHarax. t-l lo6sr Hairrl pe[leHrre rrcxoAnoli sa.qaqr{,
ocTa,'Iocb IrpoBecTH Ha,lo)Ke[He Bcex uN{ny,'rbcHbIX oTK,ril.tKoB CI{CTe[ibl.
I4rat<, r\{br flepexoAllM K rroc,'reAHeMv uary.

ruAf 3. Cynepnosuqafl [Mny,'rbcHbrx orK,'rr.rKoB
Sror uar coBceM rrpocr. I4s coorHorueHurr

2 f r 1

u ( r , 0 ) :  \  \  G ( r ,  0 ,  p ,  A ) / ( p ,  p )  p d p d c p
r i t

NOJIVqACM

(36.41 u  ( r ,
I

\  ln (pR/R) /  (p,  ql  p dp dq
u

I

P ,  9 ) :  2 ; l n  l 7 R

t
I

I l o t e r t q r t a l  r r o -
JOX(r Te.r bl tofo
3 a p q A a ,  p a c f l o -
J O X C H I I O I O  R
T o q t ( e  Q

Oopr'ry,ra (36.4) nupaxaer peueHue saAaqu !,upux,re 4nr
uHn flyaccoHa BHyrprr Kpyfa uepes Syuxunro fpuua sroii
Ec.nn nJrorHocrb 3aprAoB f (r, 0) r.r3BecrHa., ro trnrerpaJr
BbIqHC,{I- lTb, IraI]prrMep qrrc.IreHr{o.

SAMEZIAHHN

l .  3a4auy
( Y q n )  A r z : 0 ,  0 ( r ( 1 ,  0 ( 0 ( 2 n ,

.  ( f Y )  u ( 1 , 0 ) : g ( 0 ) , 0 ( 0 { 2 r ,

roxe Mo>xHo peurlrb .ntemodo,u Qgurcquu I'puua. B oroiu cJryqae
peueHrre 3anl{cbrBaercrr B BrrAe

ouf 
{r, u, l, ,p)g(,p)dq.

zT,
^  l Pu ) : l ;  \

0

ypaBHe-
SAAaLIU.

N,IOXHO

R o6o-
36.5;.

2 n
- t ,

t l ( r ,  H ) :  \. J
0

ffi

f : l
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2.

3.

4.

Iloc.ne4Hetry coorHorJreHuro lr,rolKHo npxAarb Sopuy 6o.nee y.uo6-
Hyro 4Jrfl Bhrqr{cr'reHr.rfi, ec,'lu pacKpbrTb B flBHoM BuAe BblpaxeHue
un 0Gl0r. B pesyntrare nofiyqrM uHrefpaJrbuyro Sopuyny flyac-

' coua, uafi4euHyro HaMH^paHee B nexqnu $3.
zn

( 3 6 . 5 )  u ( r , o ) : + f  f ,  = t . = "  I= -6 
) I l-=;cos16-et+F I s(P) d9'
n

TeHUuar'I B TorrKe (x, tJ) s nepxHefi loJrynJlocr(ocru,
pacrroJro)Kerr B roqKe (E, n), a lorenuHaJr na fpaHn[e
uy,'rio (cM. pnc.).

Peu:esne o6qeli 3aAaqu,Il,upux.ne
( Y q n )  L u : f ( r , 0 ) ,  0 ( r < 1 ,  0 ( 0 q 2 n ,

( f Y )  a ( 1 ,  0 ) : g ( 0 ) ,  0  (  0 { 2 n ,

r{axoAnrcfl KaK cyl{Ma peureuufi (36.4) u (36.5).
MeroA Qyunuui:r lpuna ilo3BoJrfler rto.[yqurb peuenr]e MHorHd
3aAaq B o6nacrqx pasnuvHofi $opun. O4uaxo A,rq raxAofi o6na-
crn u (rounee, AJIfl Kax(Aoro oleparopa, crorrllefo e negoft qacrn
rpaHr4qHoro ycroBHfl) AJrn KalKAoro ypaBHeHHff HyxHo HaxoAHrb
cnoro Syuxqun fpnna, a 3To I{e BcefAa JIefKo cAeJlarb.
9ro6u peaJrbno uaftru peueHxe no Qoprray.rre (36.4), s 6onuunH-
crBe cd'Iyqaes Heo6xoAr.rMo BbrqucJrflTb r4uTerpaJru Ha 3BM.

SAAAqH

L Haftrpr roreHuria,{ ToqeqHoro Hcror{HuKa B Tpexr{epHoM rrpocr-
paHcrBe.

2. Hafiru Syuxurzrc fpnua A (x, U, E, n) an" ypaBHeHxn flannaca
n nepxueii [o,ryrrJrocKocru A ) 0. .Ll,pyruNr]r cJroBaMu, nafirv no-

I
l5

li'

F
-

4 =(€, r)

Q - = ( E , - 4 )

4.

5.

Jlerqnr 36. HeoAnopo,qxar gaAaqa .qqplrxne (+yHxqrar Fpr.r'Ha) 
'281

yKA3AHI4E. Ecnu orpuuarenluufi 3apnA noNrecrr4rb B roqr{y

O:(E, -q), ro flcHo, qro no,'rnbrji noresquail Ha ilHHuH !:O
6yler paeeH HyJIto. CneAoeare,'rluo, QyHxuun fpr.rHa 6yAer coa-
rraAaTb c rroTeH|lt{aJroM 9Tl{x AByx 3apflAoB.

3, Llcnonrsyn pe3yJrbrarbr 3arauv 2, uailAu"te pe[reHHe ypaBHeHtrfl
flyaccoHa L,u: -k r nepxuefi noJrynJrocKocru c HyJreBbrM rpa-
HIiTIHbIM YCJIOBHEI\{,
Kax 6u Bbr crporr"'rH Qyuxunro fplrua A,'rs lepBofo KBaApaHTa
, t  >  o ,  a > a ?
Apyrofi noAxoA K perreHuro ypaBHeHHfl IlyaccoHa cocrour B cJre-
AyloqeM. llpe4nonoxuM- qro Bbr xorure peulr{rb 3aAar{y

( Y q n )  L u : 1 ,  0 <  r  < 1 ,  0 ( 0 ( 2 n ,
( f Y )  a ( 1 ,  0 ) : s i n 0 ,  0 < 0 ( 2 n .

Csaqana nonurailrecu safiru qacrHoe peueHue ypaBHeHHfl c no-
MOUIIIO TIOACTAHOBKH

u r : ( r ,  0 ) :  A r ' .

3areu noAcraBbre 3ro . BbrpaxeHue B ypaBHeHse flyaccona rl
oflpeAe,lHre KoHCTaHry A.
floc.ne rofo KaK '{acrnoe peueHue uo naitlleno, Ha,4,o ucKarb
i lor ' rHoe perueHHe B Bi lAe u:w*ao.  Kaxoruy rparr tvHorrry  ybno-
Brir,o AoJr)KHa yAoB,'rerBopflrb SyHxiiHr ro'? Haiialrre a(r, 0). tlro
sBJlrercr peueHuer\t ucxo.qnoli 3a,[aq]r u(r, 0)? flponeplre erei.
Tulare.rltuo fl poaHa,'rl3rr py ir re orBer. Aa fi re il HTepnperaunio Kax{-
Jloro q.IreHa.

ec,'rH 3apflA
y : 0  p a n e n
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Hocru 5.
LIilCNEHHbIE IA NPNSNilXEHHbIE

METO,.qbl

q hCNEHHbIE PEI.IIEHI49
(3nn nnT nqEcKl4E 3AtqAt{ 14)

UEJIb "rIEKll l, lh: f loxa:ats, KaI( ypaBHeHHn B qacrHblx

ilpor.r3Bo,I,Hbrx MolKHo cBecrlt K crlcreMaM anre6pauuecKllx ypaB-
ueultfi, ecilv ttacmHue npoug*odHote gaNleuuTb l,tx KoHeq\o-pag-
HocmHbr,Mu onnpoKcu,t4a4un.Mu. Peneuire gToii cacreurt a.nre6.

. pauqecrcrx ypaBHeHHft ttrepauuoHHbtM MeroAoM nosBod'IreT no-
Jrvr{r'rrb nprt6,rnxeuHoe peruet{t4e" 

Aaercs uri$opuauHh o naKere rtpHKJIaAHblx rlporpaMM
ELLPACK, flpeAHa3HaqeHHoM A,' iR peueHHfl sJIJIHnrliqecKHx
saaaq o6uero BLIAa Ha 3BAt.

K gacronqeMy MoMeHTy Mbl no3HaKoMI'IJII'lcb c HecKo/'lL,KHMfi Me-

TOAaMT{ perxenr{f l  , ' IHHefiHbIX ypaeHeHufi c qacrHblMll  [poa3BoAHbIMI{ '

O4nar<o 6onlu.tuHcreo ypanueHuii, c KoropF,lMU ML,l fiMeJII'I AeJIo'
6n,rrr o'{eHr npocrultu. Tar )Ke rlpocrbl 6attu u $opuu o6nacrefi'
B KOTOpblx pelxaJll lcb SaAaIqH. I eNl l le NteHee MHorHe 3aAaql4 Herb3q
ynpocrurb Ao raxoii creIIeHH, qro6lt oHI' l cBerl{cb K 3aAaHHoMy
ira6opy ua6.nossux saAaq. Taxue 3ar.aqu c,leAyer pe[Iarb npu6nu'
)KeHHo qHcJIeHHbrMpr MeroAaMz. flporpecc s o6nacru BbIcoKonpoI'I3'
BoAHTe,'rbHbIx 3BM npHBeJI K co3AaHI.Irc HoBblx qllcJIeHHbIX MeroAoB.
CeroAss y)Ke penerrbt raKne He.nriHeiislte 3a1aqv AI4HaMIIKH >t<ItAKo'
CTtr, TeopL{H ynpyfocrH Ll reopl' lu tIoreHUUara' o pelxeHl' lI ' I  Koro-
pbrx Aecflrb JIer HasaA HIIKTO AaXe He 3aAyMbIBaJICfl_.- 

flo,r o6ururur Ha3BaHHeM (qHcJIeHHble MeroAbI)) o6teAagegu He'
cnorbKo pa3rurlHbtx noAxoAoB K peneHI'rFO 3aAaq' fl.o4po6uoe onu-
canr.re Bcex 3rr4x rIoAxoAoB Mo)KHo Havrrt B KHI'Ife [a] ue peKoMeII-

AoBaHHoro cnficKa Jlllreparypbl B erofi I'{ AByx rlocJleAyrcu1ux ,'IeK-
quax 6y4er noKa3aHo, KaK pellarb 3JId'IHnrHqecKI'te' runep6oluue-
cKHe H'napa6o,'tHuecKlle ypaBHeHLIr uemodon KoHeqHbIx paeuocmefi,.

Cnaqana [o3HaKoMLIMcr c I]oHflTueM KoHe4Hbtx. pasH'ocmeit, a za'
reM rroKa)KeM, KaK c L{x noMoulblo pe[IHTb 3aAaqy !,npux.ne B KBaA-
pare.

.ilerqrn 37

Jlerqrr 37, 9lcnerxsre perlreHri (ennnnrxrecrxe saga,.rx) 2Et

KoHeqHo-pa3HocrHhre ann poxcnMaqnH

Bcnoltulrrrr pflA Teftropa Ailn $yHruHu l(x):

I @ * h): l(x) * f '  (x) h + ry h' + . . ..

Eenu o6opeamb oror

Omyaa

(37.1)  f '  ( x )  = l (x  l t l l -  f  @) .

Bslpaxeuue, crofluee e npanofi qacru, ua3brBaeTcfl npanofi pa3nocr-
uofi nponsroAuofi. Oua annpoKcuMupyer nepByro npou3BoAHyto I'(x)
B TOqKC J.

B pa3JloxeHlru Tefinopa Qy"nrruu t@) Mo)KHo eailaeHgrl ft Ha
- h n noJryqurb neByx) pa3nocrHyro npor.r3BoAHyro

(37.2)

Bnqurar
H3

pfA Ha BTOpOM lrJreHe, TO noIyqUM

t k * h ) = f ( x ) + f ' ( x ) h .

f ,  t r \  - l @ l - f  ( x - h )
I  \ - - l  -  

h

f  (x-h)  - .  f  (x) - f '  (x)h

t @ * h ) = f  ( x \ + f ' ( x ) h ,

noJryqaeM ueHrparbltyrc pa3HocrHyro npoH3BoAHyro

u ( x * h ,

u (x-h,

(37.3) I ' (x) = *ft w { h)- f (x -h)1.

EcJlll s pn,ue Tefinopa ocraBfirb Ha orHo cJraraeMoe 6ontue, ro
coBepureHHo aHaJrofuqHo MoxHo noJryquTb ueHrpaJrbHya pa3HocrHyro
npou3BoAHyro AJrr annpoKorMauvn f" (x)

(37.4) f ' (x) = *ft u + h) -2f(,v) * I (x-h)].

Tenepl MoxHo pacnpocrpaHr.rrb noHflrue KoneqHo-pagnocr-
Hofi annpoxcl,rMarrux Ha qacmHbe npouaeo)uote. Ecnu ucxoAltrb Hg
pasJroxeHnfl Teft;ropa QyHxultu AByx nepeMeHnbrx

U): u (x,  A) *  u,(x,  A)h* u,*  ( r ,  U)E+ .  .  . ,

u) :u (x, g)-u, (x, 0 h * u** (x, al #- . . .,
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L
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MO)KHO fiO,'ryrruTb caeAyoulue ann poKcHMaqr4I{ qacTHbIx npoH3BoAHbIXq

u* (x, a) - !k!:-Fl!9:-!),

u*,(x, a) =+,[a (x+ h, g)-2u(x, ai+u(x-h, gl f ,

uo (x , ! / )=MW,

t t ou (x ,  g )  x i l u (x ,  l J l k ) -2u (x ,  g ) *u (x ,  g *k ) f .

B srax Qopntynax qacrnbte npoH3BoAHbIe attnpoKcHMHpylorcq npa'

BbrMr.r, IIeHTpaJIbHbIMLI H r'leBbIMI.r pa3HocTtlbIMII npoHSBoAHbIMH' HO B

AagHofi JIeKuHt{ MbI 6yrrem no"lb3oBarbcfl To,'tb{o ue6TpaflbgblMl'l
anI]poKcHMaIIuflMIl.

An t

,rurrrrl t
I

I locrpouu B n"'IocKocrrl (x, !J) cerKy, Kal( nol(a3aHo IIa ptrc.

Vlo6go (oco6eHuo, ecflt i Ivlbl co6lipaeMCtl rtptl l \ ' leHflrb

| -u36ecnnue epanu,true gt46fng
o - 1agnpeuuue g3nu cenKu

Utt l l t1 Utt Uh

l/sueaeuuei *

PI4C. 37.1, Cerxa ,qrq aa4a'ru l l .uptlx"Ie Bl lyrpl l  r(Ba.(para.

QrO6tt nO3HaKOMIITbcfl c oCI{OBHbIMI.I npaBI.IJIaMI4 I'ICIIOJIb3OBaHI4fl

KOHeqHo-pa3HocTHbrx annpoKcuMaqrzft, paccllorpuM rpocrylo sal..aqy

.[.upHx,re.

Peweuue sa)aqu,il,upux'ce i lemo)o./,1
KOH.eqHbm pasHocmert

f lycrl Heo6xoAnuo peullrb saAa'IY .[,upttx.le

( Y q n )  u * , { u u , , : 0 ,  0 ( x ( 1 ,  0 . - - A 4 . . 1 ,
(37.5) [ u:0, ua sepxHeii t ' t  6oxoestx cropoHax KBaApara,

( l r )  
\  r ( t ,  0 ) : s t n ( x n ) ,  0 ( x { 1 ,  g ' = 0 .

azt

v

unn

n t l

I
I
I

I- + -
I

I- + -
u i , i t - .

I
I
I

uzz

I- {--
I

uzg

I-+ -
I

u i . j - t  -u\ j  -u i .1, l

l r -

Jlexqrr 37. l-lrcnexHsre peueHhe (ennrnrx.rec*xe :a.qaux) l8jt

IICnOJIr 3oBarb c.ne.qyrcune <l6osHaqeHLrt:

rt (x, g) : It i i ,
u  (x ,  ! /  *  A)  :  u i+r , i ,

.  u  ( x ,  g - k ) :  t t i - 1 , j ,
u ( x - h ,  Y ) : t t i , i - t t
u ( x + h ,  g \ : u i , i + r ,

u * ( x ,  U ) :  )U { , , , , i  r t - � t l  i , i - r ) ,

, 
u, (x, a) : f i(ui*r, i-ui-r, i),

t ) , (  "  (x ,  i l  :  
#  (u t ,  j  * ,  - -  2u i , i  - . l -  u  i ,  I  - ) ,

u , , o  ( x ,  g )  :  i  
( r t , * r , ,  - 2u i ,  

i  *  u  i  - . , , ) ,

OcHosHas HAen peuenurr gaLaq,A Lupuxne ocHoBalra Ha gaMeHe
qacrHbrx npolrsBo,4Hbrx B ypaBHeHuu .l'lan.ilaca

u * r {  u o o : 0

r x KoHeqHo-pa3HocrnbrMu an npoKclrN'rarIH rMH. fipo4enan oro Ir BocloJrb.
goBaBuHcb KoN,rnaKTHbIMH o6osHarrerlHflMH, [o,ryqaeM cJleAyroqee poa-
HocnrHoe gpasHeHue|

l l
Lu -  *  (u , , i  * r -2u  i , t  *  u  i .  I  -  )  *  f i  (u  i  * r , i  -  2u  i ,  1  *  u  i  - i , )  :  0 ,

cayqae KorAa h: h, ypaBHerrr4e .I lannaca npHBoAHTcfl r{ BHAy

(u t+ r , i  *  u  r - r , l  * ' t , l  * , , *  u , , t - r -  4 I t  i ) : 0 ,

Pasperuun ero orHocuTeJrbHo a;7r noJtlHrrM

u r i : T  ( u i * t , 7  *  u i - t , t *  I t r , i r 1 1 .  u i ' i - ) '

Orl,reruu, rrro B orot\{ coorHorreHuu Bce gHarlenun uy lepyrcfl Arq
sHa m peHHux U BJtos cerKw. CornacHo rroc,reAneMy coorHciureHzro, peue-
tr}Je uij arrnpoKcHMHpyeTcf cpeAHHM SHaqeHueM pelueHr{n ilo qernu-
pe.u ccice}nuJi4 mouKail. CneAosareJrbuo, Mbr MoxeM paspa6orars ue-
xoropuril 'rucneuHnrl MeroA pe[reHufl grofi gaAa,ru.

Anroparu qncJreHHoro peuegVfl salraqvr f{apnxne
(uero4 .Ilz6uauna)
ULLIJA| l. flpucoouu Be,'rr4r{rrHaM uit Bo BHyrpeHHHx ygJrax qlrcJreunoe
sHaqeHae, paBHoe cpe1ueng Bcex.gHatq,eHuft rpaHuuuttx yc.norufi.

B
(37.6)

3 7  , 1 .
38M)
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IIIA| 2. EyAeiu [epecqr4rblBarb sHaqeHHfl Bo Bcex BHAmpeHHux rorlKax
cerKlr lyreM 3aMeHbl craporo 3HaqeHHfl cpeAHLIN,l no qeTblpeM coceA-
ulrM Tor{KaM. He oqeHb Ba)KHo, KaK 6yaer opraHngoBaH rlpoqecc
crrera, so o6srqso ero npoBoAflT tto crpoqK.aM (nu6o no cro.l6uau).
Ioc.ne HecKor'rbKHX onepauufi npouecc cofiAercq x npn6nuxenuoMy
perxeHnlo gaE.a.r.Lr. Cropocrl cxoAuMocrn groro aJIropHTMa HeBeJIHKa,
Ho ee MolKHo yBerr.rqr.rrb HecKor'IbKr{r\.{ll cnoco6anau. 3auHrepecoBan-
HoMy qr.rrareJrlo Mbr pexoN,teHJlyen o6parurlcrr K KHr-{fe [a] us cnficKa
peKOMeHAOBaHHOH, ' I l lTepary PLl .

,iii
,ili

SAME'IAHNfl

l. Ecnlr B3srb cerKy c l{erbrpb\{fl BHyrpeHHttMLI ToqKaM[ (tn:n:4),
ro cr{creMa (37.6) sanuilercfl B BIIAe

4u r , l - 0  *  s i n  (n /3 )  *  u r ,  I  L t r r :  0 ,
-4u"r I  u , , - l  s in  (2n73)  + 0 + / r r ,  :0 ,
- 4urr+ 0 + itrr-!- uvt f 0 :0, .
-4L ts3 f  a r r - J -  u r r *0  +0 :0 .

Ee Heo6xoArrNro peuurb orHocr4TeJlb*o tr22, Lr2x, uzd. H Ltas. Perue-
Hr{e raxoir clrcreMbl \,rox{Ho gafiru umepaquoHHbl'+t uemo)ou.
MeroA Ilu6uassa raKxe flBr' if lerca oaHrli\{ IIg, HTepa{HoHHbIX
rueToAoB.

2. Ecnu yMeHbIIrHTb trran{ cerxH h u ft (qacno y3JIoB cerKLI npn
arou 6yAer nospacraro), ro l\,rbl noJlyqnM cucreMy ypanHeuufi rana
(37.7), uo 6o.nrurux pa3MepoB. B o6rqeu cJlyqae uuc'to gpaaueuuil.
BCefAa coSnaoaem c qucr'toir qHgnrpeHHux asrxog ceTKH.

3. Cucreuy ypaerieHLrii (37.7) ruoxuo nepert{carb B Ntarptrquoit Sopue

l l
- 4 0

0 - 4
l -

C pocrou qrcra ypaBseHnii (Hanpuntep, ao 1000) ntarpnua roa{'

$u[ueuron craHoBl{rcs pa3pul{eHHoft, t. e. co4epxuT MHoro tty.neii.
Cucreust c pa3pex{ennbllr.{H Marpr.I[aMn peuatorcn crleqaa,'IbHblMll
MeroAaMh. O6uqso acnoJlb3ytorcn IlTepauHoHHbIe Mero.(bl, TaKI{e,
KaK MeroA ft<o6u, MeroA laycca-3efiAerq HJItl MeroA rlocneAoBa'
renrHoir oepxHefi per'raKcaqur.r

4. llpu peueHfir{ ga\aqr4 f{eftnraHa te npouseodHbte, t<oropbre BXoArr
B rpaHutlHoe ycJIoBHe, TaK)Ke cneAyeT 3aMeH[Tb HX pa3HOCTHbIMH
an II poKcl{MalII{ fl Mll.

1lu*1 l--sin (n/3)l l--0,861
t  l l  , , ,  l_ |  -sinrz"r3) l :  |  -o,so I

l l l ; : l L  3 l t : J
[ -4
l l

l ,
L 0

Jlerqhr 37. 9xcnenxure peurexnr (ennhnrrqecrre gaAaqr) 281

6. flo.uo6nnu o6pasorr,I Mo)KHo peuarb sa/Laqu

a)  u , * *uau: f  @,  g )

6) xur* * uo, * 2u : sin (x - A)

n )  s i n  x u * r * u r r | 3 u : 0

(HeoAHopoAHue ypanHeHut),
(neo4nopo4nbre ypaBHeHHff c
nepeMeHHbrMu roeQQuuneura uu),
(ypanHenun c reperreHHbrMx
xoaQQnqueurauu).

6. Ec;lH o6racru, n xoropoii peuaercfl ElaAaqa, t4neer HenpaeulrbHAn
Qoptttg, MoxHo noKpbrrb ee cerxofi r4 annpoKcaMHpoBarb peueHxc
s 6ruxafi i l lHx K rpaHHue roqKax uHrepno;lauueft rpaHnqubrr
yc.noaufi. flocne roro KaK 3ro cAeJraHo, saAaqa peuaercfl o6uquuu
o6pasou (cru. puc. 37,2).

n Ho6ue IA uaxodnncs uHnepno-u nnqueil fU na xpu\oi
PIAC. 37.2.

7. B Hexoropbtx xypHanax ny6nHKyrorcq reKcrbr nporpaMM Ars pe-
ueHlle ypanHeHuil c sacrHbrMu rrpou3BoAHbrMr.r Ha 3BM. Huxe
npHBeAeH xparxufi nepeqeHb grux xypuaJtoB:

a).ACM Transactions on Mathematical Sof tware,
6) Computer Journal,
s) N umerische Mathematik,
r )  B IT .

Kpoue lglo:- _HeAaBHo 6un paspa6oraH naxer npur(naAHbrx npo-
rpaMM ELLPACK, npeAuasHar{eHnHfi A.[q perxeHr.rr AocrarorrHo
lxrpoxoro KJracca KpaeBbrx gJrJrHnrur{ecKux gaAarl. 9ror naxer
no3BoJrrdr peuarb pasHoo6pasHbre AByx- r.r rpexMepHbre gaAaqu B
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pa3Ir.rrrHbtx cncTeMax KoopAl{HaT Ar'rff npor.{3BoJrbHbrx rpaHI{II' n
, o6rqsx rpaHr,rqHbrx ycnoenfi. flonleoeare,rn npeAcran,nsercs 6o,rr-

ruoft accopruN{euT pasrr-rqHblx Mero,(oB peureHan r),

SATAIIH

l. flonyunre annpoxcr.rMaur.ro (39.4) ann nropofi rpousBoAuofi f'(xl
f" (x) :Lf (x + \-\ (x) * f (x-h)lth,

2. flpogenafire Ase HrepaulrH A,rff saAaqr.r [Hpuxne (37.5), HcnoJrb3yrr
Hrepaur4ouulni ueroA .Ilu6lrasHa.

3. K rar<ofi a.rre6pauuecxoft cucreue cBeAercfl gaAar{a Aupsx.rre Ans
ypanHeuuii l lyaccoHa B KBaApare

r  ( V q n )  u * , * i l , u : f  @ , a ) ,  0 ( v (  l ,  0 / - a < - 1 ,
(fV) u (x, A): g (x, 0 Ha fpaur{ue, ecJrn ee peilarb Me-

' ToAoN{ KoHeqHbIx pasuocrefi?
14. Peu:sre saAarry 3, ecnu

;  ryqn u* ,*  uro{2u:0,
; (fV) u (x, A): g (x, U)

t: 
,;'t
i:

,l;il,,
l 'r
i l i

tf,r -
, : '.; :

r . t

' i .

I
$

I

.5. Kar< 6H eH peua,'ru saAar{y Heiiuasa BHyrp[ KBaApara

,  g U n l  u x , c + L t . a u : 0 ,  0 ( x ( 1 ,  0 ( y ( 1 ,

{ u:0 ua nepxHefi, Huxuefi H negoft cropone

(ry) {  ^, ,  
KBaapara'

l , * - ( 1 ,  a ) : 1 ,  0 ( y (  l ,

MeroAoM KoHeqHbIx pasuocrefi?
6. flocrpoft're 1ttorc-cxei4g arxeopumnts peueHlln

KBaApare
r y q n )  u , * * i l a u : f  ( x ,  g ) ,  0 ( x (  I ,
(fY) u (x, !l): g (x, A) Ha rpaHuue,

c npou3Bo,'IbHbIM tlrtcJtoM ygJIoB cerKu. Ecnu srt 3llaere xaxoii-
nu6yAl f l3blK nporpaMMupoBaHl{fl, To HaIIHIUI'Ire nporpaMMy AJIfl
BbIIIOJIHeHI'It STHX BbIqHC,'IeHUt.

) Ha pyccr<orra asuxe pa6oru no quc!'IeHHbIM MeroAaM peueHnff ypaeHeuufi c
qacrHbrMl.t npcn3BollHbtt\{}t ny6nuxytotca B MuoroqncileHHblx )KypHa,lax u c6op.'
nurax. Hanpnrrlep: <XypuaJI BbtrlHcJ'lHTe,'Il,ttoft uateualltKll u MareMaruqecxofr
tpusuxu>, uga-sb <Hayxa>, <l4nxeHepHo-$l tgnqecxui i  MypHaJI>'  I ' ls4-no

AH BCCP, C6opHnxu cepru <Bstunc,'Il.tre,tbHble MeroAbI I'r flporpaMMHpoBaHI'Ie)'
I,ls4-no MlV. flareraM npr.rK,'raAHblx sa.{aq nocBruteHo uuoro-ny6;ttlxarlufi, g

ocHoBHoM crarbx.  B raqecrne npsl tepa MoxHo yKa3arr :  lop6yHor- f loca'

Aos M.M.,  Kapnoe B. f  . ,  Koparrzp a AP' f laxer CAOPA. f lporparurrHoe,o6ec'
neqeufie BHsHc,'IHTe,'IbHoro gKcnepl.lMesra.-B xn': flarerrt [pI.iKJIaAHblx npo'

rpauu. Btlutlc.nure,rrriufi axcflepfiMeHr. - M.: Hayxa, 1983. - II pun' nepes'

0 < x < 1 ,  0 ( - A 1 1 ,
Ha rpaHr.{ue.
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fler4nn 38

gBHbIE PA3HOCTHbIE CXEMbI

I{EJIb JIEKI{14t4: Beecril nolrr{rHe ssriofi pasHoclHofi
cxeNIbI r{ noKa3aTb, KaI{ c ee noMott\bro MoxHo pe[IaTb runep-
6oruqecNHe u tapa6onuqecKne saAaqlr. OcHosuaq HAerr coc-
TOI{T B TOM, IITO tr0c,le 3aMeHbr ypaBHeHHfl Tr{na

u 1 : I l t '

ero KoHeqHo-pa: . ]nocrnol" {  annpoxcrruaul re i i  no,rvuaxrrcx 0op-
I\lyr' lbl, f lBHo Bbtpa)Kaloulue 3HarleHllt l petuetl l l f l  A"'1fl ooHoeo
.Moi4eHma BpeileHu qepe3 3HaqeHr.rfl peuertufl z npe1ofigquft
i loneHm BpeiteHu. Taxrru o6pasou, cNreuar{Hyro 3aAarry Aflf l
napa6onuuecxoro u,'r ir rHnep6o,ruuecKofo ypaBHeHHn MolxHo
peuaTb, [ocJle,u,oBaTed'IbHo BblriHcJlff peueHHfl AJIfl Bcex noc,'te-
Ayroqlrx M0MeHTOB BpeMeHH.

feqan cxeMa ne cno6otrna or rreAocrarKoB. Ecnu seo6xo-
At{MO yBeJr}IqHTb TOTIHOCTb AIlnpOI(CHMaUUfi npOIr3BOAHbIX, TO
rtp?r r43MeueHuri cerxfi pacrer He roJIbKo o6t,en Brruuc,'IeHuil,
go u ouH6KlI oKDvf"rerlr.rR.

flpe4rr4yqarr JreKuurr 6n,ra nocsrqeHa peueHrlro KpaeBbrx sJrJrnn-
ruqecKux (cra[uosapsux eaAaq). B raKHX saAaqax ueo6xoAuuo
safiru pe[reHl4e ypaBHeHHr] c qacrubnvru rrpot{3BollHbrMu e AaHHofi
o6nacru npocrpal"rcrBa, ecJIH Ha fpaHlule o6,racru perueHue I{, 'r}I eroo6nacru npocrpar"rcrBa, ecJru Ha fpaHu[e TIr perueHlre I{,'t}I elo
ilpoll3BoArlaff 3aAaHbr. I-Ipu6nuxer{Hoe peueHne 3r,'rrlrrrrlqecKnX 3aAaq
cBoAHTcr K peureHrlro crrcreMbt a,rte6paluecKux ypaBueuHit 4nR aua-
.IeHLIft $yHxuuu Bo BHyTpeHHHX y3r'rax cerKr.r. ApyrurraH c"'roBaMH,
3HaqeHufl peueHnr Bo Bcex BHyTpeHHHX y3Jlax onpeAerqrcTctt oAHo-
Bpe.tweH$o.

B arofi JreKr{HH [.rH gafil4eMc]a pa3Hocrr{brMr.r MeroAaMr.r perxeuur
3aAatr, gasucnulwc om 6pe./weHu. OcHosuaq HAerr cocrouT B ToM, qro
ec,rlu ll3BecrHo peueHue B HaqaJlbHbtfi uoueHr BpeMeHr.r, To MoxHo
no cxei le  6eeguqeeo cqema uaf i ru peueHtre npu l :  L t ,2Lt ,3Al , . . .  .
3aNreHsq sacrnbre npou3BoAHbre no BpeMeH[ 14 no fipocrpaucrseuHoir
nepeueuHoft KoHeqHo-paguocrubrMr.r npoH3BoAHbIMlr, MoxHo noryqr.{Tb
RBHbre Bbrpaxeul.ts AJrs uu qepe3 sHaqeHnn $ynxuun t,l B npeAbl-
AyIIlue MoMeHTbI BpeMeHH. Taroft npo[ecc Ha3btBaercfl crHofi cxe-
uofi deryurero cqera.

9ro6u floragarb gror MeroA s Aeftcreurl, paccMorpl{M THulrIHyK,
3aAarry rerr Jrorr poBoAHocTH.

l0 .rio 60t

3aAaqu .[I,upnxne e
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fsuas cxeMa AJrs ypaBHenne renronpoBoAHocrrl

Pacciraorpnu saAaqy renrotlpoBoAHocrn B crepxHe, Har{a,rb}]arl
TeMneparypa Koroporo paBHa Hy,'rlo. f lycrl reMreparypa JreBoro
KoH(a Suxcupoeaua, a Ha npaaor,t KoHrIe npolrcxoAl.tr rennoo6ven c
oKpyxarcuefl cpeAofi, rax qTo ren.rosori noroK nponopuuoHa.leH

u l l  u t?  Urc  ug

PI4C. 38.1, Cerra ,qra ypaBlreHur renr'ronpoBoAHocrn.

r : . i \

d
i r:.

LS'
i,l '

l;i',,
d'i''1
',

,|:
{:
#t
4
if.
!,'lI

:
f:,

pa3Hocrlr reMneparyp .Kolltta crep]KHfl_I{ cpe,&u. fiycrr reMneparypa
cpeAbl orpe!,eJlfierca $yuNIlueti gtl). Apyrunrr.r c,ro6aM1r, Mbr peuaeM
3aAar{y

g|Yqry l )1:Ltsyt 0 ( ,r  (  l ,  0 4 l4 oo,
(  u  ( 0 ,  t ) :  l ,

( 3 8 . 1 )  ( r v 1  i , , ' r ;  r \ _  r , , t t  / \  n t t \ 1  0 ( l ( o o ,
\  - * r l ,  l ) : - [ r . r ( 1 ,  / ) - g  r . ; 1 ,

(HY)  a  (x ,  0 ) : f l ,  0  ( .v (  l .

'[,la peureuurr gror? gaqasfi MeroAoM KoHeqnrJx pasHocrefi nocrpouM
npflMoyroJrbHyro cerKy, j3Jlr{ xoropoft onpeAer'rflrorcr $oplaynauu
(cu .  p rc .  38 .1)

x i : j h ,  j : 0 ,  1 , 2 ,  . . . ,  f t ,

l J i : i k ,  i : 0 ,  1 , 2 ,  " ' r f f i '
Orueruu, uro gHar{eHr.rl uil Ha neeofi u sllxHefi cropoHax cerKra
Ha prrc.38.l ugnecrHbr Hg fpaHurrHbrx H HaqaflbHbrx ycnoanfi r.r J{arua
saAaqa cocToHT B oTL,rCKaHr.IH ocTa!'rbHbrx suaqeuHfi u1i, nna peue-
nus sroft saAaqu saMeHHM lracrHt,re npor.r3BoAHbre n ypaiHeHHH renJro-
npoBoAHocTH Itx KOHeqHO-pa3HOCTHbrMn arlnpOKCUMaur{sM}r

l -  t .u t :  i fu (x, I  * h) - u (x, t)1: -n lu i  * r,  i  -  u i , i l ,
t t

a** : . f r fu  \x+h,  t ) -2u (x , l ) lu  (x-h,  t ) l :  p l r t . i * r -2 t , i *  u t , t_r f .

I lexqrn 38.  iarsre pa3HocrH6re cxeMbr 291

l l t r re rasHra 3rH BbrpaxeHrrs B ypaBHeHUe i l1 :u* ,  H pa3per.xHM nory-
'urBureecfl ypaBHeHHe orHocuTe.[bHo 3HaqeHnii $yuxuuu Ha BepxHeM
llpeMeHHoM cnoe. B p$y,rbrare [oJryqaeM

u  1 + r , j :  t t 1 , 1 *  
$ [ , r r , r n r - 2 u , , i i � u  i , i - r f  .

.Jro u ecrb ltcKoMan $opmyla, nocKoJtl,Ky oHa Bbrpaxaer perxenue
rr rassrri i MoMeHr BpeMeHr.r qepes peuleHue B rrpeAblAyrrlufi uouesr
BpeMeHu (unAeNc i  ornocurcs K BpeMeHHor i  nepeueHnof t ) .  Ha puc.
38.l sHAeneHH re 3HaqeHufl, Koropbre BXoAlr B Aaulryro $oprvly,ry.

Tenepr Mo)KHo rrpucrynurb K Bbtr{HcJreHHflM. OAsaro cHaqaJra
r{yx{Ho annpoKctrMr{poBaTr, npoH3BoAHyro B rpaH[qHoM yc,'roBr.rrl Ha
rrpaBoM KoHue

u"  (1 ,  t )  :  -  l u (1 ,  l ) -g  ( l ) 1 .

B peey,umare anflpoKcuMarrua fioryr{aeM
I

(38.31 i tu , , , -u , .o_r ] :  - f .u t , , -  g t7,

rAe 3HaqeHnfl gr: g(ik1 r.r3BecrHbl. 3Aecs Mbr 3aNreHr.rJrH u*(1 , t l
neoort pasnocmnort npouseadnod, nocxoJrbKy npaBar pasHocrHar npo-
I{3BoAHar no'rpe6onala 6H sHaqeHnfi Synruut ga npeAeJraMr.r cerKrl.

l4s (38.3) HaxoAnM
u ; .  n - 1 - h g i

ui,r :___TTh .

(38.2) u (38.4) lo3BoJrfltor Haqarb Bbrq[c,'reHnrr.

AnropHru Bbrqnc/'reHafi no nBHorl cxeNre

IIIA| l. Haxo4unn perxeHxe Ha ceroqHoM cnoe /:,\1, ucnonuSyn
qBnyo $opmy.ny (cn. pllc. 38.2)

.  k .u z . j : u r , i * f r l u r , f r - 2 u r , i * u r , t - r . ] ,  i  : 2 ,  3 ,  . . . ,  f t - 1 .

IIIA| 2. BenarnHy Az,n rraxoAuM ro Sopuyne (38.4)
az. o- tt h$z

a ,z : - f $4 - '

Ooeepurn uraru I a 2, nonyuaeM perxenne AJrfl t:Lt..[,nn no.ny-
qeHHfl perxeHr.rs npn t:2Lt (nropan crpoKa cHnsy ua puc. 38.2)
rroBropfleM ruaft,l I u 2, rroAHlBrut{cb Ha oAHy crpoKy BBepx, r. e.
yBeJrr.rqaB d ua I H HcnoJrb3yfl ut,J c npeAbrAyrrlefr crporu. Asa.no-
|r.rqHo Bbrqr,rcJlfleTcfl peueHr4e B flocfleAyroque MoMeHTbr BpeMeHfi
t  : 3L t ,  4L t .  ,  .  .

t 0 r

(38 .4)

<Dopmy.nu
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Jlln toro qro6st noMoqb qurareJllo B [poBeAeHuH pacqeroB no
groMy MeroAy' Ha pllc. 38.3 npune.qeHa AocTarorluo nogpo6Has 6lox'

cxeui amopltrua. Te, xro He oqeHb xopoll,o sHaKoM c 6;tox-cxeuauu,

I

unn

uzn

h =  l / (n ' l )
k =  T / ( m ' 1 )

I
R
l+n+

t . I

u4t

tln

azt

t!

LF,
i l

li;.
t.,

2.

:

T

l .

U$ ut7 Urc uh u$ u ln

PHC. 38.2, I4;lnroctpaqur xauofi pasHocrHofi cxeMbl: n-quc,{o y3,'IoB cerKx Bno'tb
*n xi m-qucJlo y3JIoB cetxn nAbnr ocu g; h: l l@-l) '  k:Tl(m-l) '

MOryT CtIHTaTb LIX n pOMelKyTolIHbIM SBeHOM NIe)KAy ByqI{C"'II{TeJIbHbIIUH

aJIropHTMaMH u noApo6nrirt,{n npofpaMMaMu AItfl 3BM' E"tox-cxeMbl

1arcT crpotoe onllcaHne rlpo[ecca eHtIIlcreHl'tfi.

SAINEqAHHfl

V gnsofi cxel,rbl ec'tb cepbe3uuft seAocraror. Ec,ru uar lto Bpe-
MeHH OKa3bIBaeTCf AocraToqHo 6onsurvu no cpaBHeIrHIO C lUarOM nO

,f, uolpelllHocrll oKpyrr'IeHHR Motyr crarb Hacro.nbxo 6onbutlltr'tu,
q'ro floryqeHuoe peuenlle floreprer cMbIcJI. OrHolleHue urarog no /

fl J( sallclt^t or ypaBHesfifl LI rpaul'Ir{Hltx ycnonuft, Ho s o6qeM cJIy-
qae uar no BpeMeHI{ AoJIxeH 6urr unoro MeHb[Ie uara no.KoopAI{-
uare. B xsure [4] aoxaeano, qro A,'If l  npHMeHHMocrIz seuofi cxeMbl

AoJrxHo BblnoJlHlrbcfl ycJIoBHe klhz <0,5.
Cnpaoe4nuno cfleAyloillee 3MnI4pur{ecKoe npaBH,IIo: ec,'IH yMeHb-

u:ari uarg Lt u Lx,'To nof pe[IHocrb anlpoKcHMaql{H qacrHblx

npor.{sBoAnblx KoHetIHbIMIz pa3uocrlMll roxe 6yaer yMeubuarbct,
O,qHaKO r{eM I\'teJIbrIe Cerfa, teirl 6OnlUre eltquCneHuil geo6XOAtllrlo

coBeplxuTb I{, c,.'IeAoBareJIbHo, rerr,t 6ollure 6yayr norpeuHocr}I
oKpyr,leHr.if l . 3to Re,teHue ll ' tJl iocrplJpyerct Ha puc. 38.5.

,II,nn runep6onHqecroft 3aAaqn3.
(yqn)

(rv)
11,11:  Ua6t

I  u ( 0 , 1 ) : 9 ,  ( l ) ,

t  a (1,  l )  -  gr  ( l ) ,

0 ( . r ( 1 ,  0 ( l ( o o '

0  (  l ( . o o ,
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( u (x. 0l: tn (x),
( H V )  {  

' .  
; .  0 ( x ( 1 ,'  l u t ( . r , u ) : v ( x ) ,

raKxe MolKHo nocrpourb RBHyro pa3llocrHyto cxeMy. .II,,ns s'rono
arrnpoKcr{MHpyeM rrr rt ttxx u.eHTpa,lbllblMH pa3rlocTrlbll\{[t npoH3-

Bxod: N - tlucnl gsno6 cenxu 0dotto ocu a
. M - qucno guo6 cenxu 6dona-ocu g

T - uarcuUanbnoe 3Haqeuue t
A ( i )  = g ( t i )  i =  1 , 2 , . . . ,  M

Ewqucnenue waao6 cenxu: H = l/(M - l)
K  = T / ( N -  1 )

Ebtqucnenue onHoaequ, : R =K/ Hz

3anlnHeHue HU u(r,0 =0 nepqori cnpoKu
uaccu1a M, N. Cu. puc. 38.4

3anonaenue f9 u (0,t) = 1 nep1oeo cnon6-
qa xaccu1a U.

tlpuc\au\aeu cqenLtuKA cnpr snauetue l=1

BuqucltfeM i U ( I + 1,! ) = U ( I J ) + R. I U ( t, J + l) - zu \ I,J ) t u \ t, J' | ) J
d a n 1 = 2 ' 3 " " ' N - 1

Buuucnne{ : u ( I i  1, N) = l l l  ( I + l, N - 1) + HG (I + l)l / (H + 1)

v 4 ; 1

ild

Tinepo tJ Hcte ecmb npudnuxeuuoe peweHue sadaqu
6 ushai cemxu, nonoso6anenM oimanocd peaunb
6karou 6ude 1ordamt amo PeaeHue

PI4C. 38.3. Arroputu perrleHrlfi saAaqx no grsoft cxeme.

u tt : hlu @, t * k)-2u({, t) + u (x, t -k\f,

ux* E filu {, + n, \ -2u (x, t) * u (x - ht, tlf,

BOAHHMII
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a HaqaJlbHoe yc"' loBtle-ro cxeMe

' l

ut(x, 0) = |lu \x, kj-u (x, 0)l : i lu (x, &)-rp (x)1.

B pesy.nrrare Ar'tf l  Brl iqncJleil l l t l  EerIIquHbl u(x, I f &) no;lyuaeu

cneAylouylo fl BHylo cxeMy:

(3S .5 )  u (x ,  t * f t )=  2u (x ,17 - * t t ( x ,  t - k ) l
- l ( k l h \ ' I u (x - l h ,  t ) -2u  ( x '  / ) *  t t ( x -h ,  t )1 .

I s (3S.5) BuAHo, qro AJII BblqHcJTeHl{R peueHufl Ha AaHHoM Bpe'

MeHHoM cnoe Heo6xoAnl\'to sHarb peltreHne Ha AByx npeAblAylIlux
c,'togx. 3gaqltr, ,[ns Har{aj-ja cr{eTa neo6-to,tultrlo BOCI]OJIb3oBaTbCfl

J
Q  =  1 , 2 ,  . . . ,  N )

3

u  (  1 ,1 ) 'u  ( 1 , 2 ) u ( ,3 ) u  ( 1 ,  N )

a  ( 2 , 1 ) a  Q , 2 ) u  ( 2 , 3 ) u (2, i l )

u  G , 1 ) aG,2) u  (3 ;3 ) u (3, N)

( ) I l
'u ( /y l ,1) u(M,2) U (1,1,3) uurt,N)

N

fpanuvuwe
gc,,to6wa

6 ( t )

G  ( 2 )

6  (3 )

I

0(M)

\

e{

t l

M

t
PI4C. 38.4. I4cno, 'rBsoBaittrei lraccuBoB npu pea.rllr3autn gsuofi cxeMbl.

Haqa.4bHbrr ' I  yc, ' IoBIIeM I Ia CKopocTb

I

6lu |x, k) - q (x)l : rP (x)'

t.r3 Koroporo roryrraeM u (x, k): p (x) * fts (x)' r. e. 3HaqeEHe
perxeHrrr npu / -* Al. Peure,Hne B nocJlelynu1he MoMeHTbI BpeMeHI'I
Moxuo HaxoAurb no srnofi Qoprrayne (38'5).

f ierq ln 38.  9enure pa3HocrHbre cxeMbt 2?5

SA,AAqH

l. f locrpoirre qBHyo KoHeqHo-pa3Hocrnyro cxeMy Ailn sa\asv

( Y t I t I )  u 1 : t t s . s t  0 ( x ( 1 ,  0 4 l 4 o o ,
(  u  ( 0 ,  l ) : 0 .

( f Y )  i  
'  i z l t ( x ,

t  a ( 1 ,  / ) : 0 '

.  (HY)  u (x ,0 ) :  s in  (nx) ,  0  =< x  (  l .

f lonaraq h :Lx :0 ,1 ,  sa f tA l r re  peueHrre  npn l r :0 ,SQ5,  l ,  -
:0,010, la:0,015. f locrpor?re rpaQnx ror ' lyqeuHoro perreHnrr Ha
c € r K e  . t : 0 ;  0 , 1 ;  0 , 2 :  0 , 3 :  . . . ;  0 , 9 1  |  n p r r  1 : 0 , 0 1 5 .

PLIC. 38.5. 3asflcurvocro nonnoft ouu6xu or [rara cerKu.

9

3.

Perrryrre_ 3aAarry I auannruqecru (ueroAoM pagAedireHnfl nepeMen-
H"lx). Hafi4are 3HaqeHr{e perueHr.rfl B ysJrax ierxu x:0; 0;i; 0,2;
0,3; . . . ;  0, ,9;  I  npu l :0,015. CpanHure 3rH p$yJrbrarbr c pe-
3yJrbraraMr.r qucJreHHoro perxeHr.rfl saAaqu l. (4,'rs ra6y;rurpooaHtn
aHafluTHqecKoro perxeHHfl MO){{HO BOCnOJIb3OBaTbCs KaJrbKyJtflTOpOM
utu Hanucarb MaJreHbKyo nporpaMMy AJrfl ABA{.)
B coorsercrBr.tn c sal,re,{aHuel,{ 3 nocrpofire 6.nox-cxeuy peueHl{ff
rnnep6o.trluecroii saAa qr{.

4. Peurare sa1aqy I c HosHr4 npannqHbtNr ycJroBHeM npu .r: I

u * ( 1 ,  t ) : - l u ( I ,  l ) - l l .

0wudxd



2" ?6 gocrr 5, grcnensste n npr511xe119te

fleru-1nn 39

r,t .

l.i.
I
i r

HE'BHbIE PA3HOCTHbIE CXEMbI

(cxEMA KPAHKA- Hl4KOnbcoHA)

U E J I b n E K I { h l 4 : f l o K a 3 a t l , l { a K r ' I o ) t { H o p e u a T b s a A a q l { '
coneDxaulte rbvrtxuuu' 3aBtlctlull le oT Bpel\teHII' c rtoMoitl 'blo

uesniofi pasHocrHoft cxeMbl. B aroft cxeMe, KaK I{ pallbl 'e' qacr-

HbIenpou3BoAHbIe3aMeHf l IoTcf lKol {eqHo.pa3HocTl lbI r ' t I , Ianr ]poKcH-
IUaIIfitl\'tU' Ho lli+i, i Y)Ke He BbIpa)KaOTCtl B gBI{Olvl BUAe qepe3

sHaqeHIItt Ha rpeAblAyulux c,'Ioflx' 
'l'enepl 

4nn orlpe4er'Ii1afl

BeJIHrrr{H lti.rr, i 
-seoSxOAlztrlO 

peul'ITb CuCfle'MA ApaBHeHuu' llpy'

rlIIltH c.[OBaMI4' AJIfl onpeAeJleH]{tl peueHl'ig Ha KaxAoM BpeMeH-

HoM ruafe Heo6xoAHMo peuarb crlcreMy ypaBHeHHH'

ilpeuirlyuecrBo HetlBHbIx cxeM nepeA flBHItMH B ToM' gro

B HerrBHbIX CXeMax uar cerKu MoxHo cle'�[arb AOCTaToqHo

6ofln1ltM, He onacaffCb, qTO Orun6rn oKpyUIeHI4fl , 'pa3pyuaT"

DEIUCHHC,'  
Lns peueHUtl -napa6o,rnuecxoii 

ga,'Iaqll i l lbl Bocno'lb3yeMcr

lxf.rpoKo llssecrHofi cxeuoi Kpanxa* HuKo'lbcota'

Kax vxe roBoptt, ' locb B npeAbl,Iyueii 'nexqltu, A'lt l  HaAelxHori pa6oru

;;;d';;.;;;-i.oo*oani*o, qro6lr npeueuuoft uaf cerKll 6n"r ua;r'

BqacrnocrH'ecJlunpocTaflsaAaqaAJ'I f lypaBHeHI,I f lTen' Io[poBoAHocTtI

r y q n )  i l 1 : t r s e  0 ( x ( l '  0 ( l ( o o '

(  u (0 ,  1 ) : r ,111 ,  o ( r (m,(S9.1)  ( fY)  ' i  
, t r ,  t ; :g , ( / ) ,  

u  (  I  < -  oor

( H Y )  u ( x , 0 ) : l ( x ) ,  0 ( x { 1

ileuaercl no neuofi
BOpffTb yCJIOBHIO

cxeile, To uarH cerxn Al g A'r Ao"'lxttbl yAoBJIer-

& *o,u'
B nporunuoM cryrlae MeroA 6yAe'r uucneHuo HeycroA""" !Y :::,1t::,1,
o*fy*.tr" 6yayr pacrl'l HeorpaHHq-ellH-o)' .- (Bonpocst tll4cfleHHou

y.idliu"uo.t"do.it*a'utrcn B pa'6ote [53]') Apyr"*"-:13.1?.Yn' ecrlH

uar cerK?r no ocu r^""6lutqAry:g'ir.,# urai no BpeMeHH Al ne

Mo)Ker 6urt 6o.nlu.,""i# O,Sn];=^O,OOS' 3ro gHaqut' qro or l:0

Ao t: I t,,loxuo Aoftru, coBepuHB ZUU uaroB'

Cyuecrryror, oAHaKO' raxue cxeMbl (nennHue t"-"I:?'-Koropble

nog'oJrg,or Becr' BbrqncJreH,s c ropa3Ao 6onrurnu [raroM' np' aroM'

Ierqrn 39. Hecaxsre paSflocrHbre cxeMbr 297

npaBAa, pacrer o6teu suqucreHafi, coBep[IaeMblx Ha oAHoM uare.
Ilo raxum cxeMaM MoxHo Becru BbrsHcJIeHHfl c .IlocraroqHo 6onlu:tllr,t
rraror{, Ho Ha KaxAoM uare npHXoAHTcfl peuaTb cucmeilll aaee6pau-
qecKux gpaaneauil. Ann H!'rJrrocrpauuu aroro MeroAa peuuM cJIe-
Ayrouyro 3aAarry ren,ryonpoBoAHocrH.

Hessnas cxeMa Aflc ypaBHeHnfl TenJIonpoBo,uHocrtt

Paccuorpul,r 3aAaqy

(3e.21

(vqn)

(rv)
(Hv)

l l l : l l a a t  0  ( , V  (  I '

a (0 ,  l ;  :9 ,
'  

l l . / t , /

t r ( 1 ,  / ) - 0 ,  
v - \ r \

r ( , r , 0 ) : l ,  0 ( . t (

BocnonrsyeMcn cJreAy rouu Mr.I KoHerIHo-p a 3HocrHbIMH a n np oKctIMa-
IIlfflMH AJIfl qaCTHbIX npOH3BOAHbtX It1 vI unxz

ur(x,  t ) :*1" (x,  t  *  k)-u (x,  t ) f ,
x _

i l **(x,  t \ :  ; i lu(x+h, t  + k)-2u (x,  t  *  k ' l+ u (x-h,  t  + k) l+
.  0 - t ) .  ,

J- t' ;iiiiiiiiiiiiiii� 
^' 

lu (x + h, t) -2u (x, l) * u \x -h, tlf,

rAe l, sbr6upaercfl ua orpesxd [0, l]. Otuerunr, qro urc,c annpoxclt-
lrupyer'ca ffiaeweHHbuu cpeduuu ueHTp,aJIbHbIx pa3HocrHblx IIpolt3BoA'
Hbrx B MoMeHr t u t*ft. l lpH I:0,5 noJlyqaercn o6uqsoe cpeAuee
arrrx AByx ueHrpa,'IbHblx [poLI3Bo.{,HbIx, a npu }, : 0,75 - oAHa Ir3
pa3nocrHbrx npou3noAHhrx 6epercr c BecoM 0,75, a BTopar-c Bee-oM
0,25. llpn l':0 no,'ryqaercr o6uqHas nqHafl cxeJva, o xcrropofi una
peqb B rrpeAbrAyueft ,rexItulr.- 

floc.ne salaenH qacrrblx rpot43BoAnblx ttt Lt,u* B sa.4aue (39.2)
Mbr no,'ryqaeM paoHocmHqn ea1aug (cu. puc. 39.1). .:

PagHocruoe ypaBHeHrre

1 . 1

7  
( u i n ,  i - u i ,  ) : i  ( r J j r r ,  / + r - 2 t t i + . r ,  i i u t * i ,  r - t ) *

+!L# (u 1, 1*r-2ut,  i*ut,  t-r) ,
(3e.3)

i l i ,  r : 0 ,
u l ,  o : 0 ,
i l 1 ,  1 = 1 ,

I
\

0  4 1 4  o o ,

@ t

L

(rv) i i : 1 , 2 ,  . , , t  m ,

i : 2 ,  . .  . ,  f t - | .(Hv)
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flepeseceu Bce Her.I3BecrHbIe 3Haqenvrr lt c Bepxneto BpeMennoro cJlotl
(c r.trAexcortr i*l) e fleByrc qacrb ypaBHeHHfl (39.31 u no,'IyqHM

(3e,+1
-? t ru rn r , , r+ r  *  ( l  { 2 r } v )  u1+u  i - ? r r l t t + i )  J - r :

: r ( l - 1 , )  L r r ,  t + r l l l - 2 r  ( l - l ) l  u t ,  r *  r ( l - 1 "1  u r ,  r - r ,

rAe BBeAeHo o6osHaqeHfie r:klh2. Oruerllu, t{ro ecJIH i QuxcupoaaH,
a i u3MeHsercfl or 2 lo n-1, cootHorueHun (39.4) onpe4ennror
crl irernry n-2 ypanHeHufi c n-2 HeIl3BecrHbIMH tt1..1,zr lt1+r,st

t

i l  n t = 0

l t 4 t aQ

[ i  " " '0

r  - - n

t l n = 0

unn=0

u4n=o

u s r = o

u t  - o

uf i= l

39.1. Cerxa a;rn

i ,  |  ;

PI4C. 39.2" llladaon an"Ji.'""no,t .*."". 
'

llt7=I ll$=1

Hegsuofi paeuocrHoii cxelttl.
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l l i * t ,  a ,  . , . ,  u i  r l ,  , r_r ,  xoTopble RB, ' l f l loTcf i  P€t t tggrat  Sa/ laqn Bo BI IyT-
peHnux y3Jlax cerKn Ha BpeMeHHoM c.noe l : ( t+ l )Al .

Pr.rc. 39.2 ,{aer }rar, 'rf laHoe npeAcraBJIeHIte o crpyKrype Ka}I{-
Aoro ypaBHelri ln crrcreMbr (39.4). I lepeli lev renepb K peueHLI,o
cncreMbr (39.4).

Anroprzru peueHnq saAaqH (39.2)

[IAf l. Bu6upaeu nexoropoe 3HaqeH]Ie f (0 < t < l). Ec.nu
l . :0, ro ypaBHeHun (39.4;, nepexoArr B RBHbIe $oprr,lynn u3 JreK'
uuu  38 .

I I IA|  2.  l lycrr ,  I ranpl r r4ep,  11:  Lx:  0,2 l t  p  :  L t :  0 ,08 (npu
aroM /,:kllf :2). B AauHo\,r cryqae cerr{a coAepxlrr 6 y3JroB BAoJib
ocu .r (4 euyntpeunux ysaa) (cu. puc. 39.11. Boslr'IeM BecoBofi napa-
rrrerp l:0,5 (no"t)'qarcuancfl nptt sToM cxeMa Ha3blBaercg cxeuoft
Kpauxa-Hlrxo.rrcoua). B coorsercrBun c Bbtqltcrl lTeJltttofi cxeuoft
(ee npuHnro Ha3btBar l  rua6.nouov) ,  ueo6paxeuHof i  Ha puc.39.2,
ABurarcb c,'reBa HalpaBo (i :2, 3, 4, 5) no nepBbIM .{ByM cronM
(i: l), noJryqaeNr c"{e4ytolque qerblpe ypaBHeHHfl:

- u r . r *SL t r r - � L t r " -  uu -u i *  u t s :  l ,
- u i a t  3 u r r - u r o :  i l t z - l ) u *  i l u : 1 ,
- lt zs * Su"n- l l  ru: l lrx- l)u * u rs : | ,
-  urn *  Suru-  u i ,  :  l l rn_�  l t ru*  i l ro  :  l .

flepenliueu ux B Marplrultoii $opue

(3e.51

- t 0
3 - l

- l  3 -
0 - l

Marpuua srofi cucreMbl Ha3blBaercfl rpexAliafoHaJlbHoft. D,nn
qro6u petuuTb rpexAuaroHa,'IbHylo cucreMy

0 - 1lb, c, 0

ol f uaal Itl
0 l  l u z ' l  l l l
t l l r u ,  l : l t l '
3J  Lu ;J  L  l i

[ 3
l - l
l 0
L O

a, b1 c6

0  a ; b , cs

-0  0  0  |  .  .  , ,  do -y

-4r'l

a u l
a , J
. l
. l
a

_do_

0
0

Cn-1'

bo

Xi

x i

Xs

.'
, n n -
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[peo6pa3yeM ee B 3KBI.IBaJIeHTHyI,o c]rcreMy BLIAa

Xi

)c;

1(s

-xn -Lo
c1+ i

:r]l c i O
0 l  c i
0 0 1

0  . . .  0  
-

0  . . . 0
c i  . . .  0

rAe ci: crlb1,

u d; : d1lb1,

a
Cn- l

I

. , i+ r : . -
b ; - , - Q ; C lb i + r - a i c | '

d , - t - a , d I, *  d  1a1-a  / l
d 1 + r : ,  * \

i  : 1 ,  2 ,  ,  .  . ,  f l - 2 ,

i : 1 , 2 ,  . , , ,  n - 1 ,
, * t
o j+1 -q i c l

. . B orou npeo6pasonanlrlr Her Hl4qero raHHcrBeHHoIo, t lQQKo,rIr,Ky
BTOpan cHcTeMa no,'Iuoclblo 3KBHBa"IeHTHa nepnofi, Marpuua Hoeoil
cI'ICTeN{bI ycTpoeHa raK, rtro 3Ta cucreMa ogeHb JIeTKO peilaercfl.
Peurag ypaBHeHl4fl rloc"IeAoBare"tbllo cHH3y BBepx, no,ryqaeM

x , :  d i , , ,  x i :  d i  -  c ix i * r ,  i  :  n -  1 ,  n -2 ,  "  '  ,  2 ,  l '

f lpuueHrn sror l\leroA K cHcrel\le qerblpex ypasHeHufr 199'l], Haxo'
4t i r t l  peureHuQ l tzz:0,00; azs:0,80; agr:0,80; t /25:0,60. Mu no,ry '
qtrilu npu6,ruxeuuue 3HaqeHutt peueHl'Ifl Bo BHyrpeHHxx roqKax
cerKu npu t* Lt. Tenept N{oxHo cAe,'tarb c,re4yroquii rxaf rlo Bpe'
MeHI4, Ho A,'tl sroro npuAercfl peuurb HoBylo cucreMy ypaeHeHnit.

B sesnuoii cxeN{e o6telt sltqltcneHllii Ha KaxAoNI lrare 6oJItj[Ie,
qeM B anHofi, Ho xopoluyto rorlHocrb Mox{Ho nod'Iyqurb Aaxe npu
ropa3Ao 6o.lueM urare.

SATAqH

L tr4s ara$$epenlrua,'Ibnoro ypaBHeHKff (39.3) no,'Iytlllre ypaBue-
Hue (39.4).

2. flocrpofire HenBHyIo KoHerlHo-pa3HocrHyio cxeMy AJIR 3aAa'IH

u 1 : u i l s t  0 ( . r < l ,  0 4 1 4 0 0 '

u (0 ,  t \ :  l ,
u * ( 1 ,  t )  l - a  ( l  ,  t ) :  g \ t l ,  

0  (  I  (  o o '

a ( . r , 0 ) - Q ,  0 { * ( 1 ,

(vqn)
((ry) i

(Hv)

Jlexqxn 40.  Cpaerer+re aHanHrh'{ecxnx peurenxi  c t {HcneHHblMx 301

3. Kax c nolrourbro
(vLInl

(fv)

(Hv)

HessHori cxeMl,l

L l t :  uxx + t t ,

{  ,  ( 0 ,  l )  : 0 ,

I  a  ( 1 ,  / ) : 0 ,
u  (x ,  0 ; :  1 ,

peuHTb saAa,IY

0 ( x ( 1 ,

0 4 / 4 m ,

0 ( x (  l ?

Kax eHrrsAlrt ua6;loH A,'IR ypaBHeHHfl {39.4), xoraa }'.: l?
flocrpofire 6rox-cxemy peIUeHHfl ypaBHeHlrfl renJlonpoBoAHocrtt
139.21. Ecnu ecru Bo3rvro)KHocrb, ro Hanl.,IulnTe npofpaMMy AJI'
3B,\1. Eu;lo 6lr oqeHn rroJre3Ho peuuTb 3Ty 3aAaqy qr.rcJreHuo

nplr pa3,'rxqHbrx gHaqeHHsx l, c HaqaJIbHbtM yc"'IoBtteNt u(x,01 .:
: sin (ax). CpaaHttre nor'IyqeHHble npH pa3rHr{tlslx }, qucJIeHHbIe
pe3y,'rbTarbr c aHaJrHTHr{ecKHN{ peueHHeM, KOTOpOe B AaHHOM
CIYtfae lINleeT BHA

u (x, t) : Q- x12t s in (nx).

BocnonreosaB[rucb $opuy,ramu, [prrBeAeHHbiMH B TeKcre, pe-
uure cucreuy a.nre6parqecKux ypanHeHufi (39.5).

flerqrn 40

CPABHE HUE AHAfl tAT nqECKl4X PEUJE H l,lti
c L{hcnEHHblMt4

UEJIb JIEKIlt4l4: Cpannurr Aocrol{HcrBa H HeAocrar$n
aHaJrHTHqecKHx u r{ucfieHHbrx MeroAoB pemeHr.rg ypanHeHufi
c qacrHbrMr., n por.r3BoAHbrrun. flpune4eHa Ba)KHaff MareMarl.IqecKafl
3aAaqa o6 nAesruQHKauHH Qnsluecxux BeJIItt{ItH (napauerpuue-
cKaR r{Aenrra$uxauun). B cBr3H c arofi saAaqefi paccMarpu-
Baercfl oAHH Ba)KHblft npuuep us 6uonorHl.t.

BeponrHo, npHrxJro BpeNrfl o6cyAum Aocror.rHcrBa H HeAocrarl{H
aHarr.rrnqecrLrx v qHcJreHHbrx peureHufi ypanHeHuft c qacrHbIMH npo-
l4sboAHr,rMr.r. Cnaqa,ra BbIrrcHuM, rrro MbI noApagyMeBaeM noA orHMH
AByMe rr.rnaMu peueuufi.

AuaRnrnqecKue peuenHs

fIoA aHaruruqecKxMrl peueHurMH Mbr noApa3yMeBaeM TaKHe peue-
Hlrr, B Koropbrx Heu3BecrHar $yur<uur a Bbrpax(eua qepeg H,6aoucu-
14brc nepen4erurue u napailenxpbt cltcreMbl B BraAe $opnayn, 6ecxoHerrublx
prAoB s HHTerpaJroB.

4 .
5.



t lncnennue peuennq

floA qucneHHblMu Mbl 6yAeru IIoHl{Marb peuenufl, rIoJIyqeHHbIe
qr.{creuHo nocne npw1auttceuuort sali4eHbl HcxoAHoro ypaBHeHI'Ifl Apy-
ruvr, 6Onee npocmbr.M ltpAsHeHueM. Hanpnrrtep, B KOHSqHO-pa3HOCrHOM
MeTOAe qacTHble [pol43BoAHbxe Bblpa]KaioTcfl [Iepe3 KoHeqHbIe pasHocTK

I, IpemeHHeypaBHeHI4fcqacTHbIMl{npoHstsoAHbIMI4aI InpoKcl . rMl- {pyeTcf l
pelleuuenn pasHocrHoro ypaBHeHufl. Fesynlrarou taxoft npoueAypbl

i6uquo flBJrsercfl ra6nuqxa gsaqeHufi pe,'reHils u ilpfi HeKoropblx

SHAI{EHHff X HC3ABI,IC}IMbIX NCPCMEHHbIX'

Ta6,'ruua 40.1

x

0 o , r  l o , ,  l o , r  l o , +  l o , s  l o , o  l o , z  l o , a  l o , n  I  r

0
0 , 0 1
0 ,02
0 ,03

I
0
0
0

1,, I b,*
0 , t 5  |  .

I I I I I I
o,34

I

012
0 , 1 5

I
0
0
0

Tenepr, KorAa Mb{ 3HaeM, qro noApa3yMeBaercn noA- p-e[IeHaeM

Kaxaoro H3 srnx rLInoB, Aasafire cpaBHHM HX MelKAy co6oft'
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CpanHurcJIbHbIfi aHaJII'IS tlucfienHono

H AEaJrfiTnqecKoro peueHHft

Paccuorpuu npocreilutylo cMeuaHuyto

(Yqn)  IL t :d ' \ I t x&,  0 ( r (

f  u  ( 0 ,  l ) : 0 ,
( 4 0 . 1 i  ( r Y )  {  { ) ? r <

t  u ( l  ,  t ) : 0 ,
(HY\  u (x ,  0 ) :  l ,  0  (x (

per[enple xoropoft uso6paxeHo na pnc. 40.1. ,. ,
tlro xe nyuurb, HMerb aua"'IltrgtlecKoe pe[IeHI'Ie eroil saAaqli

(40.2) u (x, t) : Z 
l r- 

<n*t" t sln hx)* {, 
- t"'oF r sin (3n,r) + . . . ]

rr$v tlucltehlroe, npeAcraBJIeHI{Oe npl4 c[: I s ra6.l. 40.1?

Bonpoc xopouruft, a orBer Ha Hefo SaBEcI'lr or roro,

xorgM AeJIarb c STHM peluenlleM AaJIbIIIe. O4naro Kax(AoMy
peueHuft npficyqt,t oqeBuAHble IIpeHMyIqecrBa.

oot

l ,

uapa6o.nHuecKyIo saAaqy

l ,  0 (  l (  o o ,

qTO MhI

H3 TI,INOB
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l lpeunyqecrBa atarvrt4tfecKoro perxeHV fl

l. Ouenu4Ho, perxeHr.re (40.2) 6o,ree uH$opuaruBHo, qeM ra6.nuua
qucet. Ec;tlr ruu xoruM BbrrrHcJrHTb peueHue s nn6oft xouxperuofi
rouxe (x, /), ir,Iu ruoxeM cAeJrarb sro KaK yroAHo rorrHo, npocro yBe-
JIHqHBas qHcJIo yr{HrbrBaeMbrx trJreHoB pr,qa. llpr-r eroM 6es rpyAa
noJllqaercs oueHKa cBepxy Ha BeJrHqr{Hy AonycKaeuoft ouru6xtt.

PtlC. 40.1. Peuresue ypaBHeHHr r€nJonpoBo.(Hocra (40.1) B pa3rriqnbre MoMeHTH
BpeMeHH,

2 . Auangr uqecxoe pe[reH ue BcerAa n o3Bo Jrter BbIrII.IcJIurb gHaII eHut
penttreHlrr B o)nort moqKe (x, l), ne npz6erar K BbrqucJrenurc sHaqeuufi
peutenufi B Apyrux roqKax, KaK aro 6rrsaer npx perxeutr gaAas
sBHbrMH HJIH HeflBHbrMH paSHOCTHbtMH CXeMat\{n.

3. Asanurlrqecxoe peixeHr.Ie ro3Bo,'Iter onpeAe,ruTb pelxeHue
s nlo6ofi ToqKe, a He ro,'IbKo B v3Jlax cerKn.

4. Han6onee Bax{HbrM Arqe uic npennyrq,ecrBoM auaJrurrrqecxoro
peueHHr ffBJrrercrr BosMoxHocrb npocJreAr.rrb B.nunHue eusuuecxux
napst4empo6, HaqanbHbtx u epqHwtuotx gc,coeuil Ha xapaxTep peueHus.

tIuc.rreHHue rlreroAbr He BblrBJrflror gTtrx gaKoHoMepHocreft,
nocKo,tlbKy oHI4 llo3Bodrlfllor HaxoAI'ITb peIrJeHIIe roJIbKo npld gaAaHHbIx
napaMerpax, Harla,'rbHblx H rpaHur{Hbrx ycJroBl.rrx. I4HorAa BaxHo oHarb
coorHoueHHfl Mex(Ay rrapaMerpar,{H MoAeJrr{ }r peueHr{eu, oco6eHHo
ecflH peqb uAer o6 oqeHKe Susuuecrcux napai4empos no oudg peueHun.
Hanpnuep, npeA[oJroxnM, sro peureHHe u onpeAere]ro gxcnepr{Merr-
TaJIbHO lr HaM I{3BeCTrrO aHaJrHTl,rqecKoe perxeHr.Ie

rr:QyHxUHs or napalrerpoB.

TorAa MoxHo nocraBuTb
tfrynxulu.t BxoAHbIx AaHHbrx

Bonpoc o6 onpedetteuuu
no cxeMe

nnpa.ilempog $.aR
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flapauerpu :$yHxr:,un ar u:rpynr<uan ucxoAlrbrx AaHHbrx.

Taxan saAarra HasbrBaercfl napaMerpllqecxofi ngentn6xxaqnefi.
,[I,nn napauerpnvecrofi ngeuru$uxaqun Heo6xo4rltrro yMerb pelilarb
ypaBHeHHe c qacrrrblMr4 npoH3BoAt{bIM}t. HecNo.rtlt<o no3xe n sroft
JreKqr{u Mbr npi{BeAe\{ npuN{ep napauerpuuecxoli ll4eHrH$urauur
n 6uo,roruN, Ho cnaqaJra rrocNrorprrl{, qeil{ xe xoporxli qficreHHble
peuelrrfl.

;
t lpeuMyulecrBa qI IcJIe l { l lb lx  petuel lHH

fJtasuoe npellMyurecrBo qHcJIeHH[,Ix pelxenllfi cocrour B To\{' rITo

ux Mo}KHo floJryrlrirb Aaxe B To\{ c,'Iyqae, KorAa aHaaHTl4gecKoe
perleHrre nonyqr.rrb HeBoBMolKHo. flpartuuecKl{ Bce nenaueilHue ypan'
HeHHfl C qacTHbIMH npOH3BoAHbItvtu neo6xoAttMo peuarb TII.ICJIeHHbIMI{

MeroAaMr.r, a donruuncrBo pea,lblto cylqecrByloqux uoAenefi $neurn,
x[rMr,r[, 6uororau H T. A. flBJIflIorcfl no cBoeit npupoAe HenuuefiHutrlt'1.
Kar npaauno, JIItHefIHbIe IuoAeJIg nuntl npu6JIHxeHHo ailnpoKcI'IMI{'
pyttlr HeJIHHefiHHe, ecJIH B ullx or6pocl'ITb IIeJIHHeftHHe'L'IeHH. B r<a'
qecrBe npnMepa npr.rBeAeM HeKoropble rie.nuueiiHue ypaBHeHHi

l) HenuHeiinoe Bo,'IHoBoe ypaBHeHIrQ .,utt: u*** f (u);
2) ypasHeHne peaKItI{H c HenuHefiuofi au$QysfiEir tr1:tt**

fBe npHMepa npr.rBeAeM HeKoTopble He.rII.IHeHHbIe ypaBHeHHsi
l) HenuHeiinoe Bo"IHoBoe ypaBHeHIrQ .,utt: u*** f (u);
2) ypanueHue peaKIlI{H c HenuHefiuofi au$Qys4e'ir tt1:u***f (u)l

(  ur :u . r . r * f  (u ,  u) ,
3) cucrerr,ra XoANxusa-Xar<c;ru{ -."

I  u t :  g@,  u ) '
Auanuru.recKne perueHr.rs AJrfr gTHx ypaBlleHuii ge IJ3BecrHbI HII

npu KaKr.rx sernueftHux Qyunur.rax t u Sr). floerouy o6rqlrfi noAxoA
K peIUeHHn uenuHeftunx (a a pt,(e cayqaeB H JllrHeirnux) saAaq
o6srqHo 6asupyercn Ha qucfleHHHX peueullflx,

Tenepl Mb[ paccN(orpl.IM npuMep' KaK c floNlolllblo aHaJIIITI'lqecKoro
peuenun uoxuo onpe46nnm $uenuecrue napaMerpbl. Eonee no4po6'
Hoe rrgJlox(eHlle gTilx saAaq I\,to)KHo sai\ru B peKoMelrAosaHuoil fltlre'
parype.

llapametpnqecxae l,lAeHru$rKaqus (n 6nonornu)

flpe4nonoxllM, qro 6uolor rlblTaercs onpeAeJll'{rb, c KaKoii cxo-
pocrblo LIoHEI nora[Ia (/(*) A]IQ$yll4npytor B pacrBope eKeonJla3Mbtr.
Ecflfi sHatr erot NoeQQHqIleHr At{QQy3I'lH, MoxHo MHoro cKa3arb o
TOM, KaK HepBHbte HIInyJIbcbt nepeAalorcfl BAoJIb aKcoHoB. llpO6nerrta
SAKJIIOqACTCfl B TOM' IITO 9TOT XOAQ$UUNCUT NPAKTHTICCKI.I HCBO3MO>KHO

uafiru npsMbIM uBMepeHHeM. Moxuo, oAHaKo, uaiira MareMarl'IqecKyKt

]f 9m ne rax. B KaqecrBe
- si! u.- II pun, ped.

npHMepa MOxHo npHBecTtr  ypaBHeHIIs t t lS:u"n-
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cBflsb r\{exAy KoHueHrparlueil norarrra u(x, t) u xoe@nqueurou 4uQ-
$yeuu D, a 3areM no uoilepeHuflJil. ee/tuttuuot u(x, t) onpedenumt
ne,ruuauy D.

'' Snonorn XoAxras r Kefic o6Hapyxnnu, qro nocJre noMerrleHr.rfl
FrraHTcKofo aKcoHa B cfiertuafibuHrl conesofi pacrnop g HaqanrHrrfr
MoMer{r KonI1eHrpallvfl pa1t4oaKr}rnuoro nora[ra (n'l() slonr aKcoua
npa6nuxeuno onHcbrBaercn xpuuoli

u (x, 01 - /g-x,/a.

Snauur, fiapaMerpbr A u a cJreAyer no4odparr, rar, qro6u Kpr{Bafl
cooTBeTcTBoBa,[a SKcrIepI{Me[ITa,lbHbIid AaI{ttbINI (HanpHMep, B cMbilcJle
MeroAa HanMeHbuir{x xsaAparos). 6u.no raKxe o6Hapyxeuo, .rro

& { Bdo/tb
dt$\Hd )

Pl4C, 40,2, Haqa,xbHas KosrieHrpatlns uoHon (a2r(): d-TeopertrqecKafi KpliBafr;
6- tKcnep uMeHTaJ"IbHbIe roqKu.

c reqeuueM BpeiueHlr rloHbi noraula noA Aeilcrsuev du$Qgauu u
rcoHseKL{uu pacreKarorcrr BAonb aKcoHa. Xo4xrun u Keftc npeAfloJro-
xuJrlr, rITo KoHrIeHTpatlLIfl r, tE,TfeTCs peueHueN{ cne4ynueft SaAarIH
c HaqaJrbHbrMr.r AaHHbrMrr AJrn ypanHer{Ilfi aurp$ysutr:

(40.3)
(Yqn )  i l t :D i l r * -Vu r ,  -m  (  f f (  oo ,

(HY) u $, Ay: /s-x2ia, - oo ( .r < oo.

9ra gaAa,Ia 6una peu:eHa ts ,'reKquH 15 nyrerr,l nepexoAa B ABr{-
xyuyrocr cacreMy KoopAr{r{ar. Ec"rn qHrare,'rb rroMHHr, ro o6u1ar
cxeMa MeroAa BbtffiqAur c,'reAyrcrquNr o6pason. CHa,Iana or6pacuoaeu
xouseKrugHuli qJIeH t.t no,'ryqaeM perueHHe q[cro 4aQSysr.ronnofi
BaAaTIII (npu I/: g;;

u(x,  t ) : -L

:  & e- Ixz i@+LDt) ' ] .
V  a *  4D t

B STOM perxeHHrr 3aMeHfler\.r x sa x-vt II nofiyrlaeM peueflr{g
(40.3)r

u (x, t) - # e.�Lw.�v t)'�/(a+ 4Dt'1.'  (  a { 4 D t

+ @

\  e-E'/ag-tx -E\ ' /  tDt dE -
t '

- @

a SaTeM
3aAarIu

(40.4)
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B onure XoAxxuua s Kefica npoBoAuJrocb npflMoe H3MepeHlre cxo-
pocrr4, a Qopuyna (40.4) ycraHaBJruBaJra cBrrsb MexAy xou[eHrpauuefi
I4orroB (n"K1 u xoeSSuuxeHron ,quS$yswt D (Berrltrr.rnbr A, a u V
6H.[r.l Hgeecrnu). 3xclepHMeHTarbuafl ycrarroBKa nosBoJln Jra H3Meprrb

PI,IC. 40.3, Kpunar u \x, l) coorBercrByer gKcnepHMeHra!'lbHblM roql{aM:. a-Kpu'
Bas, HaHr'ryrruuu o6pasou coorBercrgylouas 3xcnepHMeHTa,'IbHblM gauurrrrl; 6-
gxcnep r.rMeHTa,rlno s a tiAeir Has l{oHueHrp at{u s B ToqKe'

KoHrleHrparli l lo noralxa u(x, t) s o1uofi moq$e x0 aKcoHa' Ho B pas'
Jrr.rrrHr,re r{oMeHTbr BpeMeHH. Ocraearocl naftru xos$QuUlteHt D raxuv
o6pasou, '{ro6H meopemutrecKsn Kpuean (40.4) . HaI'IJIyquHM o6pasou
coorbercrroBa,'ra gKcneplrMeHrar."tbnblM AaHHbIM (puc. 40-3)'

flpyrrnru cJIoBaMu, ArH pa3flHrlltux roe@uuueHToB D uu no,ry'll-tu
pa3ruqHbre KpuBbre u (xo, t), H nosroMy BeJIuqI'IHy D HyxHo eH6paru
iax, qro6u peureuue ypaBHeHI4t coorBercrBoBa,'Io onblry. B cBoeu
gKcnepr4MeHre XoAxxuu n Keftc ycraHoBll,ru, _ lro - roeQQuuueut

,qH$$ysuu I{oHoB ((*; n oK3on,'Ia3Me paeeH D: l,SX l0-9 cu27c.

SANAqH

l. Karofi sKcnepr.IMeHT NtofJIIt 6H sH npeAJlolltllrb AJIfl oueHKIl
napaMerpa cr B 3aAaqe (40.1), ecJlu B- ̂ BaureM paenopsx(eHult
ecrb aHar'IHTLIqecKoe pelxeHue sum $0.2)?

2. B ueroAe HaITMeHL'rttI{x KBaAparoB MI.IHI4Mu3l'Ipyercfl cyMMa
xBaAparoB yxnoueuufi rcpueofi or lKcnepu-treHmanbHblx moqerc.
Hanpurraep, corJlacHo MeroAy Hal{l'teHblx]4x xBaAparoB' nptlMafl

U@):a*bx MHHHMI{3upyer (cu '  puc '  40.4)  QyHxunto
n

SS:,I  [at-@abx;) l" .

Bnrpasure KoHcraHrbl a u -b_vepe3 HallaJIbHbIe.qaHHbIe I'I3 ycJlo-

ellfl rrrlrH]{Myrvra syuxuxu ss,

Jlerqxq 40.  Cpaauenle aHanr{rxqecrux peu:euni  c qhcnekHbfM, 307

3. OaHoft H3 BaxHbrx 3aAaq e 6noxuMl.rH rrB,'rrercfl orrpeAeJlegl{e
MoJreKyd'rflpHofo Bec'a MaKpoMoJreKyn uuorno6llHa. B oAHoM Ll3
cnoco6oe KpoBb noMeularor B y,'r6rpaueHrpHQyry Ir Bpaqarcr
B rerreHl,te 3aAaHHoro npoMexyrKa BpeNtenr.{. KoHueurpaunn
xr.rAKocrr{ a qeHrpHQyre onHcbrBaercfl ypaBHeHHeM Jlaltma

( D r u r * s n z r z u ) ,  0 ( r ( 1 ,
l a

t t t :  r 6

rAe
r-paccTof lHHe oT
D-xoe$$uqreHr

uuorno6nua),
s - xoa$SuuueHr

ra.nrno),

IICHTPA IICHTPI,TQYT'I,
an$Qysuu (sanucur or Mo"'IeKy,'tspnol'o Beca

ceAHMeHTarrun (onpeae'qttercr ol(cnepHMeH-

PI,IC. 40.4, Annpoxcurvrarlnfi 3KcneprrMeHTaJ'lbHbrx AaHHbrx no Merony HailMenbunx
KBaApaToB.

ro-yrJroBafl cKopocrb BpalqeHr{fi ueHtpu$yrlr (nenecrua),
u (r, t)-t<onqeHrparrnfl BeulecrBa e ueurpnQyre.
Monerynapuufi Bec unorno6uua onpeAe/rnercfl c noMorqbK)
craurioHapHoro (ar:0) perueHun u(r, oo) ypaeHeHuq .IIaN{N{a.
.D,nn onpeAeJleHl{fl u(r, a7 noflyrlaercfl o6uxuoeeHnoe Alrct4e-
penrruanbHoe ypaBHeHr.re. Bonpoc crail{rcff cne4ynqum odpa-
goM: KaK no gKcnepuMenraJrbHo naft4eunorrry craqlioHapuoMy
cocrofl HHro orreHr,rrb MoJIeKyJrfl pnuft eec unor,ro6nua?

Qn, !n)

(e t ,  ut)
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fierr-1ran 4l

KnACCl4Ol4KAUhg yPAB HE Hnn
(nAPAEOnhqECKl4E U SnnVnrhqECKklE

yPABHEHVIflI

UE,TIb.IIEKI{HI4: A,'rs nuneftsoro aHQr}epeHuuarbHoro
ypaBHeHufl Bropofo [optAKa

A u r " *  B r r r +  C u u o *  D r *  +  E u o *  F u : G

safirn KoopAHHarHyIo ct{creMy (-E, tt), o xoropoii ypaBueHlle
npuBoAr.rrcfl x oAnofi LI3 AByx KaHoHHqecKIax Qopu
i lnl :  g (E, l ,  t l ,  t t1.,  ur1)

i lE6 { urq: P (8, ! ,  u, u2, t t \)

(napa6o.truuecrar KaHoHHqe-
cxar  Qopua),
(annun ruuecKafl KaHoHI'tqecKafl

$opua)
B 3ABHC},TMOCT}I OT 3HAqCHI-Ifi BE'I}IqHHbI

B' - 4AC : 0- napa6o,ruqecrtfi c"ryuafi ,
Bz - 4AC ( 0 -ennunrnqecxtlfi c,'lyuafi .

B nexuuu 23 Ntbt npoBeJIn pa:6reHue nnueiiHltx ypaBHeHHft rro'
poro nopflAKa c AByMff nepeMeHHbIMH BIIAa

(41 .1 )  Au* , *  B r * r+  Cur , - l  Du ,+  Euu*  Fu :G

Ha, rpu ocHonHbtx x,'tacca H HauJIH ABe KaHoHHqecKHe $opuu ypan'
Heuufi eunep6onuuecKoeo ruila.

B erofi' JIeKuI.tlI NtbI [oKa)xeM, KaK npI'IBoAI'rrb r xagoguqecxofi
rDopue napa6oauuecKue u o/trunmuqecKue ypaBneuvfl ,

Ilpnre4enne napa6oJtrqecKl{x ypaBHeHHfi

x KaHoHuqecKofi $opme

PaccuorpHru ypaBHeHHe BHAa (41.1) c B2-4AC:0 n BBeAeM
uoBbre KoopAIrHarbI ([, q) rax, qro6u npHBecrlj ypaBHeHI'Ie x BI'lAy

ilrrq: q (E, I, ,, ug, ur1).

flpr rpopnranruofi saMeHe nepeMeHnblx E: E (x, 0 fi q:0 (t, y) ypaB'

fiextlnn 41 . Knaco,rgx*aqre ypaanexri

[{eHI{e

(4 t .21
rAe

(41.1) npunoAurcr r{  raKoMy xe B}rAy

Auee 1- Frsq * e r r, + D u6 aE u, 1- F u :G,

T: AE-+ BE,E,,4 CE",,
B:2Ai*q*+ B (8,t, ,  + Frrt_") - i_'2CErIu,

e : A\',* B\*Tu*Cn?,,

4: oe,,* BE"r * cEuu+ D_E, -J, E€y,
E :  A 1 * , *  B \ , u * C \ a * D q ,  *  E \ u ,

F :  F ,  G :c .

(41 .3 )

Haura ueJlb-cAeJlarb raK, qro6u xoaQ$Huueuru A u E (unn

e w B1 o6parunlrcr B Hyrrb (lroxHo 6ucrpo y6e4uruca B roM, tlro
A,ryf pea,'Irr3auuil rrauefo n,'rafra Be!'lHqHHa B'�-4AC AOlXsa 6urr
paBHa nynro).  A,rrn on peAe"rreHHocrn 6y:en cr lnrarb, qro Z:0 u
B:0, H peuuNr rro,'ryqlBuHecr ypaBHeHHfl. Bo-nepeux, petut{M
ypaBHeHue ,4 :0 oruocr{rerbrro BedruqlHbr lErlEult

[E,/Erl : - B12A.

Mu yAoBJrerBopHr!,r groN'ry ypaBHeHl.{rc, ec"IIH au6epeu HoByto Koop-
AHHary € - € (x, g) xax o6u-tHfi HHrerpa.rl

E @ ,  ! t ) : c

4u$$epeuuHa,'rbHoto y paBHeHrrfl

#: -� lE'/€,1 : B12A'

l {anprauep, ecnu dgldx:Bl2A:3, ro ! / -gx:c,  H cneAoearef iuHo,
E(x, 0:g-3x. 3ra SyHxuurr yAoB,'rerBopfler ycrloBlrlo lE-lE.J: --"3

rr, 3Haqr{r, o6paulaer xoa$QuuueHr .4 n uynl." Vlrax, rto,rroBuHa Ae.]ra cAeJraua; N'rbr Hatrrrlu HoBylo Koop,qllHary

€-E(r,  y),  xoropan o6ecnequna paBeHcrBo A:0. Ocranocl Haft in

n@, 0 taK, eto6st o6parurr B Hi JIb xoaQ$uuueHr B.
3Aecr KaK pa3 nopa ocraHoBnTbcfl. OxagHgaercq, qro ecJII{

B2-4AC:0  u  I  nu6paua raK,  q ro  A :0 ,  ro  xoaS$nqueur  F  roxe
aBroMarnr{ecxu o6parurcs B uy.nr r), Cefiqac Mbr B oroM y6e.qunacn.

KoeQQnuueur E sa4aercfl BbrpaxeHueM

E:2Ag*q*+ B (E,,nu * Ern") *2CEu\u,

,) B """y p"BeHcrBa

E, - 4A€: (Bz - 4dC) (€rqv*€y!*)z.- fl pqa. pe.



5. t { rcnexsrre x

a  nocKo . r l bKy  B ' -  4AC :0 ,  " ro

B:z (v 'aE,+{e E) V'a n,*Y e no\ '
C yqeroM ro ro  q ro  ELE, - : -B t2A : -2VACi2A : -VCtA
nocJreAHee BbrpalKeHlre Ann B 3anuuerct B BIIAe

B:2{T I IA  q . * (e  4 ,1 .
A rax xax A paBlro Hy,rlo, ro lt B, KoHeqHo, ror{e paBHo-HyJI}o.

Tax xaN npr{ HaIxeM nu6ope I o6a xoacptbtlqueura A u B .o6pa-
Iqalorctt B Hy,'tb, B KaqecrBe I Mox(lro esnrl .nrc6yro-$yHxuuro (,ruurl
6u oua He 6ilna nponopquoHanbla KoopllrlHare E)' B npuuepe Moxno
nu6parr, \: !1.

Ocra,nocr naiiru KaHoHIIqecK-vto $opuy ypaBHeHI.Ir B HoBbIx Koop-
AuHarax. tlro6u cAeJlarb oro, trtbl Ao"txHbI npjclg ngaclanurlt tl 'n

n $opvy;ru (41.3) u saiiru nce xoe$$rlureHrbl A, B, C, D, E, F w G.
Ha grOr,r gaBeprxaeTcfl lrgyrleHge napa6OnuUeCXOrO CJIyqatl, HO IIpeXAe'
ueu nepefiru x 4pyrofi reMe, paccMorpl{Nl npocrofi npl'rMep.

[Ipeo6pasoBa[IHe napa6olnttecKoro ypaBHeHHq

u*" * Zu,u * ilyy :0 x xaHoHlrqecKofi Sopme

PaccuorpHlu ypaBHeHIre
u * , { 2 u * o * u r r : 0 .

Ero roe$$HI{IIeHTbI npItHLIN'taIor cJleAyloulue sHarlenllfl: A : 1, B :2,
C : 1 ,  D : f  : F - G : 0 .  C n e A o e a r e r b * o ,  8 2 - 4 A C : 0  n p u  B c e x
3lraqeHr{sx x v !/. Llro6st uaiiru HoBbIe xoopAuHarbl E u tt H xaHo-
Hr.rqecKyrro Sopr'ay ypaBHeHttff, MbI IIocrynnM cd'Ie,u,ytoull'IM o6pasolt'

IIIIAf l. 3anuureu xapaKmepucmuqecKoe ApaoHeHue (rerepb roJIbKo
oAHo, a He asa)

* : - l E " t E , l : B l 2 A : t '
Pemaq aro ypaBHeHIIe oruocltre,IlbHo ,/, nortlyqaeM

! / : x * c '
orKyAa onpeAeJltercs xapaKTepucrllKa E:A-x. I4cno,'tlsosaHue

eroft xapaxreplrcruKlr o6ecnequsaer BbIno,'lHeHHe paBeHcrBa A:0'
Koopauriary 11 uoxHo nu6parl npol'l3Bor'IbHo (,'Iulrrb 6u oHa 6una
HesasucxMa or €). Mu nu6epeM ee cr'IeAyIoIuHM o6paaou:

HosHe KoopAlIHarbI

(41 .4 )

q :  A ,

E : U - x ,
! : A

J lexqxn  41 .  Knaco . rQaxaqne  ypaaxen r i  3 l I

Hso6paxeHor Ha puc. 41.1.

PI4C.  41 .1 .  Hoeas cucreMa KoopAuHar  ( :g -x ,  11 :g ,

IIIA| 2. Ocra.noct uakru KanoHr.rqecKyro Sopiury ypaBHeHrrn.
floAcrae,'rqs E w q e Sopvy,rrbi AJrfl xoa$$uuuerrron 7, B,e,D,
E , F u G , n o n y u a e m

A-:0 (rar H .qo,'rlKuo 6urt; ulr HaxoAr.{rru I us ycnonnn
paBencrBa HyJmo ororo xoaQ$uuueura),

B: O (nnsr yxe paHbme noKa3a,rrn, qro aror xoa$$a{ueur
TaK>Ke o6paur,aerca B Hy/tE),

e : ,4ni,* Brt,Iy + Cni: l,
(41.5) D : AE*** BE,r* Crtuu+ DE, * EE, :0,

E : Aq,, * B\,y* C\uu* Drl, * En, :0,
F :  F : 0 ,
d :  c :  o .

Cne4onarenbno, HoBoe ypaBHeHr.le

A utc + E u 6n I e u r, +D u, +E u, + F u :E

npeBpau{aercfl B u  - ( \* n n  -  " '
9lnrr.r 3aBeprxaercfl Hau fipuMep, Ho rrpex(Ae qeM [rArH AaJrbtre,
Aasaftre o6paratr BHuMaHfie Ha oAHo o6crogtenlcrgo B garlucr{
KauoHuqecKofi Qopuu. 3ro ypaeHeHue HacroJtbKo rrpocro, ltro MoxHo
saft'rn ero o6uree peuerine (r. e. ace peuteuun). llpoNHrerpupoBaB
i lnn:0 ro n,  nof iyr raeM

un: f  (E) '
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r,qe I G)--nporr3Bo,'Iruan Syuxuun. flonropHoe ttHretpl'tpoBaHlte npu-
BoAIrr x o6uleny peureHulo

r  (€, n):  t l  G)* e (E),.
rAe g(€)-eure oAHa rrpou3Bo,rbHan $yHr<uun.

t{urare,tr JIerKo Nroxer y6elxrrcfl B ToM, ,{'ro "'lrc6ag $yuxuun
TaKOrO BnAa yAoBnerBopner ypaBHel{Hlo rrrn:0.

Ocranocr cAe,'rarb noc,leArttt l i  uar I{ noAcraBHTb n o6qee pe-
ilIeHIre i lcxoAHbre KoopAHrra'rbt x I u.

B peay,rnrare noAcral loBKrr  l roJ lyr{aeNl ,  qro tpyHxl i l t l

u Q ( , ! J ) : a f  @ - x )  l g @ - x )
gBJre'TCfl o6u{uiu perueHrreM ypaBHeH14tl

Lt, r" ! 2u ",, { tt,,,, : O.

Hanpr l l tep,  ec"r r l  eu6pars l (x)  : .s in . r  i r  g(x)  : . {2,  ro QyHt<uun
u (x,  A):  y sin (a -  x) 4- \y -  xf

6yaer oAHr{M rrs 6ecxoHeqrroro N{noxec'rBa peueuuil (xoHeuno, 1o
peIxeHLIe, Koropoe MoAeJIHpyer KoHKperHyto $usuuecxyto saAarly'
gaBJtclrr or Haqarbuoro H fpaHLItIHofo yc"roruti).

Ilpune,qenlre grJurnrnqecKnx ypaBHenl{ft
N KaHoHr{qecKofi $opMe

Paccuorpnu o6qee ypaBHerllre
A r r " - f  B u , o *  C u r u *  D u * - l E u r {  F u : G ,

rrg renepb nplr B2*4AC <0. llypu nepexoAa K HoBbIM-HesaBH'
cHMbIM nepeMeHHbINI I\{bI xorfiM npeo6pasoearb' ero r Hosofi Qolrye

uzi|- u\rr: q (8, 11, tt, tt71 tl11)'

r{ro6u Harjru gru HoBbre fiepeN{eHuble, MbI rtpoAeJlaeM Bce re xe
BbrKIaAKrr, qro Ir B AByx llpeAblAyql.rx c,'Iyl{aflx, noryrluM npeo.6pa'
SOBaHHOe ypaBHeHrre

Auz".-lBu1rneurn*Dur+Eun+ Fu :G 
,

u norpe6yelr, uto6r,t € H q yAoBJlerBopfl,rlr ypaBHeHHtM T:e n

B :0. K coxa.nesurc, artl ypaBHeHI'Ir He no3BoJlsl 'or HaM cpagy
uafiru I H q, KaK ero 6u"'to B npeAblAy[],Hx c,'Iyqatx' [I no3ToMy
MbI nocTyIIl{M HecKOJ'lbKo uHaqe.

EyAeru HCKarb Ueo6xoAtttr,loe npeO6paeOnaHHe XaK KAtwnoSutluto
ilagx npeolpasonaHuti.

Ier4xn 41. l inaccxgnraq,xr ypaaxerxi 313

f lpeo6paaoBaHrre I '

flepruru npeo6paaoeaHneM K HoBbrr\r xoop4uHararu E H 0 Mbl
npHAaAHN{ Haruel,ry ypaBHenl.r}o cne4yrcu,ttft nu4

l l ;r == rlt (f, q, l l , tr7 ur1).

3to , tnroxgo cAeJrarb, Ho ro!'rbKo BBoAfl, Ko,rinneKcHbrc rcoop\uuanw.
9ro6u uafiru aru KoN{n/'reKcHbre KoopA}rHarbl t H 11, MbI, TaK ,x{e
KaK H B runep6onlruecKoM cr'Iyqae, peurHI{ xapaKTepHcrl 'IqecxHe
ypaBHeHns l

dy B--{F=AC
E: 

--__'ze ,
t ls B+lf  F=+ne 

(Hanortr tHaeM! r tro B2-4AC <A)'

7l- ----tr- ,
It noJlvr{l.IM

E&'  U):  cof lSt t  q  ( ' { '  Y) :  const '

Hanpuuep,  xapaxrepncrnqecKne ypaBHeHII f l

+: -1r={rz - -�2is:,
dx

# - {=F :Z i x
npHBO,&tT K KOMnlrIeKcHo-conpflxeHHblM KOOpAIiHaTalvl

l : y - l i xz ,  11 :g- ixL .

l lpeo6pasosaHue 2

.. Q;regynulee npeo6pasoBaHne or (8, q) x (cr, p) ocyuecrsrneics
iro rpopuynau

-  E - F r  o  € - r to : T '  F - T '

B pesy, , r r rare npHMeHeHHr Broporo npeo6paeoBaHHf l  ypaBHeHue ' -

/ l :n :  { ,  (€,  r l ,  l . t ,  ug,  u\ l

npHHIIMaer u*o"u";:Hrr*:tJil, 
p, Lt,,.o, ttBy,

rAe qepea q u $ o6osHa,{eHu npaBbre rracrr4 ypaBHeHufi s o6Irlerr,r
Br4Ae. Buecro AoKa3areJrbcrBa roro, qro 3rH 4oa npeo6pagoBaH&q
AeficrslrrelbHo npllBoAflr K HyxHoMy pesy,'Ibrary, paoafire paccMor-
pHM npocroft npuuep. . \ i
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l lpunegeuue ypaBHeHfiA Jzu.rcr * x'tlnn : g

K KailOHHqeCKOfi QOprrle

Paccuorpuu ypaBHeHLIe

U'u*t* xzl t , , r :0,

B  K o r o p o M  A :  U 2 ,  B : 0 ,  C :  x 2 ,  D :  E  :  F  :  G : 0 .
B'-4AC payen -4x2gz, H MbI 6yaeu npHBoAL{rb
K KaHoHr.rqecxoft  $opue B nepBoM KBaApaHre x>0,

IIIA| I (llepaoe npeo6pasonauue)
Bunuureu xapaKrepl{crl4qecKue ypaBHeHHn

.[,ucrpuuuHanr
ero ypaBHeHr{e

! / > 0 .

dg
dx

dA
dx

6-r l--t;

B-{Ei=4Te Y=|AF . x: __-_TA : - -W-: -' 
s '

s+{F=Ie [=4Fn . x:-nT-- : - 'F- :oT

o pa3Aenffroul,uMucr rIepeMeHHbIMH. Peuras hx, [oryqaeM nepBble
I{HTerPa,rbI 

A, + ixr: coflStr

U' - ix ' :  Cof ls t r

orKyAa

E@,  g ) :  g21  i xz ,

n (x ,  g ) : 92 - i xz .

(fle u.rueer HHKaKoro 3HarIeHLIq, KaKyrc Il3 AByx Qynxuait Ha.e9aru [,
a Kal(ylo-rl; rpu xeJIaHHI.{ Mo)xHo noMeHnrb I{x MecraMH.) f locne
erbro npeo6pasoeaHun HcxoAHoe ypaBHeHhe flpuMer BI'IA

uEn:Q (8,  r l ,  u ,  ug,  uq\ .

Mu He craHeM o6paularl BHI{MaHI{e Ha 3To ypaBHeHI{e (rotopoe

flBJrflercfl rcotnnneKcHbt'+t eunep6ottuqectu.t4 Up&lHeHueft)' a cpaey xe

npncryrrl4M Ko BropoNly npeo6paeoeaul' lo.

[IAf 2. (Bropoe npeo6pasorauue)
Coneputan Bropoe npeo6paaoaaHl{e, MbI I{N{eeM

E-l- n
&:--6_r:Uz (4eftcronte.nbHafl qacrb E u n)'

p : : xz (uunuan uacrt I H r1).

9ro6u He ycJlo)KHsru o6osHar{eHnq, .nfurue Bceto flepeo6oeHa'Iutu
(cl,p) ,repes- (8, q) u 3anl4carb pe3yJlbrl{pypu{ee npeo6paeonann.e
B BIfAC

E(x,  A) :Uu,  1(x ,  g) :x ' ,

f lexqxn 41.  Knaccrgnraqxn ypaeHexui  3t5

IIIA| 3 (flo.nyueune rroBoro ypaeHeHur)
Honyn KaHoHHrrecKyJo SopNly -\4o)Krro ror'I luHrb, ecJln EbrqHcJIHTb

sce xoaS$lr [HeHrbr  A,  B,  C,  D,  E,  F u G B ypaBHeHi lH

Au26*Eus*  e rnn- l -  Du lEur - f  Fu :G
no $opuynar ' , t  (41.5) npu E:y'  r  Ti  :x2. f lpoAe.naB 3ro, no,rvquM
KaHoHuqecKyrc $optr.ry o,'rJrlrnrrlqecKoro ypaBuelrufl

-  iun- ' I lu ,
ller + Icnr): ---1fi-- .

SAMErr/$HHfl

l. AHanoruqHrrrr o6pasou r,!o;.KHo xnacclrQnulrpoBarb JHHefiHbre
ypaBlreHrrfl BToporo noprjuia or ntpex u 6c,ulueeo quc,xa nepe-
.n4eHHbtx, Ho n"rrr 3Toro norpe6yercfl rcno"rb3oBarb MarpuqHoe
licqr,rcJreHr.re. Hanpnnlep, ypaBHeHr{e Bropofo rtopsAxa or rpex
nepeMeFrHblx

t l 1 :  t l , * - f  L t aa ,

corracuo arori N"'laccH$uxauuu, 6yAer napa6o"'ruuecKIlM, a ypaB-
HeHIle 

t) t t :  t tx"+ ttas
- runep6onuqecKHM.

2. Haw liHrepec K Bonpocal{ x,raccu$Hxauuu ypasHeHufi c qacr-
HbrMH npougBoAHbr\,llt o6yc,ronleu reM, qro rpu ocHoBHbIx rHIIa
ypaBHeHrzii onucusarcr rpn pasnbrx BIrAa tllrsuqecKrrx RsneuHft
g HaM xoreJrocb 6sr nony,lurb Marer\{arnrtecKyro xnaccu$uratNo
gTr.rx rpex KJraccoB rlnenuecxux RsreuHfi.

SATAZIH

l . Kaxue H3 grlrx napa6oruuecxrx t,l gJtJrunrr.tsecKr.tx ypanHeHHfi
BanucaHbr B KauoHuqecxoft $opue:
a)  u t :  u r r -h t t ,
6 )  u*u*  u r * f  3u  :  s in  x ,
B)  u** {2u , , , , :0 ,
r\ u**: sin'.f?

f lpeo6pasyf ire napa6onuuecxoe ypaBHeHue u**|2u*u*uor*
+ u:2 K KanoHuqecxor? $oprue.

Ilpeo6paayfi Te s,'r!'runrxqecroe ypaBHenue u, *{ 2u,,,,* yzs *: g- xzlc
I{ KaHo}ruqecrofi $opve.

2.

3.
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METOA MOHTE-KAPnO (BtsEIEHhE]

l lpu peueuuri rxr4poKoro K,rlacca 3aAaq l\rorxHo llcno,{b3oBarb
uurepecHrri MeroA (r,reroAn), xoropr' l i l  npIIHlro Ha3blBarb MeroAol\I
(ueronaruu) MoHre-Kapno. 3ty ,neKlli l to I\ lbI nocBflrrlM KpaTKoMy
onficaHuro tlreToAa MoHTe-I(apno, a s c"re4yrcqefi noKaxeM, KaK
HCnO,rb3OBaTb efo npH peueHlrir ) 'paBIieHHft c qacrHull lu IIpOH3BOA'
HbIMI,I.

MeroAamu MoHre-l(ap.no ttpuHnro Ha3brBarb rpynny MeroAoB
pe[nrenxfl \emepnuttupo*aHHbtx gaAa'I (r. e. 3aAaI{ 6ee cnyvaftHocrl{),
B KOTOpbTX CyUeCTBeHHO nCnO.Ilb3ytoTcfl 3JIel\ leHrbl,cttgwaituocmu.
O6uran $u,rocoSun grux \ireroAoB noKa3aHa ua puc. 42.1 .

Beponmuocmuan u?pa nemepuutLupoaautan sadaqa

f*ucxo4- rurpn p*pelr leHlle saAaqn
(Hanpnrvrep, quc,ro snnaAenafi (Hanpnuep,-_sstqHc,leHue HHTerpa,la,
feruerxu 

-npu 
6pocaHuu MoHerbt, peuelrHe V9ll  u t .  n')

rrHcfio nonaraHlrf i  Aporana n r.  n.)

^  f lps6rHxeHHe ^
Vlcxoy: p Peueryue: P

IIEnb JIEI(l{1414: Paebrrcr*rrr ocHoBrrr,re HAefi, re>xaqr.re
B ocHoBe NreroAa MoHle-l(ap"'ro, H nor(a3arb, I{aK Mo}KHo
HCno.rrb3oBaTb 3TO'f N'teTOA A,nR peUreHilfl pa3r'rHtrHbrx 3a&al{.
Oxagr,rsaercfl, r{To c nol'lorubro aaapmHbtx urp Nro}Kno ruoAer'tl{-
poBarb (e o6qeu c,'ryqae Ha 3BM) trpu6.nuxenHue peueHHR
peaJrbHbrx saAaq. B KarrecrBe npocroro npnNlepa l{oxHo yKa-
SaTb BbltlllC,'leHI{e IlHTefDa,la

xz dx

c noMoulbro MeraHHfl AporuKa s eAuil iqHlri i xna4par l(x, g):
0 < x <  1 , 0 <  A < \ 1 . I l o c . n e  1 0 0  u " ' I H  o K o r o  a l o r o  6 p o c x o n  r
KalrecrBe nplr6,nuxeHHoro 3uaqell ltf l  HHrerpa,ra 6epercr omHocll '
menbHafl. qaanb AporirKoB, nolaB[rnX HH]Ke Kptt Boil A : x'. 06o6-
IIreHr4e rarori urpu (co c,nvuailnbrrl N,reraHuelt 4porura) BcefAa
cOAepxllT npOlleAypy reHepaUII Il nOCJIeAOBare,'IbHOcTH c,'iyqal4rlblx
quceJr. B , 'reKurrH npHBoAHTcr onHcaHue raroil npoueAypbl.

I

1.-= f
0

PHC.42,1 . O6nr,ax reoprfl MeroAa Monre-Kap,ro;/

Buquc.neuue nHTerpaJra

flpegno,'tox<HI\r, rITo llrbl XOTHM BbII IHCTHTb I 'NTETPAJI

f (x) dx

(AerepuHHlrpoBaHHafl sa4aua). t lro6r,r Bocno!'rb3oBarbcfl rreroAoM
MoHre-Kap,'ro, HylKHo npr.rAyMarb raryo a3aprHyro urpy, pesyflbra-
roM_Koropofi gnrnocl 6ll sHa.reHr.re (npu6nuxeHHoe) gTofo uHrerpaJra"

Koueutto, Mo)KHo npuAyMarb MHofo pasnbrx r.rrf. Oxouuarentuufi

lapuaHr 3aBuclrr or roqHocrr4 Bbtqilc"'reuuft, npocrorbr ltrpbr H T. A.
Ovenu4uufi Bapr4aHT r.rrpbr AJrfl Bbrr{Hcr'reHufl I.rHTefpaJra-gro Mera-
Hue  Apo r r4Ka  B  npsMoy fo r ' r b r ruK  R : lU ,g ) t  a ( . r ( 0 ,  0 ( y {
{ maxl(x)} (cr ' ,r.  p.ac. 42.21.

M=maxfk)

a
F.::]:l

l:i',.,.:.1- dponuxu , n0na6wue 6uwe xpaflot

ffi- ano^rnu, nonafuwue nu*<e rpuhofr
PVIC. 42.2. BuqucureHue uHrerpa,l,a MeroIoM Moure-Kap.lo.

-  ̂ ^ConepueHHo oqeBfiAHo, qro ecd'ru c,ryuafiHsnvr o6pasov Opocurt
100 u,rn oKo,'ro gTofo AporHKoB ts npffMoyfo"'IbuHK R, co4epxaqnfi
rpaQux $yuxquu, ro oueHKy BeJruqr.rHbt uHTerpa,'ra MoxHo noJryqr.rrb,
ecJII.t yMHoxI{Tb nJroulaAb npfft\,loyro,rbH}rKa R Ha orHocHTeJrbHoG
lrucJro AporHKoB, nonaBrur.rx uuxe rpaQuxa $yHxuulz. CneAonare.nluo,
pesyJlbrarolr uaueil nrpu

i_ [orHocl t re"r rbHoe qHc, to,uporuxosl
/ : 

L;H;; tpu$"*, I Ul J x (Ilnoqaar ooracru R)

sBrgercfl oueHKa ulrrerpana /.

/ = = \- J

a
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tlro6rr BbInoJII{Hrb aru BbrqHcJreHHr Ha 3BM, nnu Ao,rr}KHbt KaKHM-
ro oSpasou nortyqurb rrocJreAoBareJtbHocrb c,lryuailuux rouex (noronr
MbI' nocMorptlM, KaK sro 4e.[aercR), T. e. [opyrlr4rb KoMnbrorepy
((Merarb AporuKHD. 6,nox-cxema Ha pHc. 42.3 noKa3brBaer, KaK
KoM[brorep 6yaer penarb gry saAar{y.

feaepupgeu d6a utguai
qucna

0 - < 1 1  - ( 1
0 < r r < l

Buqucngeu
a : a + ( b - a ) 1 1

! = f'lrz
( nongqaen4 clt lqauvgto
mo'tKg (t,g) 0npfrMo-
geononuxe R )

Undef=Under+1 g < f @ ) ?

I = f + 1

=[Under/fiOlM (b

Jlexrlxr 42. Merog Morre-Kapno (eeegexxe) 319

C.nyuafinue qncra

l lpex4e ueu nepexoAurb r{ peueHrrro ypaBHerrHfl c qacrHL,rMr.r
npou3BoAHbrMH MeroAorlr Monre-Kaplo, ocraHoBHMcfl Ha Ba)KHoM
Bonpoce o c.nyvafiHulx rtucJrax. TonExo qro rJpH BbrqucJrenulI Hrrrer-
palna HaM Iry)Kr{o 6r,r"ro c'rpoHrt trocJreAoBarefibHocrb c.llyvafiuux
rovex Pr:(xi, ui), r ' lexarqxx EHyrpH IlprMoyroJrbHzxa R. ApyrHrun
c,'roBaMrr, t-KoopAr.rHara roqK! P 4onNna 6url cnyuafiuuu r{!4cJroM
H3 npoMexyrxa [a,  b] ,  a  Ai -u3 npoM€]KyrKa L0,  M). t l ro6u saf i rn
c,ryqaHHbre qHcJa H3 yKa3aHHbrx npoMexyrxoB, MbI o6parruca
K nocd'reAoBareJrbHocrrz c.nyvailHux HHCeJI /;r paBnoMepHo pacnpeAe-
JIeHHbrx Ha orpe3xe [q, l l .- TonAa qilcJ]a, paBHoMepHo pacnpeAeJrer-
Hbre Ha orpe3Ke La, bJ, Mo)xlJo BbrqncdrffTb no $oprrryne

x r :  a {  ( b - a )  r t .

Tenept, Kor{eqHo, Bo3HHKaer Bolpoc, a KaK no!'IyquTb nocJleAoBa-
Te,'rbHocrb c"ryuaflrnux q_H_cer'r l, ,t i  : | , 2, . . .1, paBHoMepHo pac-
npeAeJreHHbrx na [0, l]? Han6o,rre-e pacnpocrpaH€HHbrM Ha ceroAHflru-
HHR AeHb qBrrercq uemad 6br4ema+ (rvrero4 cparneur.rri). C nouoqlro
orofo MeroAa ̂  n^oJyqaeTcfl noc.neAoBareJlbHocrb c,lyvaftHux qeJrbrx
urcen ( rHna 2120,  1401,  177,3013, . . ) ,  aareu cJreBa or  Kaxnoro
qHCJIA CTAEUTCq ACCflTHTIHAfl sAIIffTAfi, TAK qTO BCC qIICJIA OKA3bIBA.
Iorcs rrexaqr-rMu Me)r{Ay HyrreM a eAuuu[eii (0,212: 0,1401; 0,0lTT;
0 , 3 0 1 3 ;  . .  . ) .

Vlraq, p,ns noryrreHus nocJreAoBareJrbrr@ru cnylaftnux fleJrbrx
quceJr (rexaqux MexAy 0 u P) Mbr BocnodnbsyeMcg wimoilon Buaeffio*.

floayueHue cJryqartHbrx qr4cerT MeroAoM Bbrqeron.

l. B KaqecrBe lepBofo ueJroro cnyuafiloro qucfia nu6upaeu
nrc6_oe _q,lrcJro, Jrex{aqee Me}KAy 0 a P (uui.no p on6upaerca sapairee).

2. Vrrruoxae^,r oro cnyuaftHoe q[c,ro Ha HeKoropfufi $nxcnponaH-Hufi nu6paHnuit eapaHee Mr{oxnrena M.
3. llpu6arnreM x rr por.rsB€AeHr.rro HeKoropoe $uxcapouaHnoe r{eJroequcd'ro ,(, ntt6pauHoe gapaHee.

,4. llonyuznuryrocr cyMr{y AeJTHM ua P n noryrrnB[ufics ocrarox
nu6upaeu B KaqecrBe HoBoro clvqafisoro qucfia.

MeroA BbrqeroB Mo)KHo eanncarl B Br.rAe Qoprray.tn ri+7--(Mrt*()modP, roropar H osr{alraer, qro AJrs noflyqgHn, cJre-
Avroil1ero ,rr+1 r{yx(Ho B_3frb npelbrAyrqee f;r }MHox{HTb ero na M,
cJroxr.rrb p$yJrbrar c .f(, pa3AeflHrb cyMMy ua p u B3srb ocramK
or Aetennfl. Hanpurraep, ecJrr{ p : 100, 

- 
M ;87, r(: 16, /o : l b, To

no"lyqaercs cJreAyroqafi nocJreAoBare.rrbrrocrb c.nyuafinux q]rcefi:,,,
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M r o + 6 = 5 7 1  
+ r = 7 1 ,

f - * -
h t r , + Y = 2 6 4 3  

-  1 2 = 4 3 Y

_  f  
- _ - r

l v l r r + K = 1 6 0 7  
-  *  ' " = 7 y

r - - - _ - - _ - - J
Tax KaK P.: 100, 't.o Bce cnyuauttue qHe,rra relKar Mex{Ay Hyr.re6-
s 100 (rax Hasuaaeuufi KJracc BbrqeroB no Molly,rtrc 100;. f lorreuqan
AecqTr.rqHyro 3anflTylo nepeA KaxAbtM H3 3Tt{x r{HCeJr, no,'ryqaeM
nocJIeAoBareJIbHocrb c.nyuaiiHurx'{Hce,'r, JrexatqnX MexAy HylreM K
eAnst t [et : i :  /u :0,15;  r ' ,  - -  0 ,7 1;  r r== 0,43;  r r  :0 ,07.  (3ru uucna uu
o6osHaqunu raxxe rr.)

SAME'TAHHfl

l. f locxo.nrxy n Hailrer\{ reHeparope cnyuaftHsrx .ruce"{ P:100, ro
Bblqerbl  Mofyr  npuHr.rMarb ro"rbKo sHaqeHlrn 0,  1,2,  . . , ,99.  C.ne-
AoBaredlbHo, c,ryuaiiHtte qllc, 'ra B Halxerl ttpouecce oqeHb cKopo
HaqHyr rroBTopflTbcff. B caMou Ae,{e, ecfiH npoAo/.'r)KHTb nprrBe-
Aennuri Bbrrue ttpr4Mep, To noryqaeN,r

1 5 , 7 1 , 4 3 , 7 ,  8 , 7 , 4 3 , 7 . . .  ( n e p u o 4  H 3  A B y x  u u c e n ) .

3Haunr, Hau MeroA He oqenb xopout. B uAeane ar'rropuTru AoJI-
>>KeH c.nyuafiuunl o6pasolr BbrAarb Becb K,nqcc ebqemoe {0, I ,
2, . . ., 991, npexAe qex{ naqrryrcr rroBTopbr. MoxHo AoKasarr,
MareMa'r'uqecKl{, qro ec,[u q]rcr'ra M, K u P nst6pausr B coorBer-
crBIrLr c r 'reKoropbrMr.t rpaBrrJraN{u, To He3aBHcr{Mo or Bbt6opa flep-
Boro cJlyqafisoro quc.rra r0 a,'rropzru 6yAer eupa6arunarb Becb
KJracc Br,rueroB. Tax vro, ec.il{ Bbr6part P oqenu 6o"rlurunr (Ha-
npuMep 2a0), uoxHo 6urr yaepeHnL,rM, uro (c rpaKruqecKoft ro.rxN
speuur) npoqecc HHKofAa He noBropurcrr.

2. O6uqHue quc,reHHr,re MeroAbr (npo4e MeroAa Canrcoua), soo6qe
roBops, npeBocxo.{sr no KaqecrBy MeroA Moure-Kap,ro. Ho eclu
peqb HAeT o Bbrqr{cJreHHlr MHoroMepHbrx fiHTeFparoB rHna

I : dx dg dz dw,

TO MeTOA MOUre-KapJrO OKa3brBaeTCfl npeArrOr{TUTed'rbHee.
3. Moxrto noJlyqarb cnyvafiHue quc,'Ia, uMeroulue pa3flI4r{Hble gaKoHbI

pacnpeAeJreuns (a He ro,'rbKo paBHoMepHoe Ha orpe3Ke [0, 1].
I-Iporpair,rnanr Ailn 3BM rraoryr reHepnpoBarb c,nyuafinsre qflcJra
c6uuolua.nbHblM, HopMa,'rbHbrM, raMMa-pacnpeAeJIeHHeM n MHo-

l l  t l

t i t t p - @ 2 + a z + z 2 . F u , z l
I  I  I  l -

0 0 0 0

-Ifexr.lnn 42, Mero.q Moxre'Kapno (eeegenxe) 321

rr{MH Apyf uMH pacflpeAeJlen Lrfl MLI. ]rlr pacnpeAe JIeHLI fl BcTpeqaloTc R
B pagar.rrrnbrx o6nacrqx ecrecrBosHaHilf, u cranoBflTcff ueo6xoAu-
MbrMH npr.r MoAeJrapoBaHuH peaJlbHoro Mupa.

SATAITH

l. Hanrurure rrporpaMMy A,'Ifl oueHKI.r lrHTefpaJla
I

1 : \ e , r n x d . x .
0

Kaxosa roqHocrb Ba[Iero oreera? flocrpoiire rpaQux eaBllcllMocru
TorrHgcrg or qHc,'Ia 6pocaHufr. cxoApncs JIH STor npouecc?

2, flo,ryuure nocJleAoBareJlbHocrb c.nyuafiuux gHceJI tto aJIropHTMy

r i * r :  (3 r ;  f  4 )  mod 7 ,  /o :0 .

3, Hannurnre nporpaMMy (unu xorn 6st 6nox-cxeuy) 4;rn oIIeHKI{
14HTerpaJra

l l  r

/ :  5 5 \ e-v"+u"+z'\ dx dy t lz.
0 0 0

tlro eH Moxgre cKa3arb o roquocru?
4. K;; ;; 6t4'dt" norlyqarb lrocneAoBarertbHocrb cnyuaiiuotx rol{eK,

J1exaulHX rlryrpu rpeyfoJlbHI'lKa I I

c

5. Kar sH 6yaere roflyqarb
HMerorrlHx pacflpeAe,[eHHe,

nocJleAoBareJrbHocrb c,nyuafr Hutx q{ceJl,
ruso6pax<eHHoe Ha pucyure?

f f i E ?
,ll,pyrlrrr,tu cJIoBaMH, KaK Bbr ilofiytILITe nocJleAoBareJlbuocrb qI.{ceJI

{0,1 l, 21, ecnu Beposrnocrb noflBJreHus 0 u 2 pavua 0,25, a oe-
poffTHocrb noflB.rreur.{s I paena 0,5?

| | r'il oor
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:';j'

6. B saAa,re o6 Hr.ne 6ro@oua roBopuTct, rrro ecrll 6pocurl lrty
eAuHlrquofi AJTUHH Ha aMepnKancKufi $nar, y roropbro uupllHa
6e.nux H KpacHbrx noJroc raKlKe paBua eArlHr.rue, To HrJra nepe-
ceqer oAH / H3 rpaHnrt Mex<Ay noJroca.Mn c BepoflTHocrbro 2n.
ylcxo4s, n3 groro, npu4yruafire Hrpy (n nporparuMy AJre OBM)
AJrF BbIqHCJIeHUf qr.IcJra fi.

flerqran 43

PELUEHhE YPABHEHUN
c tlAcTHbtMt4 nPoH3BO[HbtM]4

METOTqOM MOHTE-KAPfiO

tlEJIb JIEKIIHH: floxa3art, KaKHM o6pasou MolKHo cKoH-
crpyr{poBarb raKyro Hrp}r pe3yJrbraroM roropofi rBJrflercs
npn6.nnxenuoe .perxenue 4ra$$epeHunaJlbHoro yparHeHua. O111a
n3 TaKr.rx Hrp (uo.qenl c.nyuafinux 6nyx4auufi) npuso.qlr K Ko-
HerIHo- pasHocrgoft an n poxc HMa \uLr 3a ratlv,II,u pn xne B K BaApa re.
3ry uo4e.nt MoxHo o6o6ulnrl A;ln no.nyuenua peureHgfr 

'4py-

rux 8aAaq.

B npearrayqeft lexqun roBoprrJrocb, rrro MolK no npgAyMarb ra-
Tr{e a3apTHbre yrpbt, pe3yJrbraroM Koropbrx ,lBJrgtorcr pemeHHs
(nosnroxlro, npu6.iruxeHHue) ea4av a;rr yparueHufi c uacrnrirau npo-
HgBoAHbrMH. B groii JreKur{u Mbr noKaxeM, KaK cKoHcrpynpoBarb
oAHy raKyro hrpy AJrs npu6.nuxennoro peueHr.rr BaAaqH .flupux.ne
r y q n )  u * , c + L t a a : 0 ,  0 < . r < 1 ,  0 ( y { 1 ,

17, na oepxHeri  croporre KBaApara,
(fU u @, A): g (x, y): { 0, Ha 6oxonux u nnxHeil cropouax xnaA-

r para.

flocle roro KaK gra qacruafl sa,{aqa 6yaer perueHa }"{eroAoM
Moure-KapJro, Mbr o6cyAuu, Kar{ perxarb orllrtr naeioaotr 6o.nee o6.
IUHe 3a,U,ar{H.

,[,.rq ]rnn]ocrpau{u MeroAa }4oure-KapJro paccMorprrM }trpy, Ko:
Topan Ha3hrBaercr <B,ryx4ar.or4ilfi nt,ssnua>. 

-grodu -rirparb 
B ory

nrpy, Heo6xoAr.rM croJr c HaHeceHHofi Ha seu cerxofi us- atuufi, xad
noKa3aHo ua puc. 43,1.

flepefiaeu x onhcaHun npaBu,'r urpbr.

flerq,rr 43, Peruenxe Vt{fl metoAorr'r Moxre-Kapno 32?

Kar urparb B (BnyxAapu{ero nrnnnqyr?
IUAI l. Bnyx4aunn nbflHl{uhl Haqunatorcr us nponeaolrHofi

roqKu cerxn (s HarxeM cryqae sro touxa A).

Ps Pa Pr

A- AaqqnOnAf, m?qKA o - fngmpenuue noUKu cemftL|

E -xoile(tnaa mufid p; gi-fioinaapaxdenue 6 m, pt

PHC. 43.1. I4rponoe rone A,'tR urpst <D,'tyx,qaronlu4 nbsrlrqa).

IXA| 2. Ha xaxAotu xoAe l4rpbl nbflHllqa c.nyuaitttuu, o6pasou
nepe6upaercfl B oAHy I.r3 rlerblpex coceAHHX roqel{ cerKH (B HaueM
cJryqae coceAHI{MLr lhs A fln,'trlorcr roqKll B, C, D n-F il Bepo'
trrHocrb nonaAaHuq o ,xax4yto I{3 gTHx rorleK paBHa 0,25;'

Ta6nr.rua 43.1
BeponrHoctb oKoHqaHHa cnyuafiuoro 6.nyx4aHna e
rpauuuuoft ToqKe pi v BenwruHa Bo3uafpaxAeHl{fl gr,

Pa @i)-ornocureJlbHax
gona 6,ryx4aHr.rfi,

3aKoHrrr.rBuluxcg B ToqKe pj

0 ,04
0 , l 5
0 ,03
0 ,06
0 , 1 7
0 ,05
0,06
0 , l 5
0,03
0 ,06
0 , 1 6
0,04

lpaxuuuax roqra pi

F*

P5

Pa

Ftz

Ptt

Pn

I
I
I
0
0
0
0
0
0
0
0
0

g/-Benuqulla BO3Ha.
rpax{AeHuE npu AocTn-

xeHHu ToqKH pi

I
2
3
4
5
o
7
8
9
0
I
2
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IIIA| 3. flocne nepexoAa B coceAuroro ror{Ky npouecc 6,ryN4a-
Huq roso6HoBJlflercn. Tar nrRHuUa HAeT or TotIKH K TotIKe Ao rex
nop, noKa cnyuafiHun o6pasom He oKaxercq B rpanr.rquofi rouxe pi.
3Aecr oH ocraHaBJllrBaercff, a Mbr 3arrlic&rBaeM HoMep TorrKH p i.
IJa erol{ saKanqnBaercr oAHa cnyuafiuan nporyJrKa.

IUA| 4. florropuru uraru I -3 AocraroqHo Muoro pas u uaftgena
orHocr.rreJlbHoe qucJro npu6uruft nbflHHubr B Ka)K.qyrc H3 rpaHuqHbtx
ToqeK pi. B ra6n. 43.1 npuneAeHbr rlrnHqHbre pe3y,rbrarbr, rror'ryqeH-
HbIe B pe3yJrbrare 100 cnyuaiiHbrx rpory,{oK.

IIIAI 6. flpegno,noxuM, qro nbrr{Hrra no/'ryqaer Bo3rrarpaxAeHue
&r:E (p;) (aenauuHa rpaHnqHofo ycJroBHrr B rorlr(e pi, e]cn[ oH Ao-
cTLIf TOIIKLI p;) H npeAnOJIO>XIrM, qTO Ue,Ib l.rrpbl-EbrqlrCJnITb cpeA-
lree BosnarpaxAeHl4e R (,4) a,rrs Bcex cryqaiiuux nporyJroK, HaquHa-
rlotr(nxcfl r.r3 roqKH A. 3ror cpeAHnfi BbrHfpbrru onpeAeJrsercr no $op-
MyJre

R (A; :  8 ' ,P  a@' )  *  g ,  P  a  (p , )  * . '  .  *9 rz  P  a  $ ' , ) .
I4rpa eaeepuaercfl, KofAs B€r'rH,rHsa R (l) HafiaeHa. B coorsercrBrlr
c AaHHbrMr.r ra6n. 43.1 Ans ( (,4) nonyuaerr,r
' R  

( . 4 ) :  l . ( 0 , 0 4 ) +  l . ( 0 , 1 5 )  l -  l . ( 0 , 0 3 ) i , 0 . ( 0 , 0 6 ) +  . .  . + 0 . ( 0 , 0 4 ) .

Tenepl o6r,lclu.rM, garleM HaM noHaAo6u,'iocl rtrparb B Tar{y}o
l,rpy.

,[.nn uero Hrparb n <Enyxgamlqero HbsHuri]i>?

Oxagrtnaercq, qro cpeAHee Bo3nafpalxAeHne, o KoropoM To,'tbKo
qro [r,ria peqb, sB/'iflercn npu6nux{eHHbrM peil]eHrieM 3aAaq[ !,upux;re
B rorrKe ,4. 3ro r4rrrepeciroe ua6rru4euue ocgotsar{o Ha AByx @axrax.

l. llpe4nonolxllh'l, I{To nbflHi{qa HaIlaJI cBoto i1poryfiKy H3 ToqKI.t,
.nexaqefi ila epaHu4e. Kaxr,as raKafl npofyJrr{a He},4eAJ'!e!{Ho saKaH-
rlHBaercg s roft >I{e roqKe, H nbfiHurla xo,Tyr.Iaer Bo3narpaxAelpte
gr, Taxuu o6pa:on, cpeAnee Bo3uarpax(AeHrre A,r,q raxAoil fpannq-
lloH TOTIKII paBHO gt.

2. Tenepr npeAno.rtoNti.IM, qro npofy.i lKa IIaq,rHaeTct I j3 BHyr-
peuuefi TorIKI.r, TorAa flcuo, tiro cpeAHee BogHarpalKAegl4e A,'Ir rcqKn
R (A) 6yaer cpeAHHM apu$rvrerxuecKr.{M or cpeAur4x noaHarpax,qeuufi
,u,"'It rleTblpex coceAHllx ToqeK

R (A',: +[R (B) + R (c) + R (D) + R (E)].

3aAaAlrMcq eqe pas BonpocoM: norreMy xe cpeAHee gHaqeHne Bos-
Harpa)r(Aelrus R (/) annpoKcr.rMl.rpyer perlenue 3aAarru .[,npnxre B
roqxe A? Mul ange,ra, uro nuruvuua R (l) yAoB,rerBopfler AByM

s .  ' : ,  " .  
!
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ypaBHeHr.{flM
I

R @):T [R (B) + R (c) + R (D) + R (E)] (eo nHyrpenHI'IX rotlKax),

R (A): g, (o rpauaqHblx rouxax).

Ecnu gr-sro oHaqeHr.rn QyHrqHn g(x, !/\ Hs rpauuqHoro ycJroBnfl
B rpaHIrrIHbIx roqKax pt, ro ABa HarrrHX ypaBHeHHfl TorIHo coBnaAaroT
c AByMs ypaBHeur.rnMrr, Koropbre 6u.nn nonyueubr rrpll peueur{H 3a.
4aur.r .[lrpr.rx,'Ie MeroAoM KoHerrHbrx pasuocreft. To ecrr Ber'rurrI,tua R (A)
cooTBeTcTByeT Betr{rrHHa ut, J B pasHocTHbrx ypaBr{eHHflx

ut ,  J : l l " , - r ,  1*  u i+r ,  1  *  u t ,  1- r*  ur ,  1nr ! ,

i l t t : 8 t t ,

( i ,  l ) -euyrpeHnqff
TOqKa,

g,r/- SHaqerrHe pe-
rxeHHs B rpa-
Hu.{Hoft roq.
xe (i, i).

CJleAosarenbHo, BeJruquua R (,4) AeftcrsnrenbHo annpoKcr.rMrrpyer
peIIIeHI{e ypaBHeHI.Is c qacTHbIMLI npOLI3BOAHbItvtH s rOqxe A.

Tenepr MoxHo crrnTarb, trro r.rrpa s (EryxAal,ouleno nbflHu(y)f

cocToHT H3 Tpex uaroB.

Peruesue ypaBHeHHr, ilanJtaca MeroAoM Monre-Kapno

llpuoe4eHuue Huxe npaBHJIa no3BofiqrcT noJyrIHTb pelueHl{e B
o.qsofi nnyrpenHefi roqKe KBaApara.

IIIA| l. Conepuuu HeKoropoe qnc,'ro cayqaftsux rlporyJroK, Ha-
qr.rHaloquxcs B ToqKe A u eaxauqnBarotqfixcq s oAnoft r.rs rpaunq-
HbIx rorreK. flpocne4u*r 3a reM, cKolbKo pag npory,'IKn BaKaHrII.{Ba-
Jutcb B raxAoii rpaHuuuofi ToqKe.

[IJA| 2, flocne roro KaK Bce nporyJIKLI 3aBeplxeHbl, AJIfl ra>x1ofi
rpannvHoil ToqKrr Bbrqrrc,'rreM orHocnreflbnoe qucJlo nporyJlor(, gaBep-

nrr{Brruxcs s sroft rolrKe. O6ogHaqnlt 3TH Ber'Iuqnuat Pn(pt.l..

IUA| 3. Buqnc.useu npu1,cuarcuHoe peweHue u (A) no $opnayne
u (A) :  I rP a(p,)  *  S,P a(pJ * .  .  .  *  SuP t@n),

rAe gi-sHaqeHr.re rpyHr<uHu g, B rorrKe pi, a N-rtlBao rpauuuxux
TOIICK,

Hrpy <EnyxAarcquft nbsHllqa) MoxHo MoAepHHsI'IpoBarb, qrodu
pefirr{rb 6o,ree c.noxnyro BaAarry. Huxe npllBoAl,trcfl flprtMep taroft
MOACPHI,I3AIIHH.
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'PeureHne saAaqr{,{,Hpuxne
c nepeMeHHbrMr.r Kosssr.rrlr4eHTaMH,

Paccuorpnu sJrrnnrr{qecKyro KpaeByro sa,qaqy B r(Ba,upare

ryqD ur*{ (s in.r)  uuy:O, 0 (  x (  c,  0 {g 1n,
(Fy) u(x, UI- gfu, gl Ha rpanr.rue r(Ba,qpara.

91o6rr perxnrb sry 3aAaqy, saMeHr.rM rrrrf uu, u sinx cJreAybtrllru
odpasona:
i l * x : i l i ,  i * r - Z t l i ,  J * u t ,  ! - r ,
*oo:*i+r, t-zut, 1{up1, 1, 1,ff:10""""hle 

pasHocr'Lile rpo'3Bor'

s in x:  s in &
n noAcraBHM r.Ix B ypaBHeHr.re c lracrHbrMn npor.r3BoAHbrrau. Coorser-
crByrlttlafl cerKa noKa3aua Ha pwc. 43.2. Paspeuun noJiyrrnBrueecs
ypaBHeHHe orHocHTeJrbHo ,lt, 7, noJrlaa€M

t l l  l :
u t ,  l * : ! t ] , i ,  y_r *s in  x /  (u i+ r ,  7 . *a i_ i ,  i )

Floeuorpuu BlILMareJIbHo Ha ?ro ypaBHenue. Koa$OHqneuru npu
l l t+r, J, Ui.l*1, Ut, l-r H Ui-t, / IOJIOXUTeJIbHbI' Ir HX CyMMa paBHa
eAHHH[ge. llpyrnvlr cJroBaMH, peueHne ur, J flr.ilflercn &gaeweHHom cped-
t l/,rtl peueguit s tlerF,lFex coceAHHX TcrrKax. ClelonatenlHo, Moxgo

t,'

i -t,i

i, j -'tr l,J i , j  +1

i  +1 , i

v
PUC. 43.2, Vsrbr cerxr 1;rt cnyuafinoro Mapupyra.

rrnoAuslrUr.rpoBarb <Enyx4arcrqero nbsHHUy) Tar{, rrro6H BepoflTHoeTH
nepexoAa B coceAr{ne rorrKx 6nlu He 0,25, a paBHffnilcb 

-6u 
xos$-

*uunesry B coorBercrByrolr(eM qrerre" Apyru*rn cJroBaMH, ecJru rrbfl-
Hr4ua HaxoAurcfl B rouxe (i, i), ro oH nepexoAr.rr B rosry

t

4-!
, i, ?:l

fler4xr {3. Peruexxe Vt{fl r,reroAo*r Monro-Kapao t27

(t, i+t) c Bepof,ruocrblo

(l', j-l; o Beponrrrocrbro

I

mFnD'
I

2-(i-Fin*r-'
(t+1,il o BepoqrHocrbro ffi;;,
(t-l,D c BepoflrHocrbro '-:+-"-2 (l +sin r/)

B ocra;rsuoM ltrpa He MeHflercn. MoaaQuKarlr.rfl Anfl ApyrHX saAarl
Molrer oKa3arbcfl 6oree xurpoyrrluofi, Ho ocHoBHafl, vryefl ocraeTctt
rofr xe. 9urarenl Moxer BaHffTbcs paspa6orxoft csonx Hrp Anff
peureHufl Apyrr.rx saAaq. flapa6onavecrnfi c.nyuaft paccMorpeH B pa3-
Ae.ne <3aAaqro.

SAMETTAHHfl

l. Orueruu, qro ecJru orHocuTeJrbHbre qacrorbr nonaAaHr.rs Pe@)
H3BecrHbI, ro MoxHo JrerKo uaittu BeJIr{qr{Hy u (A) npu Apyrr.rx
rpauuqHbrx ycJroBr.rflx gr ilnn groro AocraroqHo noAcraBr.trb g'I
u Soprrryny

u (A1 :  grP a(pr) *  g,P e(p, + .  .  .  *  guP e(pu),
a He pasbrrpbrBarb BHoBb cnyvafiuue nporyJrKn.

2. Bo MHorHx cryqasx [ccJreAoBareJrfl r.rHrepecyer peueHrre ypaB-
HeHr.rr c qacrHbrMl.I nporlgBoAHblrr,rn s oAHoft TorlKe. Ec.rn rpauuua
olnacru cJIoxHa r.{ ypaBHeHHe saBHcHr or rpex nfl[ qerbrpex He-
gaBncuMbrx nepeMeuHbrx, MeroA Monre-KapJro MOX(er oKagarbcff
yAo6HbrM, MeroAu MoHre-KapJro BosHHKJrrl rplr pelueHuu orrenb
rpyAubrx ea4av 4u$Qyauu ueftrponon. 3ru sa4aux HeBo3MoxHo
peruarb anailuTnqecKw.

3A.q,ATTH

l. flocrporlrn 6.rox-cxeMy Hrpbl <B"nyxAaroulNfr nrqHH[aE AJIn pe-
uIeHHfl SaI.laqrl

( Y q n )  u r . ) c + L t u u : 0 ,  0 ( r ( 1 ,  0 4 . � A 1 1 ,
(fY) u (x, g): g Qc, U\ Ha fpanllue,

BO BHyTpeHHr.rX y3Jrax CeTKn, eCJrH rrlrcJro y3JrOB ceTKr{ npoKSEoJIbHo.
Hanaunre nporpaMMy AJrfl perueHns sa1aqw no 6nox-cxeMe rrg
eakaqw l.
Kar noan$rl{HpoBarb urpy, uro6u peutlrb saAaqy

f fHny u.$x+)czlruv:4,  0(r(  l ,  0 tU_<t,
(fY) u(x, Ul=g(x, U) Ha rpaunud? \

2.

3.
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Kax nur.nn.qut s srofi ilrpe cryqaftnaa nporylra?
4. Moxere Jrlr Bbr rar uo4nQnwrpoBarb Hrpy, uro6u peuurb 3aAaqy

0 ( . r (  l ,  0 1 9 1 1 ,

0 ( x ( 1 ,  0 ( - U 1 1 ,

(vqn)

(fv)
I
I
1
t

lL.x,e + u,au:0,
u  ( x ,  l ) : Q ,

a (x,  0) :0,

u  \ 0 ,  g )  : 1 ,

! 0 ,  o : o t

i . t l : t .

5. Paspa6oraiire cxeuy MeroAa
Hofi napa6onuqecxofi saAaqt'I

(Yqn) i l t :  dzu*r-Fu,

I  u (0 ,  t ) :  [  ( t ) ,
(ry) { ; .* v /  

[  r r ( 1 , 1 ) : g ( / ) '
(HY) u (x, 0): p (.r),

MoHre-Kapro Arq peureHlts cMeIrIaH-

- n l u ,  0 ( . r ( 1 ,  0 ( l ( o o

0 ( l ( o o ,

0 { x (  l .
i , .

yKA3AHI4E. 3aueHnre ero ypaBHeHHe KonerlHo-pa3Hocruoft cxevofi
KpaHxa-HIIKo,'IbcoHa, BbIpa3HTe u*r, i qepe3 rItTb guaqeHl.riI ut*r, j-r,
l l i+ i , ia i ,  i l t ,  j - r ,  I l i ,  j ,  i l i ,7 r r  B  coc€. [HHX ToqKax '

i

Jlexqrr 44. Bapxar.lxoHHoe hcqxcreHhe 329

fieruran 44

BAP hArjr4 OH HOE l/.CqVCrl.EHVIE
(yPABH EHtAe 3Rn EPA - nATPAHXA)

IIEJIb nEKI{l4l4r Beecra noHrrue $yHxuIaoua,'ra (Qyuxulln
or QyHxurau) u o6tncunrb, KaK QyHruuouanbl ecrecrBenHo Bo3-
HHKaror n SnsHxe. TunHqnult QynxuaouanoM sB,'Iflercfl LIHTeTpaJI

:
J l!/l: J 

O (", U, U') d)c,

roropuft flBJrrrercfl +yo*u*l or $yuxurau A $pw oroM- noA-
pasyMeBaercfl, rrro noAblHrerpaJlbHafl $yuxuua F (x, V, A', sa-
,qaHa). ilpuuep $yHxuuouala:

I

J lg7: \lu, @) * y'z (x)ldx,

Mu noxaxeM, KaK uaftru Qyuruuo y (x), xoropas MITHHMIIsH-
pyer Qyur<ulrouaJr J lgf. O$asblBaerct, rlro MHHIrMu3upylotuae

$yHxuun g roJr>+<Ha yA,oBJlerBopflrb raK Ha3bIBaeN{oMy ypaBHe-
nr.rn 3ft,'repa-Jlarpanxa. 3ro ypaBHeHHe l-Irpaer ry xe poJlb,
qro rr Heo6xoAHtrtoe ycJIoBHe MI.tHHMyMa

o'rf':o

$yuxullH t @) e roqKe .r n 4nSQepeuqrlaJ'IbnoM LIcIII{cJIeHHH.

B a puaquonHoe uc+ucJteHue recuo cBrrsano c 4r.rQQepenqriaJrbubrMH
ypaBHeHuflMlr, Ho, K coxaJIeHLIIo, He z3yqaercfl 6orluruHcrsoM cry-
AeHroB. B erofi ,'reKrlur.r (n. cne4ynqefi) Aaerca BBeAeHHe B Bapua-
uHoHHOe HCqricJIeHHe r,r noKa3aHo, KaK MoX{Ho peruarb ypaBHeHHs c
qacTHbIMpI npOr.r3BOAHbrMH Ha OCHOBe BapHarIHOHHbrX npHHqHnOB.

BapuauuouHoe lrcqucJrenlle Bo3Hr.{KJIo B To xe caMoe BpeMt, rITo
H MareMarr.r,{ecxuil aHa,rLIg, B cBfl3LI c peuegaeM gaAaq MaKcuMHga-
rlHH n MHHHMH3aIIUU Sgnrcquil om QynrcquiL (Haeueaeuux Synxqn-
oranaruu). lleprofi saAaqefi Bapr{aqr4oHnoro rrctrucJrenut 6una sadaqa
o 6paxucmoxpoHe, c$oprvrynupoBaHHafl l4orauuou Eepuyn.uH s 1696 r.
B eroft 3aAaqe Heo6xoAauo 6uno uafirn npuoyro y (x) raxuu o6pa-
Bolvl, 'rro6br Mr.rHHMIIBIipoBarb BpeMs cnycKa no eroft rpuooft 6eg
rpenr{s us o,qnoft roqKu B Apyryo (puc. 44.1).

, \
"ri:l ti

- : \
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l c
=Tffi )

I: -
1ft-ng

DepuyalH noKa3aJr, rrro
T L L

T : t  d t - t  * a t : f  L
J  J a s  J v
o e o

BpeMt rrycKa
L

f d t), {n {Yo,
3allncbrBaeTcfl B BHAe

(44. l)

I{, creAoBareJrbno, flBJrflercs QyHxuueri Tlglor @ynruxn. flocxonrxy
Mnorue SynrqnoHanbr ycrpoeHbr no4o6uuu o6pasou, Mbr ocraHoBr.rMcff
Ha HoyqeHnu Qynrqnonala odulero nn4a

b

J [aJ: S t (", U, U'l dx.

C@prray.ngpyeM renepb rJraBHyro qe.nr. Haruefi. nexqunr uafirn Qy.Hr<-
$l.rlol Kolfopafl ,qocraBJrfler Mr{HHMyrrl {unn uaxcnuyu) Qyuxul.lonany
(44.1). Crparerua noucKa 6y4er iar<ofi xe, KaK r.r upn notzcKe Mr.r-
Hr.IMyMa $yuxuull e a[$$epeuq[aJrbHoM r{crrrircJreHHr.r. 

-Tarrl 
Mhr r{axo-

AHJIr{ Kpr{rnrrecKr.{e roqi(H $yHxuur r{s ycJroBlrr f' {x):0. B oapaa-
IlI,roHHoM tlcqllcJreHuir Bce 6yaer HecKo.nbKo c.rloxHee, nocKoJIbKy
apryMeuro 4 T,enepb flBrflercfl He rrucJroBafl nepeMeunafi, a $ysxur.rs.
O4uaxo o6qufi noAXoA ocraercn npelxHaM: Mbr Bbrqr.rcJrnM raK Ha3br-
BaeMyro Qgurcquona,cbH7p npouoaolngn no Qyuruuh A@) w npwpaB-
HseM ee HyJrro. 3ro sosoe ypaBneuse 6yAer aHanofuquo ypaBHeuaro

# : o
us 4n$Qepe.rri lHaJrbHoro HcrrucJreHufl, Ho renepb ero 6yAer o6srxHo-
BeHHoe 4u$$epeHul.ralrbHoe ypaBHeHr.{e, H3BecrHoe KaK ypaBHeHr{e
9fiaepa-JlarpaHxa. Ham ocranocu lralirr.r oro ypaBHeHHe a peur4rb
c elo noMolIlbro HeKoTopHe 3aAaqr{.

b

MuHumnsaqun QyuNqrlonafia JIyI: !  O(", ! ,  ! ,)dx

Paccruorpnu 3aAaqy Haxox{Aenlrfl 6yn*uJ" g (x), noropafl MSHH-
ufisnpyer Synxuuonal

,i*1,:

F (x, g, g'1dx

B KfiaCCe IJIaAKHX (,yHttUuir, AOB.'ieTBOpf I{JUU{X fpaHI.ilIHbIM ycfiOBraflM

u @):  A ,  a  (b ) :  B
(cr'r. pac. 44.2p.

flyctt ercxoMafl {ryHxulla U 7 U {xl cyulecrnyer, H paccMorpr.ru
MaJIyto Bapnaqar,o Syurunr.r A, ro ec'r.b Qynxqurc g + e\tx),
rAe e-MaJroe qr{c,'ro, a r; (x)-r,uaAKafl $yHxuun, yAoBJrerBopqrcqafl

b

r tvl:J

Jlexu,rr 44. BapraqxoHHoe HcqhcrteHHg 33t

rpaHIrqHbIM ycroBnqM q (a): q (0) :0 (cY. pttc. a!2.). fcno, qro

ecJrn BbrtrncJn{rb HHTerpan J or dnusKoti Qgnxquu a+e\, ro $ynn-
urloHaJr Bo3pacTeT, T. e.

J [y] ( J ls *enl

AJIfl
quI,I

Bcex e. .Il,pyrunau cJIoBaMH, rpaSur q(e):l[V *en] xar,ipyur-
e 6y.aer BblrJlfl,[erb, KaK Ha puc. 44.3.

v

PVIC, 44.1 . 3a.uaqa o 6paxucroxpoue 1e arofi ga,[aqt,l Haqatocb BapHaur4orgoe
t-rc,t ltcJreH ue).

PIAC. 44.2. Bapuaqrr gyrrxuuu: a-Bapaa:uiln <pyurunu V:T@l+"n(x); 6-
Mr4Hr'rMr.r3rpylouran $ynxunn y (x).

kle puc, 44.3 gcno, qro B groM cJryqae HyxHo Bbltluefiurb npo-
r4sBoAHYIo or 

q(e): JLu+"'t l

(b,  B)

/----.-\
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:lcr -:

nO e, nOJIOX{IiTb 6:0 H I]plrpaBHnTb f ioJtyrlHBlueecf BblpaxeHxe
HyJI0, T. e.

W - # t f r * e q l l u : o -
d

r  r  aF '  {n '  (x i l  dx:o.- l  
La\ \x t i  as ,  ,  )a - '

(t{urare.rrr AoJrxeH ttpo,u,eJrarb gro caN,rocrorTe,rsHo.) tr4Hrerpapyn
no qacTflM, noIyrlaeM

4etu) -= f fg __q f+l I "r (,) dx :0.-E- :  
J  le -e lT l l

flocxo.nlry gror lrHrerpal o6paulaercl B HyJrb npn nn6ofi QyHxuun
11 (,t), y4oo,'lerBopflloqeii rpanuvunN{ yc/'roBurrx'r q (a) : q (b) :0, Mbr

PVC. 44.3. fpaQur< QyuxuHu /[y*en] B oxp€crrrocrr.r E:0.

IrpHxoAHM K BbIBOAy, qro BTOpafl qacTb n0Abrr{TerpadlbHofo Bbrpaxe-
HHg AO,'I)KIIa paBHflTbCfl Hyd'IlO, T. e,

$4'4 +-* i$l : o (yparuenue 3'.rrepa--JlarpaHxa).
0g ax l0g' )

Vpanueune (44.2) HasuBaercff ypaBHeHHeM 3fi.tepa-Jlarpauxa w,
xorfl B o6uleu BHAe oHo Kax{ercff cJroxr{brN{, lrpr [oAcrauoBKe B Hero
roHxperHoft Synxrtul F (x, A, g') ono flpeBpar.qaercq s o6HruoseH-
noe 4uQ$epeHuHar'rbHoe_ypaBHeHne Broporo ttoprAr(a orHocr.rrer'rbuo
HeHseecrHoft QyuxuraH g (x). Taxuvt o6pasou, AJrfl orpeAeJreHr.rfl Mr.rHr.t-
Mnsr.rpyloqeft $yuxunH y neo6xo4r.rMo peurlrb ypaBHeHHe 3fi.rrepa -
/larpaHxa.

E161=1;g +en1

u

Jlexqxr 44. Bapxar.lroHHoe xcqrcneHho 333

l4raK, Mbr lroKa3aJrl.t, tITo

ecnu Synxunn U @) Mr.rnr.rMl.t3lrpyer Qyuxuuoual J IUJ:
b

: ! f' (x, A, A") dx (s xnacce rJraAKr{x $ynxuufi c rpaHuqHbrMrt
a

ycJIoBuRMLI U @): A; !/ (b): B, ro osa doncrcua y1oBflerBopffrb
ypaBHeHHIO

{-! fi l l :o
og dx Loa' J

(c rpaHu,lHsrrrr ycronueu).

(A;rr ynpouleHrig o6osuaqesuft vu y6palu qepry wal, A.)
,Ilns u,rnncrpauHu reopuH npHBeAeM nplrMep.

:
Haxox,ueHlle MHr{rrMyMa SyHKrrHoHaJra J lul: \[ar+u'o]ar.

o

flonpo6yerra safiru $yHxur.rto y (x), xoropafl npoxoAl.rr qepes roqKl
(0,0) u (1, l )  H r\ruHr.rvrn3upyer QyuxuuoHan

- l

t lsl:J tv'+ a''\dx.

I4a rourexcra flcHo, r{To HcKoMan SyHxrlr.rn Ao,'IxHa 6rrrr .quS-
SepeHuH pyeuor?, raK_xaK noAbtHrerpaJlbnoe BblpaxeHlre Banucut ot y'.

,U,.nr onpe4e,rreniln U @) 3annrleM ypaBHeHHe 3ft;repa-.IlarpaHxa
(sMecre  c  rpauuqHbtM ycJ IoBHeM y(0) :0  u  l l ( l ) : l ) .

n a
r  u -  d " f  a '  

: u '

a (0) :0 '
a  ( t ) :  t .

Ho lq (x, A, U'): U'+ g' ' I i , cJIeAoBareJIbHo,

F :2u .

i, :ir,. (ilpolu$QepeulrltpoBarlu F no ll v a''l

VpanneHue 3finepa-JIarpaH)Ka npllHli l{aer BUA

za-*(2u'\:0,

orKyAa

!/ '-a-0,
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Peruas 9ro- npo-croe asQQepeHqaanbHoe ypaBnenfie c rpaHlrrrHbrMr{
ycnoBunMn g (0) :0 14 y (l): l, nory.raeu

a @):0,42* -0,42e-*.

_ fpaSux arofi Qynxunn neo6paxen Ha pwc. 44.4. flcno, sro Juo-
Oaff Apyrafl rJraAKaq S_yurqus, yAoBJrerBopflroqafl TeM xe rpaHr.{q-
HbIM ycnosr{ffM, Aacr 6onoruee sHaqeHlre eyur<rlnoHala J (0.

Pl4c. 44.4. Bce ,qonycruvbre rraAKHe KpuBrrlc yAoBnerBopnrer rpaHfiqHbtM ).cr.lo-uanu t(0):0 Lr g (l): l : d-AonycruMan xpuian; 6-inuuuuinpyroulan rlrynx.
q&r a $):0,42e'6 *0,42e-'c.

SAMETTAHHN

l. VpanueHne 3fi, lepa-JlarpaHxa aHaJrorur{Ho paEeHcrBv HV.rlo
npor.rsBoAHofi n 4a$QepeHqHaJrbHoM Hcrrr.rc,rreHr.rfi .' Ecnw,rfi "aient
TIOMHHT' TO HA CAMOM AETC PABCHCTBO HYJIIO NPOH3BOAHOI1 HC qE-
Jlfercfl ,u,ocraroqHbrM. yc,'IoBHeM SKCTpeMyrvra. Hanpun,lep, npor{3-
BoAHafl Qyuxquu t@):x3 npu x:0 paeua ny"rl io, l lo 

-sra 
roqKa

He flBrqeTcfl Hlr roqKoft nuuan,lyrtra, r{H roqKofi uaxcanavnaa. Tax
)Ke ,H c ypaBHeHr.reM ?finepa-ilarpaHxa: oHo osnnercr{ roJrbKo
neo6xo0u *tbt.ttt u c/toSuejt gKcrpeMyMa, Ho He AocTaroqHbrrr.r. 3uauur,
oKcrpe\{yM Mo)Ker Aocrararbcn Ha Apyf[x $ynxuzrx. Oqenn
qacro, oAHaKo, peflreHr.te ypaBH_eHuff Ofinepa_IIarpaH)Ka rro cy_

6 HtecTBy 
sa!,aq^w AaeT JroKaJItHl,rr? unn Aaxe rnoSa.nrlrufi MHHaMyM.

z. Ecnw y (x) ruuHurrlr.r3r.rpyer $ynrrlaoHa.n
b

F  - _

J  l u l : \ a V  t * a ' ' d x ,

To rrJrorqaAb noBepxnocrl.r, o6paeoeaunofi apaqeuueM KpHBo Vt U (xl
qoKpyr ocv )c, 6y.ler MuHr.rMarrbnofr (pac. 44.5y.
PerueHuen ypaeu-euua Sfr.nepa-,rlarpiHxa B 3roM cryr{ae 6y4er
uenHsf, ltuflun

u @):ach [(r-p)7a],

Jlerqxr 44, BapraqroHHoc l.rcqlcneHl4c 135

r,qe xoHeranru a u p onpeAeJrsrorcr t'ts yclorufi g (a): A E
U(b):B (r. e. qenuafl nr*rnvs AoJrxHa npoxoAurb vepes sagaxnnt
rouru). PeruHru ypaBHeHHe 3fi.nepa-JlarpaHxa B AaHHoM Gny-
qae AocTaToqHo TpyAHo, nosroMy Mbr peKoMeHAyeM gnraTerro
TOJTbKO [pOBepHTb, rtTO qeIIHa8 ilnHHs eMy yAOBJIeTBOprer.

B. B arofi JreKrruu Mbrr{a[JJrH, uro $yuxuHfl
g (x):0,42e"-0,42e-8

docmaennem iluHuJvtg Jtl

J

$yuxquonany
t

tvl: 5 ls'* s''1dx.

flpr.r sror',t oKa3blBaercr, qro J[7]:0,46. Ec.nn noAcraBn"b E
$yuxuHona.n ;rro6yn Apyryn rfiaAryp QyHxur.uo, rpa$Nr roropofi
npoxoAur qepe3 roqKn (0, 0) u (1, l), ro 3HaqeHr.re Qynxuuona.na
J [y] craHer 6o.rrure.

Pt1C. 44.5. Muultua"rtuas noBepxHocrb BpaueHfis.

4. OcHoaHHe 3aKoHbr $u:ttxu qaule Bcero $opuynupylorcs Ha ffsblxe
BapnaqnoHHbrx npIIHuI{[oB, a He AI.tSQepeH[HaJIbHbIx ypanuennfi.
B xaqecrse npr4MepoB MoxHo npHBecrLI npuHutun @epina (crer
npH pacnpocrpaHeHllr, Hs oAHofi roqKu B Apyryto eu6Hpaer nym,
KoropoMy coorBercrByer HaLIMeHbuee Bpelltf pacnpocrpaueHun)
nilv npuHqun fattu,tomoua (s KoHcepBarHBHoM noJle qacrnqa

ABuxerct raK, qro uHTerpaJI Aeficrslrs
t t

\ 
(xuHerr.rqecxafl gHepruff*noreHilJlaJlblraa aneprHr) d/

6y,uer MHHuMa,IIbHuu). TaxNv o6pasou, $zsNuecxue tBJIeHHfl pas'
BI,IBAbTC' TOJIbKO TAK, ITTO ETU QYHXUHOHAJIbI NPI,HHMAIOT MHHII'

MAJIbHbIE 3HAqCHH'.

1
I, nooepntocmt 6pa4enuf,
l. ( l"ltt,twag nnenxa aexdg
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6. OcHosHHe r.rAen BapnaqnoHnoro ncqucJrenuff MoxHo pacnpocrpa.
Hl.rrb Ha Qyuruuoua.nbl, BaBr.rcflIrl[e or Qynxuuu HecKoJIbKHX He.
gaBHCr.rMbIX nepeMeHHbtx, BHAa

Jlul :$$f  t r ,  g,  u,  uat  uolaxag.
D

Cooreercrsyrcrrlee ypaBHeur.re 3r?.nepa-.IIafpaH]Ka Ailfl TaKoro
0ysxuaoua;ra 6y4er yx{e ypaBgerruerr,r c tracrHbrMr{ npoH3BoAHbrMH

^  a ^  a ^I'o-& I"',*-fu f ,t!:

Taxoro po4a QynrulroHaJrbl rvtbr paccMorprrM B cne4yroqeii ,rreKqarz.
OAuaxo o6utas $unoco$un uerdAa 6y4er rauoii. HexoropuM Ho-
sbrM cnoco6oM ubr uafi4eu Synxulto u(.t, U\, Koropafl rrruHunrz-
supyer QyuKuuoHa,rr, ? flocKor'rbr(y oHa flBJrflercfl peueHlteM ypaB-
HeHuq 9fi;repa-JIarpaHXa, ro renr caMbrrd ruu uafi4eu pe[reHr{e
ypaBneHrrs c qacrrlbrrur{ npotrsBoAHbrlul. !,pyruMu .. cJroBaMH, Mbr
6y,4ertl ItcKaTb perileHHe ypaBrrenufl c .raciHstr,ilt npoH3BOAHbrMH
MeroAor\,r tuuHuJttusautuu $gnrctpouata. B arofi nexuua sce 6Hno
uao6opori 3aAaqy NTIIHIIt{tr3aI(uz $yuxilrrona,ra, sa'nHctiqero or
llyur<uulr o7uofi nepeuetHofi, r.rbr cBo/Iu.rrrr K peueHfilo ypaBHeHurr
9fi.rrepa-JIarpaHXia. llero4u peuerrHr auQS6peHuua"'r*rux ypae-
Heultii nyreM r\{urrur,ru3arl}rrr coorBercrByiolqux {rynxuuoua,rloB npH-
I-tgro Ha3brBarb npnna.Mu uemoda.wt Bapflauuo]tHoro Hcqllc,leHrrrr.
MeroAu MuHHMH3aqHa $yuxuuoua.non nyreN{ peuer{}rfl coorBer-
crByrcrquX y-paeneunfi Siinepa-JIarpaH>xa Ha3brBarcrcfl Henpfl-
tlbLJilu ilemo)a.+tu zapua[rioHHofo IrcqlrcJreur.rs. C"re4yrculan "rr'eN-
rlr{ff nocBrrqeHa xopouo rr3Becrrior,ly ltprrN{oMy NieroAy pHrrla.

SAIIATIA

l. Cggau Bcex KpHBbrx, yAoBJrerBopqnqgx ycnoBgng g(0) :0, w
g(l): l, uaft4ure ry, r(oropar truHuuuslrpyer tl,yHr<u"uorian

I

Jlul-\v't a ,'u 0".
0

KaK sH HHrepnperupyere noJryqei,sr,rii pesy"rlrar? geuy paBna

^ ,BeJrHrrr.rHa J lyl? Kaxoe crubrcJt ne;rHuurrul J lyJ?z. Kl{HerHqecKafl sHepruR xo,re6nrnqeficl nrareprra,ntsoi:l rosr(l{ orl-
peAeJrflercfl BbrpaxeHnert KE:trr,ir, r{e y :dlJlCt, a noreHq6-

aflbHaq pawa PE : * par.

.fierq,rn 44. BapraqaoHnoe xc.{ricnexr.te 331

--Ts@
Korefnrcuasca l'taccc Ha

fi0H4e npixutfu

flpuuqnn lauu,rrtoHa yrBeplr{Aaer, qro ii{arepvrafibtafl. rovxa 6y-

AeT ABHfaTbCfl TaK, qTO rrHrefpaJl

6y,ner MuHr.rMaJreH. Ecnl.r glol saxou cnpatse,Ull4B, TCr ilo/'tyrluTe
4lrQQepeHqila,'tr,Hoe ypatsHeriue ABnlxerri4q Marepr.raJrbnoii roqxu.
floralxnre, qro B KJracce rJra4xr.{x @yHruafi, yAoBJre'r'Bopsrcuux
rpaHLIrIHbtM yc.rioBuflil{ y (0) =. 0 u g (xl2}: l, MIII{I,tMyt{ $ygr-
ultoHau'Ia

ni ,.

J Llt l :  \"  l r ' ' -u ' \ , t r

Aocrr l raercff  Ha Sys6qspr 7(r) :s inr.  Buqxcnure , /  (srn,r .1.
tr4cxols l.rs rpyHxuuonana

J Lrl:!5 o t", !J, u, us, u,,) cIx da,
D

noryr{Hre ypaBHeHne Si inepa-, {afparr }Ka

F , , - * F , . .  -  
* F u * : 0 .

lA  
,  

l '

J tr<t - P El dt - lr- \ fn'y'�- hlr'l iu
t ,  t t

4.
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fierqur 45

BAPhAULAOHHbIE METOAbI
PE|.UEHhg YPABHEHUN

c r{AcTHbtMh nPoH3Bo.qHbtMt4

UEJIb JIEKI{1414: florasarb, xax MoxHo peuarb Ar.QSe-
peHutraJrbHoe ypaBHeHr.re, paccMaTpHBar ero KaK ypaBHeHne
3hnepa-.[arpa]r]Ka AJrfl HeKoroporo SyHxuHoHaJra n HaxoAs
IreKoropbrM HoBbrM MeroAoM QyHxuurc, ittuHunusup!/nulAn eror
.(tgnrcquouaz. TorAa MHHIIMusI{pyroulan SyHxuun 6yAer peure-
Hr.reM ypaBHeHHR c qacrHbrMH npor.rsBoAHbrrull. 3a4aua, KoHeqHo,
cocrorar B ToM, qroSu uahru raNofi Qyuxqaouan, AJrff Koroporo
l,rcxoAHoq ypaBHeHHe sBJreercfl . ypaBHeHueM 3ft nepa - JIarpaHxa.
Xopouro'H3BecreH pesyJlbrar (meope*ta o i4utrtrilAile enepeuu),
xoropuft rJraclrr, qro HaxoxAeHr4e pe[renufl t,l HeKoropofi en-
JrHnrr{r{ecKoft xpaenofi BaAaq}r

ur * !u r , , : f ,  s  o6racr r  D,

- 
" i :0,  

Ha rpaurqe D,

gKBHBa,'reHrHo HaxoxAeuurc raxofi $yHruNu a (roxe o6pau1arc-
qeficn B HyJrb Ha rpaHnue o6racrH D), xoropat MHIHMH3U-
pyer rpyuxuuoHaJl norent(ItaJlbHoii eHeprHu

JL"l : j  5 tr ;  -y u|,*2uf ldx ds.
D

'To ecrr, Lu:f -y1aBnerri le 3finepa-Jlarpauxa A"'rf l JLu].
@yHxuHn, lpu6nuxeuHo MI4HHNrH3Irpyloqafi $yuxunoHa,u J [u],
urrrercfl nemo1on Pum4a; reM caMbIM MbI noryqaeM peueHlre
(npu6;ra>xeHnoe) yparHeHur c qacrHblMlt npoH3BoAHbtMH. B erofi
neKqan Mbr no3HaKoMu[,rcfl c MeroroM Purua il nocMorpu]{, KaK
c noMoqbro groro Merol{a Moxuo tutHlltt!n{3uponarl Svuxq}tonaJIbI.

Oqeur xoporuo penarb rpali l lulrbie 3ar{aqn (xax, uanplrtuep, sa-
,{aqy o saKpen,leuHoii ruerrr6paue) nyrent o'rblcKaFills rr'ia4xo}"r nonepx-
Hocrl4, Koropafl MHFrr{r.{ugnpyer norellqHaJIbHyrc SFieprH}o uent6paHu.
To ecrr, ecJrr.r MbI pacc),rarplBaeM IIcxolHoe ypaBHelilre KaK ypaB-
Henr.re 3finepa-,rlarpanlr(a A,'ts lleKoroporo $yHrur4ou,aJra J[a], ro
perrleHlre 4uQ$epeuuuaJrbHoro ypaBrienafl MoxHo noryrlnTb nyreM
i4uvu i4u saquu tf g u rc quo ilana (nocxonnxy MLIHITMI4B Hpytoqaa Qy Hrur n

Qynruuouana flBJIsercfl peueltiieM coorBeTcrByloillero ypaBHeHHs

Jlex4rn 45. Bapxar.lnoHHbre MaroAbr perr'enrn Vgfl 339

9ft,'repa-JlarpaHxa). B nexuurr 44 rrru paccMarpr,rBaJrn TaKtre Synx-
r{HonaJrbr, y Koropbrx ypaBnenr4e 3fi.nepa-JlarpaHxa 6u;ro o6srxno-
BeHHbrM 4utprppeHuua,'rbHbrM ypaBHeHHeM. B sroit neKlutu paccMar-
pr4Barorcq Qyuruuoua.nu, \nn Koropbrx ypaBueHne 3filepa--JIa-
rpaHxa orHocrlrcq K KJraccy ypaoHeHuii c qacTrrbnvrn nponsBoAnbrllr.t.
Hanpr.ruep 4na $yHxuuolraJra

l l

l[uf:! Sirl tui)dxd!/
0 0

ypaBHeHfle 3fi,nepa-,rlafpaHN(a (no4o5uo cryqato o6urHosenHoro
lu@epeHuuaJrbnofo ypaBHeHr.rr B rroc,leiluefi rexquu) tlMeeT BrrA

u* *+  L | , J , J :0

Lt, cJreAoBare,'rbr{o, A,'rfl peueHna 3a1aqrr ,Il,uplrxne B eAHHHTIHoM
KEaApare

( V H n l  u , , { u 0 , , : 0 ,  0 < x < 1 ,  0 . ' - ! l  . - - 1 ,
( fY) u: E, Ha fpaHuue KBalpara,

MolKno, Hao6opo'r, Haiiru raKyio $yrrxuuro u (.v, g), r{oropan MHHI{-
I'rr{3r{pyer Jlul u paBHa g r{a lpaitrue. Peponrno, rrc crorrr yil{B-
Jittrtrcfl TC)MV, qro Qyuxutronan

l ful: 5 i trl l- uilttx cls

rpeA,craBJrner cojori nor."*rir,lorryro orieprun mem6paru,r r $axr.rr-qecKH ML,r HaxoAr.rM tro6epxtiocnlb c n.uHu,4tattouati nomeu4uanouoti
s,uepeuert. Bonpoc, Kor{eqno, cocrorlr B c,reAyrcueM: ecJru 4aHo AuQ-
$epeHr-lua.nsHoe ypaBHeHr4e, KaK Mbr HaxoAum $yuxr1r.rona.n, Bbrpa-
xatouluft noreHr{HaJrbuyto aHepr"Hro peuerrrrq? Oreer Ha 3Tor Borrpoc
AaeT xopouo r.r3BecTHaR Teopella (rec'peua o MI,rHaNryMe eHeprrilr),
r{oropafl yrBep}KAaer;

Peuesae u sa1aqt !,rrpux.re
(Yqn) ["u: f s o6nacrw D

( f V i  u : 0  u a  r p a n r r r e  D

flBJrnercR rnofi cte $grurcqueft, Koropafl h{tnrul&ltr3up1'er (cpelr.r Synx-
r1nii, y4oeterBopn$uir x I paut{ qr{oMy yc,'ronr.no rJ :. 0) auepre.ruvecxuft
QyuxrluoHa. 'r

J [r] : I $ ta -r ui * 2wf) dx d.s.
D

f lo4o6Hue-reopeMbr cnpaBeA,xrrBbr H A,tR Apyfgx rrlf loB rpaHlqgbrx
ycnonnft. tIro6u noMoqb qflrate,rrru rroHflrb reopeMy, paccMorpHM
rpHMep .
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3alreua ypaBHeHr.ra f lyaccoHa
SyHxuuouar'roM noreHuna,rbHofi gHeprHH

PaccnaorpHu saAar{y [npuxne

, , E r \  ( V H n l  u * , { u o r : f ,  o ( x ( l ,  o l g 1 1 ,
(+o '  |  )  ( ry)  u :0,  Ha rpaHH[e KBaApara,

(u'4. pnc. 45.1;.

u = 0

t l = 0

PHC. 45,1. VpanueHue f lyaccoHa BHyrpI ' t  KBaApara.

.Ilns oroii saAaqu QynxuHoHan oueprlru Jlu\ eanvcblBaerct B BHAe
l l

l ful: J j t, * u' *2u[] dxds,
0 0

A/'rrJ peueHuR 3a,ilaqfi (45.l) AocraroqHo uafiru

$yHxnuii, o6parqarculnxcfl B HyJIb Ha rpaHu[e)'
JLul. 3ruu 3aMeqaHHeM saBep[Iaercfl nepBafl

octanurericR qacrll MbI rIoKalKeM, KaK HaxoAI'ITb

$yirruuro i ws J [a], ucno,rb3yfl MeroA Purna.

Mero,q Pnrqa MHHHMH3aIIHn OyHKr{iloHaroB

Sror ueroA-oAIlH H3 MHorItx BapllaulloHllblx MeroAoB' oIIucaH'

Hbrx B Jll lTeparype no tsapuauuoHHoMy uctl l lcreHlllo. I4Aen, npeAJIo-

xeHHafl MareMarl4Kona B. PxrqeM, oqeHb [pocra. MeroA cocrouT H3

cJreAyloullx uaroB.

UAf l. Bu6upaeu n u $yrrruuro a' MllHuMu3lrpynItlyCI Syttx-
UHOHAJI

(45.2)

g, cJIeAOBareJIbHot

QyHnlun lr lcpeau
Mr-rHHMH3HpyIotqyrc
qacrb JIeKIluH. B

MUHLIMLI3Lrpynn\Yrc

I I
F t .

J [ul :  \  \  t r :  *  u i*2u|dx du,
0 0

fiexqxn 45, Bapr,raqroHHbre MeroAbr peruexre VLlfl 341

I{IIIEM B BHAE

u n ( x ,  U ) : o r g r  @ ,  U ) * a z g z ( x ,  g ) +  . . .  * a n g o ( * ,  A ) ,
r4e $yuxur.tu p1r (pzr (ps, . . . , gz nptrHaA,'rexar K KJraccy AocrarorlHo
xoporxrdx QyHxuufi u nce o6paularcmcn I HU/tb Ha epaHuqe, raK qro
Hs HI{x Mox(Ho nocrponrb pa3yMHoe npu6,luxenHe AJrff peuennfl
sa1auu. 3rn $yHxuuu npr4nflro Ha3brBarb npo6Huvu QyHxururrln.
Tttnraqnuil Ha6op npo6rrux Qynxuufi AJrrr 3aAaqH fiupili. 're B eAH-
HHqHOM KBAAPATC NPITBEACH HHXC:

pr(x, A): x!/ (l -x) (l - a) * o6paulaorcfl B Hy.{b Ha f panrrr{e,
Qr(x, A): xtp, (x, g),

Q, (x, a) : !/9r (x, !/),
Pn(x ,  u ) :x 'q r@,  ! / ) ,
c\s@, g): xUQr @, ll),
r1 r (x ,  a ) :U 'g r (x ,  g ) ,

HHuuu c,'IoBaMir, nepBbre qerbrpe npH6nuxeHHl trMeor Br{A
ur \x ,  U) :  a tx ! /  (  I  -  x )  ( l  -  u ) ,
u,(x,  U) :  )ca 0-x) ( l  -  g) la,  *  a,xl ,
ur(x,  u):  xa 0 -  x) ( l  -  u)fa,  I  arx {  a"gl ,
u' 

!..*' a : x!/ (t -.' tl - ola' * oo 
:..a's { anxzl

UIA| 2. OyHruuoHan

f lBJr f lercs Tenepb Qgnx4ueu xooSQuuueHron ataz. . .an.  Cne4ona-
re,rrbHo, A"rrr rofo qro6lr naktu MTtHHMyM Syuxul.rona.na ./, npapao-
HReNt HyJIIo qaCTHLIe [pOH3BoAHble

i
a j+ Icpr l  d .xdg:Q,

r ru.t:j j {t,: ",*l .-12',#]'* zs f. o,'p,\ a* au

dr.I!,|:2 [ f Ii. I oat a,p, - der aq, Io a r  J r d t f i L a '  0 x ,  d a  a a J

'+i:2J jil l**+#W1",**1 dxds:o
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, Bce ero npeAcraBJrflercr HsprAHo cJroxHbrM, Ho ecJtH llepenncarb
Bce orn ypaBHeHHs B Marpr.trlHofi Soprrle, To noJryquTcs clrcreMa
aHHefisux ypanneHufi

A a : b ,

I I

(45.3) A,r: I f
0 0

l l

- 
J J f 

(x, s)tttk, g) dx ds,
0 ( ,

I

( . .  "  r l t  '

J  LUJ:  J  LY '+  U JAX,
0

y ( o ) : 0 ,  u ( l \ : 1 .

l t

l i r l : 5  5
0 0

r,qe A:(Aii Marplrqa pasMepoM /lXri, sJreMeurbl Koropofi nuuuc.
trflrorcfl no $opuyrau

I arp, aPt , oqi oPtl
L-a;;+'fi jv)axau,

D:(br)-aerrop c KoMnouenraMr.t

b t :

I a: (a;)-HeHsnecruuft BeKTop, KoMnoHeHrbr KoToporo FBJrrloTcfl
xorp$uqrenraM.H B npu6nuxenHoM perueHllrr un(x, U):argr@, il*
*  a r g ; @ ,  u ) * ' . .  * a o g n @ ,  a ) .

IllAf 3. Peuraena nuHefinyrc cncreMy Aa:b oruocureJrbuo xoe$-
$HqueHroo al l  a2t , . , ,  en LI noflyr laeM npu6;tuxeuHyto MIII{HMH3LI-
pyrcxryrc $yuxuuro

un(x, ! / ) :  aret@, i l*  asgz(x, A)+ .  .  .  *  aogo@, A),

a gHaqltr, u npu6,turceHHoe peweHue sa4a'uv ,[,npuxne.

SAMEqAHEfr

L B sroft JreKu,Hn MeroAoM Purua MnntrNrn3lrpoBaJrcr Syurltuonal,
ganucsrqufi or $yuxuuu 0et1x nepeueHHbtx. Toquo rax xe Mo)KHo
MIIHIiMH3HpOnarr, Qyrrxul loHaJ' l t l  BrlAa

EAHHcrseHHoe or,ruqne B roll, IIro annpoKclrMllpypque $yxxultH
(Pr, (Pa, 9s, . . ., (p. AO,'IXHbI yAOB,'IeTBOpflTb fpaHllqHblM ycJIoEHffM:

o ,  ( 0 ) : 0 ., , \ ,  i _ 1  2 r . . , r n .
t f r ( l ) : 1 ,  

' - "

2. B srofi , 'reKU{H ne 6uno AoKa3aHo, qro ypaBHenueu 3finepa -
JIarpaHxa A.r-rt tpyuxuroHana, saBtlcflrqero or $yHxuuH nByx
nepeMeHHbrx

[ui, I  ui jdx dy,

r|er4r<r 45. Bapxar.lxoflHbre Melogrr peurexrr V{fl 341

flBrflercq ApasueHue Jlannaca, Ho 3To AoKa3areJrbcrBo npoBoAr.trcfl
aHaJrorurrHo roMy., KaK 9ro AeJraJrocb B JreKt1Hn 44 lnn QyHr-
ur{oHaJra, gaBr.rcrqefo or SyHruHn ornofi nepeueuuoft.

3. B rsunax no Bapr{a(HoHHoMy Hcqr.rcJreHr.rrc noxasaHo, KaK crpor.trb
zHepeemuqecrcud Qgurcquovan He roJrbKo AJrfl ypaBlreuux flyaccoua
c rparu{q-HbrM ycnoBueM ,[I,upraxne u.:0, Ho H AJ'rs MHorHx Apy-
rux 4lrQQepeHrrr.ra,rrinbrx ypanueuuft a MHorHx Apyrux runoB rpa-
HHr{Hbrx ycnonuri. Cne4onare.nuno, 6o;rburoe qucJlo KpaeBbrx saAa'l
MOX{HO perrrHTb, Mr.lHHMr.r3r.rpyfl cooTBeTcrByroul[e SHepreTHqecKlre

. QyHxulloHaJIbL
4. txerra 6omuree gHarieHne n raH sH6HpaeM, TeM MeHbulee 3Haqerrae

Jfi,] nonyrraercs. 3Havar, c yBeruqeHleM n pacrer roqHocrb
npa6.nzxenHoro peueHHq Au$SepeHuuaJrbHoro ypanneuan. O4uu
I,t3 NTeTOAOB OnpeAe,'IeHHfl Un OCHOBait Ha nocJIeAoBaTeJIbHOM Bbr-
qr{cJreHHH QyHruaoHana J fu,f !iltr Bospacraroqhx sHaqeHr.rft n.
Bu,rNcneHr.rs ttpeKparqamcR, ecJur c pociona n QyuruaoHaJr ilepe.
cTaer npaKrHqecr(H yMeHbuarbcf l  .

5. Ec.nra n Be,rrfiKo, To npoBeAel{He eatqucneliHfl no MeroAv purua
rpe6yer nprBfier{elruq 9BM. FIa puc. 45.2 (c.345) npueeae-ua 6nor<-
cxeMa peuenr4fl xpaesor? BaAaqfi MeroAoM Plnr(a.

flormoeare,.'rb Ao,rrxeg noga 6orlrttc fl o rroAn porpaMMe, Koroparl
AoJr)KHa BbrqacJrflrb suaqeHfir npo6nr*x QyuxuHfi. Taxan [oArrpo_
rpaMMa MoxeT r{NleTb BtrA:

SUBROUTINE BC (X,Y,PHI)
SUBROUTINE PROVIDED BY THE USER TO
EVALUATE THE
ry.rylll_oMlllq), pHr(2), . . ., pHr(N)
DTMENSTON PHr(20)
qiilu) : X-Yl( I - x).(l - Y)
lfll(?) : {.!fjI(l) (ucno,'rrsyeMbre gyuNunu)
PHI (3 ) :  Y*PHI ( l i

: :

PHI(N) : (uro no,'ryr{Hrcfl )
RETURN
END

C
C
C

3AltAqH

L Haftaurc 3Heprernqecr<ufi $yrixurrouaJr
( Y q n )  u x x + u t , , , , : 1 ,  0 ( x

(fY) u:0 
"r ia 

rpaHnqe.

4,1fl saAaqrr

< 1 ,  a / - g < - l ,
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Kax uuHl.rl,ru3upoBarb QyuxuuoHa.il

l f  , , 1  - [ 4 . . r ,  . , , 2  1 , t -  . , / n \'  r e t -  J l u ' * u " l d x ,  Y ( o ) = 0 ,  g ( 1 1 : 1 ,
0

Mero,[oM Purqa?
yKA3AHI4E. Ecnn BBecrH HoByto tpyHNuur.o z (x1:

z (x):  ( l  -x) g (x),

TO MOX{HO 3aMerr.rrb, rrTo oHa yAoB,[eTBopffeT rpaHr.rr{HblM ycJto-
BHtrM z (0) : 0 tt 'z (l): 0.')
Hannurure nporpaMMy AJI; npoBeAeHHn gHqucneHufi no 6.nox-
cxeMe, u:o6paxettHoil sa Puc. 45.2.
floxaxure, qro ypaBHeHHe

Lrxx+  L I t r ! ] : 0

sBJrflercfl ypaBHeHlier\4 3finepa-,rlafpaHxa 1,ra rpynxuuoHaJla
l l

l lul:5 5 Lrl { ul,lrtx dx.
0 0

3a1auy !,upuxne
t t * ' * i l l t a : s i n ( n x ) ,  0 4 x 4  l '  0 1 Y  < - l '
u:0, Ha fpaHl.r l le KBaApara,

Mo>trHo peu[nrb MeroJroM KoHeqHoeo cungc'npeoipasoeaHun (no ne-
peueHuoii x). B pesy"'tbrare rtoJlyqHM

u (x, !J) =' l  .4r ' "  1- Bt-nu - |  - l  
s in (nx;,'  L rr ' - l

rAe ,4 :0,06 v B :0,04. Kax uafirH noreHlruaJlbHylo 3nepfuto
gToro peueuus? Mu peKoMeltAyeM qflTare,'In BcnoMn?lrb cuHyc'
npeo6pa:onaHHe H cal{ocronreJlbHo noflyqttrb peueHne u(x, g\,

!) flpH taxoft salreHe Bo3Hr.txaer oco6esHocrl B r. ,- l. Jlyuure neecrn $yHr-' 
qHPlo e (x) no $oprr,'y;r e z (x) - g (x) : x.* I7 prtu. pe1 ,

3.

4.

5.

' : ,

Jlexqrr  45.  BapxaqxoHHbre MeroAbr peurexrr  VHf l  345

Vumaev n-quc/to qneno0 0 u(r,g) (llpu gdaunou.6ot6ope
npOdHuX Qgttxtluti ano qucno saxrrroqeno uexdg nnmtn u decnn

BOUuemeu A(I,J) u tc(l) no qrop,tui!'/iau (45,3) u (45,tt>,
l{nneepanu, 6epannxc, nptcie;ficfr $axodumt qnercff-
H.o, a i9 ds/txHtr :Suqucttsnbtfl 6 nodnpoepau*te,
4acm\ue npous1odaote Mu:(Ho 6ot,tuuina ,
cnfienuo 8 nex cnguanx, $oeia pljl/,Euu cf i
cft nl/ruHzMar4u. I ocmantHbtx cngqaflx ux /u0)KH0,
ilanpuilep, 6ot.tuc/tunt no eopM!//ar4 KztteqHilx

1=J+1

I = I + 1

Pewaeil cucnei4g nuuedaux lpe$ttesurt As * b onnocunenoilo 6eK-
m2pa a = (ai) Luaxno urrontsctano cA'qecnggnuqgtO
,pa ht /v{g U s 6u 6, u o m et Li fibr q u c,,t ;' :ti s tt t U oeo 4 e a m pa )

un(c, y) 6 uexoncpoi moqKe, #c;*'hl H{itTucamb rcdoio
ugro ilpa?,psuuy Etrn fn:no.,rftetust enoil onepa4uu,
llpw aeodxof,trm1cmu M1,xil7 no'mo,oamt 6tt,1uclreHLn
no emcrt ffpoepd.'/r/1/,te c dpgeuuu s*aqeHunl"tu n

Agnee. /Tpudnuxe,vuoe peaeHue un qr, y) = dtgt + 0zez+ ,,,+dnen
8 sno f,pe;lrn lt4oA(Ho rruc/|e!{h7 Hei.',,rru 3|azieilue puHK4ul-
Hona JIun]. Ecnu fleodxedu.;,{t yat"lmu gqd{teHue peaeHufl

pVlC 45.2. B,rox.cxelia lrero,lia Purua.
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flerqran 46

PELllEHi,lE YPABHEH44
c r{AcTHbtMt nPoH3Bo.qHbtMtl

METOAAMh TEOPTAU BO3MyLI{EHUr

I{EJIb JIEKIII4H: floKasarr, KaK pa3rurrHbre cJroxHbre 3a-
4a.rn (uennuefisne ypaBHeHHrr c nepeMenHbruu roa$SuqrieHTaMH,
o6lacrn HerrpaBn,'rbHoft $opnau H T. A.) MoxHo peultrb MeroAoM
Bo3rlyqeHHfl 6onee npocrblx 3aAaq. I,lnuua c,roBaMH, MbI xorHM
noKa3arb, KaK c,'re,qyer r{3MeHurb perueHl{e npocroft gaAaqlt,
qro6u oHo AaBaJro upn6nnxeuHoe peueuue rpyAuoft gaAaqr{.

Hanpunep, rvrbl rroKalr{eM, KaK ue,'ruueiluyto 3aAaqy
( t " q n )  L u l u 2 : 0 ,  0 4 r a l ,  0 ( 0 ( 2 n ,

( f D  a ( 1 ,  0 ) : C o S 0 r  0 ( 0 ( 2 n ,

Mo)KHo upu6nuNeuHo peuuTb MeroAoM Bo3Myrqenr.{r peueHlrfl
nuuednoil sal.aqu !,upuxne r)

( V I { n ;  A , u : O ,  0 < r { 1 ,  
)

( f Y )  a ( 1 ,  0 ; : c o S 0 ,  0 ( 0 ( 2 r u .

OqeHl qacro 3aAar{y, peneHire roropoft He r{3Becrgo,
nyTeM HenpepugHo?o L3MeHeHu fl KaKHx-To napah{erpoB cBecTr.I
Koft, Ho nerKo peuaeNrofi saAaqe. TorAa ll peueHue scxoAuort
6yAer 6.nrasxo peueHHro uo4nQuuupyroulefr 3aAaqu.

Hanpuuep, ypaBneHlle Jlannaca
L , u : 0

o noMolqbto certeficnzea ypanueultfi

MO}KHO

x 6nt,te-
SaAaqH

L u { e u z : 0 ,  0 ( e ( 1 ,

r.) Kpaeaax saAara

L u * u z : 0 ,  0  <  r  <  l ,  0 ( 0  <  2 n ,

a ( 1 , 0 ) : g ( 0 ) ,  0 < 0 < 2 n ,

npr{ oAnux lpaHfirrHblx ycJIoBI.rrx (nanpuruep, I  (0) :  cos O)^raueet aBa pa3." ' Iuq'
Hbrx BeuecrBeHHutx perueHus, a npu apyrl lx (HanpHttep, g(0) : ,4 cos 0 c I  A I >
> 20,65) gra 3aAaqa He HMeer HIl  oAHoro BeqecrBeHHoro peueHntl ' -  l Ipun4. ped.

Jlexr{xr 46. Peu.renxe YHII ^,reroga*rH reophx aoaxyulexrfi 347

Moxno HenpepbrBno uoau$nunpoBarb s HerlrHeiiuoe ypaBHeHHe

L t t : t l z : 0  t ) .

Ha pHc. 46,1 uso6paxeHa cxeMa peueHnfl ue"ruuerinofi sa,u.aqn
nyTeM cBeAeHHn ee K peueHr.to ypaBHeHua Jlannacag).

A a  : 0  *  L u  *  e u z  : Q  *  A a  {  u 2  : 0

( e : 0 )  ( 0  (  e  (  l )  ( e :  l )

Peueuue Perueglre Peuesle
@ @

l l o  +  t r : :  t h l l u  *  Y = = \ t t u
h = t  A = 0

PI4C, 46.1, Cxeua lrero,ua nosMvuleHlrli.

9ro6rr uaitrw peileglle Bo3uylllel{Horo vpaBHegug Jlannaca

Aa -l- slt2 :0,

r,tH Ao6aefil.{ Bc}3MyrqeH}re K peueFruio il' r]eno3liyrqeuuoro ypaBHeH}rn
Jlan,naca, llpe4cran.nnercq ecrecrrer{HbrM, qro pe[reHHe Bo3rlryueu-
HOrO ypaBHeHrrn

Au  - i  t , u ! :A
cJreAyeT ucKarb B BrrAe

(46. t) tt : tto-f ea, f s'ur-l- . . . .

3aue'ruru, qro creneHnoii paa no e (46. l) nepexoaur B peueHxe
ypaBHeHufl Jlan,naca r/o npu e :0 H B pe[re]{ne uettunefiuoeo gpae-
HCHUN

L u  {  u 2 : 0
npn € : 1. Apyruuu cJroBaMH, paenoNeuHe (46. 1) ,qeficrnyer xax
paKera, Koropafi nepeuoclrr Hac or ypaBHenrrfl Jlantaca K lre,rn-
Hefiuouy );paBHerlH[o 3). 3a,{aua cocrorrr B ToM, .rro6r,r safirH $y"r<-

I  S t"no" tro r;e rax, xorn 6br norolry, qro 3al laqa

L t u l r L 2 : 0 ,  0 <  r  <  l ,  0 9 0 4  2 i r ,
' l  ( l '  0 ) : 0 ,  0 < 0  <  2 n '

uMeer /qna peucHns (oAso- HyncBoe, Apyfoe-rrerpuBrlaJbnoe), a ro epeun
xaK SaIa ' ia

A a : O ,  0 < r < 1 ,  0 < 0 < 2 a ,
a ( 1 , 0 ) : 0 ,  0 < 0 < 2 n ,

HMeer roJr,f io Hy,renoc p€ttreHne.- I l  pun. ped.
SAecb H HH)Ke perrb raer 96 mncxanr4u oJltrofo H3 peureunfi (oropoe rSxBM M€.
ro,[oM He naxo4rrcn).- llpuu. pe}.
3ra.<paxera>, Bo-nepBbrx, i le npu Bcex rpanuqHbrx ycdloBlrtx Ao, 'reTaer Ao
e:l  (r,(e npH onpele.reHHbtx.BeuleCTB$!Hbtx rpaHuqHbrx yCnOBUtX OTKpl,rBaer-
cr MIrp NoMnJIeKcHblx peueHHt) H, Bo-BTopblx, H'| npu KaKtlx e Fe ,UoJreraer
,tro Broporo BexlecrBenHoro peueulrs, xorla oHo cy4ecrBy€f,.- Epu.rt,. pgd.

i;:.,

,,

")
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qHH r0, up 1t2,. . . ,  BxoAflu{ae s creneHnofr pna (46.1).  B ocras-
rueftcq qacTu JTeKUI{r Mbr noKaxeM, KaK 3THM MeToAoM MoxHo pe.
IXI.ITb paSJIZqHbre KpaeBble SaAarIH.

PeureHne HeflnHefiHoro ypaBHeHus Ltt I u2 :0
MeTO,IOM BO3MyrqeHHfi

flpe,4no.noxllM' r{ro HaM HyxHo pel1l'trb cJleAyrcIqyrc uenuuefiHyto
aaAaqy .[,upllx,le:

(46.2)
( Y q n )  L u l u 2 : 0 ,  0 4 r 4 1 ,

( f Y )  a ( 1 ,  0 ) : s 6 s 6 ,  0 ( 0 ( 2 n .

Eylervt paccMarprrBarb sry ne,uuHefiHyto 3aAaqy KaK s@ntAuleHHgK,
nunefiugn saAaug:

( Y q n )  A a : 0 ,  0 < r < 1 ,
(46.3) /F\,\ .  " )  u .Q,  f i :  coS0,  0  (  0  (  2n ,

pe[reHue xoropofi ao (r, 0): I coS 0 llesecruo. Karc xe Hy>KHo ul]ne-
Humb u'(r, 0), qro6u noJlyqurb peueHlle saAarIH (46.2)? Kax yNe
yrroMr{HaJlocb paHee, paccMorpnM KJIacc 3aAau Aa f Euz : A c rpa'
Hr{qHbrMr4 ycJToBHRMH u 6yaeu HcKarb peuenl{e raxAoft sa6at4w ug
9TOrO K,raCCa B BHAe

t 46 .4 )  u ( r ,  0 )=ua ( r ,  0 ) .aeu r ( r ,  0 ) *  ezu r ( r ,  0 )+ . . . .

3areu uu HaftAeu peuell i le saAaqu (46.2), noJIoxI'IB e: lt).
Bupaxeuue (46.4), npereHAyroqee Ha po,' lb peneHufl, noAcraBI{M

B BO3lllyqeHHyIO saAaqy

( Y q n )  L u l e u z : 0 ,
( fY) a (1, 0) :  cos 0.

B peeyrrrare roryr{aeM

A  ( a o *  e u r l  e z u r { . '  . ) +  o  ( u o *  e u r !  e z u r *  .  .  . ) ' : 0 ,

u o ( 1 ,  0 ) f e a '  ( 1 ,  0 ) +  o z u r ( 1 ,  0 ) + . . .  : c o S 0 '

flpo4enar Hec,'IoMHbIe a,rre6pauvecxue npeo6pa3oBaHl'{tt H npl'rpaBgqB
XOSSduUueuTbr npH O,U,t4HaKOBbIx cTeIIeFiflX e, nOJIyqaeM nOCJIeAoBa-
re.nidocrr Ba1au'Po, P, Pr,'.. peullB Koropble' NIbI Hafi4eu He-

H3BeCTHbre Qyurunrl wo, ur, . . . (oce 3rl.t 3aAaql'r. RBJIflIOTCff nUnefi'

l) gror pnA saBeAoMo cxoAnrca npu lel < 1.443.- [Ipun. peO.

1
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HbtJt4u n ueo0nopo0uot*tu):

-  ( A t t " : g '  0 < r < l '
o t i ' r ( 1 ,  

o ) : t o ' 0 ,  i l n ( r '  o ) : r c o s ' o '

_ [ Au,-- -u1,,
p t' r [  

, r ( 1 , 0 ) : 0 ,

^ (  Lur- -2usur
D . l" I  a r ( l ,  o ) .

: : :

HaqHeu c oilpeAe,'reHur QyHxrllr urQ, A) Ir3 3a/laqu P, ($yur-
t lng uo HaNl  yxe t tsnecrHa):

/ ? 2 ' 2 / 2

p  !  Lu , ,==  -72cos20 :  - ; L l  - i -  cos (20 ) l :  - i -Z  cos (20 ) ,
, 1 . !

I  a ,  ( 1 ,  e ; :  g '

Qro6u peur.rrb neodnopolnoe llpaeHeHue, uu o6parumcn K rreroAy,
xoropuft npHMeHfl,,rcfl ellle B Teopur{ o6nxHoeeHuHx aH+$epeH[,uar'r],.
nbrx ypaBHewui't u xoropsli't cocror.rr B c,reAyrcrqeNr:

l) HaxoaHu o6qee pemeHue Ah aLrlrcpor]roro ypaBHeuur;
2) uaxo4uru qacrHoe perueuue y/ HeoAHopoAnofo ypaBHeuufl;
3) no4cran.nnelr an*ap n rraqanuioe ycJroBrle u oflpeAed'rffeu

XOHCTAHTb I .

Sruu t{eroAor\,t Mbr Bocflo,nb3yeN,lcfl n npu peueHtrn uarlel'r ea-
Aaqu. B saueli 3aAaqe P, odqee peilreuLie oAHopoAHoro ypaBHeHHfl
Lu:0 Bo3br,{eM n Sopue c pa3Aer,ieHHbrMu [epeMeHHbrMH

u r(r, 0): 
,& 

," [ao cos (nS) * 0,, sin (n0)].

t{acruoe (lonrxo o4rro) peureH}re HeoArropoAHoro ypaEHeHHq

. 2  . 2
Au:  -T - ,  cos  (20 )

HrIeM B BuAe
uo ? '  A):  '4ra l -  Brn cos (26) '

f lparue qacrr.r  BuAa r, ,  rrcos(n0),  r"sin(n0) npHBoArr coorBeT-
crBeHHo K peueHuflM Art t+2) Brn+z cos (nB), Cr"+z sin (n0).

f loAcranosxa rFyHxrrt t t t  uot,  0) B HeoAHopoAHoe ypaBHeHHe Aaer
A :  - l  ! 3 2 ,  B  :  - l  ! 2 4 .

Taxuu o6Pasou' 

un v,  E):  - ' ; - ' ;cos (20).
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.llnn peureunfl saAaqfl P, ocranocr coBepul.{Tb noc.neAgnfi tuar-rIoA'
craenrr o6qee peueHue u (r, 0): Ltn(t, 0) * u, (r, 0) n rpaHI'IrIHbIe
ycJroBrrfl a(1, 0):0 H uaft"ru xoe$$uuuenrsr rio u b,.

CAerae gro, noJlyqaeM
' @

ra

L lo,,cos (rr0; -P b"
rr= 0

l ls in (n0) l -12-2 cos (20; :9 .

CneAosarerbHo, ao :1132, az: | 124, a Bce ocraJlbHble az u bo pari, l:r lt
HyJIIo. VlraK, peueHlre saAaqn P, uafi,4eHo;

l l r l " tu'(r' o) 
:":i l:t=,:cos(20; 

-'.n:
'n4- cos (20).

OyHrnuro ur(r, 0) Ha3blBator BosMyu\eHneM nepBoro flopflAKa
x an(r, 0). CKnaAusas u0 Lt lt l t t loJlyqaeM HoBoe npn6.naxenue
K perxeHulo 3aAaqn (46.21:

(46.51 u :  ur*  ur  : r .ore-( t ' r t l )  - "nfr" '  ros (20).

Llro6u saft"ru BOsNlyuIeHHe cfleAyloqero nopflAKa lz, (r, 0;, uu

AO,'IX(HbI peUIItTb SaAaqy

, I Lur: -2Lt'uttp
'  '  l  , r r  (1 ,  €)1 :9 ,

rAe !10(r, 0) u a, (r, 0)*1,xe H3BecrHble, paHee Haii4egHble QyH{-
uau. Her Heo6xoAltltocrH roBopltrb, qro npoAeJlarb Bce gru anre6-
parqecKHe npeo6pa:onasus 6ez noMou{t{ 3BM upesauqafiuo rpyAno.

i( c.racrllo, 
-Bbrpa)KeHHe 

(46.5) f iB!'tf lercrr noqTH ToqHbIM peUeHI{eM

UaUreft 3aAaqg. B CaltOtrl AeJIe, eC!'lH IIOACTaBIITb 3TO BbIpaX{eFII'Ie B

JreByro uacrt Lu4�u2 Flailero Henunefisoro ypaBHeu[fl' ro rloJly-
qtrTcs BblpaxeHl.Ie, N'laJIO OT,lllqao[Ieecfl oT Hy,{g noqTlt BcloAy BHyTpH

K p y r a 0 ( r ( 1 .
Kpoue peueHnfl HeJrHHefiHbrx 3a�I.Atq.t reopfiro Bo3MyIqeHHLI MoxHo

npr.{MeHsTb AJrfl peueHn7- saAaq s oSlacrqx c Hepeea,xflptdbtJttu epa'

norqoru (roueuub, ec,'IH Hepery,lf lpHocrb He oqeFlb oenuxa)' Pac'

cMorprlM npocrofi nPI{MeP'

flpnmep saAaqn c Bo3MyuleHHoft rpaHIIqeiI

Bosrnlyutart M0)KHO He TOJTbKO ypaBHeHHe c qacTHbIMH npoH3BOA-

Hor*". Iiornno nafirw perreH'e ypaBHeHI{n lannaca BHyrpLI 1eQop'

.tjtu p oeaHHoeo K p A ea, _o6srr,1yUan peueHrr e y paBueur.r f JI an.naca BHyTpH

r<pjiro"ot o6.nacin.' Hanpilrtaep, npeA[ov'IoxHM' tlro MbI xorllM :Hahtu

florexlll{afl BHyrpI{ o6nactu, orpanl'IqeHHofi xpuooft r -l *}sin0

(46.6)

Jlexr.lxr 46. Per.r.renre Vl|fl lero4amn :.eopru eoar*yulenxil 351

(s norapHHx KoopAuHarax). Ilycrb noreuunat u Ha rpanilue saAaui
To ecrr Hau Heo6xoAHMo peulrlrb gaAaqy

L u : O ,  0 < r < l * * s i n e ,

,  ( t  * | s i n 0 ,  t ) : . o . t ,  0 < 0 ( 2 r .

Mu uoxeu paccMarpr.rBarb 3ry saAaqy, KaK saAaqy o6 orucxa,
uun $opvu lrlu.nluofi nJreHKta, ilarauyroii Ha aeQdprr,rHporauHyro
oKpyxHocrb, Bbrcora roropofi HaA srofi rpauuuefi pauua cos0 (cu.
puc. 46.2).

r = 1  +

r= fr

Pl4C, 46.2. Vpanueune ,Ilan,raca BHyrptr 4e{oprunponauHofo xpyra.

flocxo,lr,xy o6ulag trAes reopuu Bo3MyqeHufi saxnrcgaercr B cBe-
AeHlrH c,roxnorl 3a4aur x npocrofi, uu 6yAeu cqnTarb, qro Halxe
rpaHurrHoe ycJroBlre Ha,qerpopruupoeauuoft oKpyxHocrrl

, ( t + l s i n o .  o ) : c o s o
\ + /

AocrlrraeTcs s^.rcavqeeort mo.rKe cel,leficrsa rpaHnqHbtx ycaoanfi aula
(cv .  puc .  46 .3)

u ( l ) - e s i n 0 ,  0 ) : c o s 0 ,  0 ( e (  l / 4 .

3ra. u4ea npuBoAr.rr uac K prrAaM Teftnopa. Hcnonlaya pn.q Tefinopa

I  @ * h) : f  (x) + t '  @) h+ f '  @)# + ... ,

pasd'IoxtrM TpyAHOe rpaHHqHoe ycJroBr-re B prA no npocTliilM rpaHHg.

'i{'.

f,sine
t--T*-l
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[ !  a a  r = l + e s i n 0
rg fla'r=I+fisinl

0 <  E <  l / 4
(Cnoxaoe f9)

ueicnho zpaauunux' Ycrto6urt,
w4nnuee nDocmble fg co cll0ltc0aau6ant4ee npacmue fg co cnnilwbtt'lu)

I9 ad anp{xflocma r=1
( llpocnoe t9 )

PI,IC. 46.3, Cxeuaruqecxoe ueo6paxeune lvreroAa noavyr4eHufi,

HbIM yCJIOBI4flM, T. e.

u ( l  +e s in 0,  0)  :  r (1,  0)  + u,  (1,  0\(e s in 0) *  u, ,  (1,  0)  g:#gt +. .  .  .
ftroAcraHosxa srofo pasJloxenr{fl B lrcxoAHyro ruouri'npIlBoAHr

x gonofi sKBHBZI'IeHTHoft saAaqe

L u : O , 0 ( r ( l * e s i n 0 ,
(46 .71  n \  .  n \  ,  :  ,  n ,  ,  t t  ^ .  (e  s in  o )2  ,\ ' - " " /  a ( 1 ,  0 ;  * u , ( 1 ,  0 )  ( t  s i n 0 1 1 u r , ( 1 ,  o ) #  * . . . : c o s 0 .

Kor.qa Bce BbIK,'IaAxH 6yayr cAe,'IaHbIr MbI [oJIo]KHM B oKoHqare,'Ib'
HHX pe3yJrbrarax e:114. Koseqso, He noxo}Ke, rITo 3ry SaAaqy
yAacTcf nerKo peuuTb, Ho ee Mo)KHo cBecrl4 K noc,'IeAoBare"'IbHocTH
oaAaq, s xaxAofi H3 Koropblx onpeAe"'Iflercs oAHa II3 Syux{uft ao'
l.trp U* ... '  BXOAtIUIHX B pa3lloXeHfie

" (46.8) t l  : t 1 0 4 - e u 1 1  E ' u r *  . . .

f locne noAcraHoBKH pqAoB e (46.7), nor'tyqaeNt cr'IeAytouyo tto'
CJIeAOBaTe,'IbHocTb 3aAaq A"rlt onpeAe"leHna $yHxUufi Lto, ttr .. .z

-  [  A t t n : 0 ,  0 ( r ( l  ( n H Y r P H  N P Y r a ) '
p  )  - - ^  a u ( r , 0 ; : / c o s 0 ,'  o  

[  , o  ( 1 ,  0 ) :  q s s  6 ,
(  Lu , :Q ,  o ( r ( l  ( euy ' rpu  rpy ra ) ,
ID  t  ^ d u " ( l . e )' ' I  u r ( 1 ,  0 ; :  - s i n 0 = # = :  - s i n 0 c o s 0

C.[eAosarenbHo, peuafl Ka)KAyto v3 saratr l{Hplrxle
4aa Qyuxutrir tto, Ity t12t MbI noJlyquh{ pe[IeHHe

(46.e) .  I  ,  / t Vu : u o * T  u r +  I Z J  u , *  '  . .

BHyrpr{ Kpyfa

(46. r0)

Jlexqr.rn 46. Peuientae YHI-I xeroAar,aA reopr4tl eoa,r,tyu{exxfi 3q!

ga1aqn,[.upnx.rre u deQopttu portout-toit o6.,rucnrtt (olt'tet'utll, {'l'o 3Aecrr

r\,1b1 Jxe B3flJltl e: ll4).
B  naqectne  ) 'npaxneHt i f l  t l t tTa ie r ' lo  I tpe l l " ' l a tae ' tcg  Ha i i ' t ' l t  t so3 l \ ' l y -

I {eHI4e nepBofo  l topnaKa , l r  t t  n l )o f tep l l lb ,  I rac l (o ,nh l {o  xopot l lo  np l t '

6nuxeHuoe pet l re r t l re

I
l t x - l -  n  

t t 1

yAoBaernopner yput l l t teuuru (46.61'

SATVIEIIAHHS

Merortautt ' I 'eol)t t t t  Bo:r ir tvtr lcl t t t i i  l \ loxi l lo peua'fb l le lo"r lbl(o He-

JIrrHefrHbre ypaBllennr c qa(--r 'rr l ,r \ l r ' r  Irpott3uo/trrurtt t .  l lanptl l \ lepr l \ tox(Ho
perrurb sa4auy l(oun

r r ,  :  ( l  1 -  x )  t t  * t , - o o ( , t c ( o o ,
l r  ( .1 ,  U)  :  (P  lx ) ,

ecJ I f i  pacc \ loTpe ' l  b  ) 'paB l lc I I t le  c  I l t tpaNterpoM

( 4 6 . 1 1 )  u , : ( l  - ' r l . v ) L t x x

!t HcKa'fb efo peti leHue B Bll i lc '

t l  : ,  I t r - ]  r t t ,  - f  t : z r t rS  .  .  . .

I lo/ lcraHoexa sroro pa3, ' Iolt ief l t , l r  s (46.11; npHno4n'r r c,ne4you1efi

noc,4eA0Ba'l  e"{bHocTII Salaq:

)t t , ,  02tt1
0 t  

-  
0 x 2 '

uu(x ,  01 : rP  ( r ) ,
0u1 02ui .- l 'uo
Vt 

--d'r: rt -6;'-'

t r ,  ( x ,  0 ; : 0

O'rHrelrrll, qlo B repBbrx AByx 3aAaqax xoorprpr.ruraeH Tbl nocmonHflbt.
tlnrare,nu AoJr)rierr noHuMarb, qro [apaNterp € AoJI)Keg 6nrt Aocra-
Tor{rro NraJr, rHaqe 6ecnogeqnurri pn4 l\Ioxer oKa3arbcs pacxoAfl-
LIIHMCfi.

12  Ne oo t

[tu

P , {



SANAqH

t .

2.

flo.qcraarre pa3JroxeHlre (aO 8J o sapauy. (46.7) H noflyrrrre no.
creAoBareJlbHocrb sa4au Po, Pr, Pi, . ,, .
floxaxure, sro HenuHcrtngn sailaug

L u l u 2 : 0 ,  0 ( r ( 1 ,  0 ( 0 ( 2 n ,
u  ( l '  0 ) : c o s 0 ,  0 ( 0  (  2 , ' ,

uoxHo cBecTLt K nocJleAoBareJrbHocTH lHgefiuux 33A39 Por P.,, Pr.
IloAcraerre npH6nuxeHHoe peueHne (46.5) s xerriHed"y,b' au-
puy 2 u oueHfire ero roquocrb.
PeuHre ga,[aqy P, uz ltpl]Mepa c Bo3MyrreHHoli rpaHurtefi u npo-
Bepbre, HacxoJrbxo xopouo npu6nuxenHoe peueHlre

u ( r ,  0 \ : u u ( r , 0 )  + +  u r Q ,  0 )

yAoBJIeTBOpser cooTHoueHuff M

Lu:0,

u  ( t  + |  s i n  o ,  o )  :  t o ,  o .

3.

4.

'l

.l:.:,,r,1

Ilerr-pan 47

PETIIEH]4E YPABHEHUN
c LlAcTHblMl4 nPoH3BO.qHblMl4

METO.qOM KOHOOPMHbIX OTOEPAX\EHnn

-l- (P,,,, :0

c KaKrrM-To rparlrqlibrt\r ycdYloBrte[4 n o6.nac'rt l c.ttoxHoli tpopttltt
(nnocxocrr neper,IetlHbtx x t1 t). 3ry aa4auy N'lo)l{lto npeo6pa'
goBarb B lroBvro 3aAaqy, n trorop<-ri i rpe6ye'rcn ttar"lrtr peueHl-le
ypaBIIeHtf  n , t la t t , raca 

t l  , , , ,  *  Tr ,o:O

e 6onee npoc ' ro i i  o i , t rc ' r t t  ( t t ,qoct toctb Iepes ' leHI lb lX u f i  a) .

I{E"IIb JIEI(IJ,II l ' l :  f loxasatu, t<aK lleKoropble AByl\leptrble
KpaeBbre 3aAatlil c floil,loull)lo t<onrlnpunoro oro(rpax<eHHtt I\{O)KHO
npeo6paeosarb B Ap)'fnc, 6onee npocrble 3aAaqtr, f lpe4no.no'
x{l{M, I{allpl{i\1ep, t l lO Nlr,l xoTll i\ l  peull ' l 'b ypaBHeHI'le JIan.naCa

flprr rcou(to1t,urto.u r-rlo6paxretttttt ypaBHeHtte ,rlannaca

er" -l- euu :0 n ttoopAltua'rnoii nlocl<ocru ^(x, 0 nepexoAl-IT
cnosa b' ypanuenrre "[att, ' Iaca gu, -1- gr, :0 n xoopAaHarHofi
r , ' IocKocr l {  (u,  u) .  Apyr l re ypaBl tenl l t t ,  Hanpl lMep Q*r*29*r*
* eru :0, srttNr ceoiicrBoN{ He o6,'IaAator. floc.ne rofo xar<
peu:e[rrre ypaBHeur.rn Jlannaca ep(u, a) n nprtcroft o6nacrw (r.a'

*!

06tiacrrti,
c Eor(H0t.t
E)p'tbl

Q.tr 4- 9'1y 0dtracmo npoe'
mou popnu
?uu + .cP uo= 0
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, rprlMep, B Kpyre, f loJrynlrocKocru, xoa4pare) uafi4eHo, Aocra-
, ToqHo. inOAcraBI.ITb B 3ro pelxeHue BbIpaXeHLtR u:u(x, g),

a=o({l g) v, uat roryqfiM perlenr{e Halrefi s,ahall-n gfu(x, g),
o\x, a)J, BbrpaxeHHoe qepe3 lrcxoAHbre nepeN{eHHbre.

B aroft lex$.lu Mbr paccKaxe\,r:
l) o ceoficroax xonQopuuux oro6pa>Keuuil,

?l o roM, KaK Lrx crpofirb (4;rn rrexoropux o6.nacrefi),
3) o roM, KaK peuarb 3aAaql N{eroAoM nouQoprrrriurx'oro6-

paxeuufi.

OAsa Hs rJraBrbrx rpyAnocreli, Bo3r{rrKaorqux rrpH peueHH}r
KpaeBbrx 3a,qaq, o6ycnoeneua c/zo?tcHoL't Qop'+tod -epaHuq. I[axe rpa-
Hr.r{br cpaBH}rreJrbHo npocrofi Qoplru 3ar{acryro Ae,'raror BaAarry oqenb
rpyaHofi A,'rfr pe[renuff. Mo>xuo, KoHeqHo, nonblTarbcfl petrruTb 3a-
Aaqy N'reroAaMrr reopntr noemyuleHuii, tro reopr.rr nosnryuleHufi xo-
pouo pa6oraer roJrbKo B Tex c,'ryqaflx, I{orAa rpanr.rua 6ilusxa
x npocroft.

Cyuecrnyer, oAHaKo, cnoco6 peuJeHr.rr AByMepr{oro ypaBHeHrls
"rlan.naca s o6nacrRx co cJroxHoil rpaHuqefi, Sror cnoco6 ocnoBaH
wa xorupopt*uttx omo6pacffeHunx.

flpexae qel{ flpucrynr.{rb K perxeHtlro saAaq arr.rM r\{eroAoM, Aa-
nafi're lr<lrparr{L,I HeKoropoe BpeMrr, uro6u rro3rraKoMfiTbcfl c noHfl-
ruen rouQopMHoro oro6paNerrtn n noo6u,e c KoMrrJreKcHbrMu nepe-
MCHTIbIMI{.

KomnnexcHbre OyHKqHr{ H KoHSopMHble oro6paxen[s

B groii .rreKrlrlu r\{bl [o3HaKoMI.rMcn roJIbKo c reM]t flo]rflruqtr,rr{
ltg reoprl,l QyHruufi KoN{n,'reKcHofo nepeMeHHofo, Koropbre riorraAo-
6grcs uam lo3x{e. I lpeacras,z*rxol,rnJreKcHoe qfic,rro z:x*ig xaw
rorrKy B KoMrrJreKcuofir xy-rTfiocKocrlr (puc. 47.1).

t{ro6u BBecrlr noHnr{e xoH$oplruoro oro6pa>xeuuR, tto3HaKo-
r\{uMcrr cHaqaJra c noHrrTHFi\{ EUHKquu KoML/leKcHoeo nepe./ueHH0eo -:

\  a : f ( z l ,  i $

3Aect z-Kor\,{fl,'reKcHoe flepe\.{eHHoe (lra Heroropoft o6nacrn B n,no-
cKocru z), a (D_-HoBoe Ko[,rnJreKcHoe [epeMeunoe, KoTopoe 6yaer
no.nyrrarb sHaqeHtrfl B coorBercrButr c tpopuynoft w: f (z) e Hosorl
KorllltdtleKcHoii nnocxoctu ar,

Hanpuuep, Ko[,{nJIeKcHan Qynxuun (D:72, o[peAeJreHHatt B nep-
aox xea)paHme KounJtexcsofi nJrocKocrn ?t 6yaer oro6paxart ary
o6racru Ha Bcro [o,rynJrocKocrt u ] 0 s KoN{nneNcuofi nnocrocrd at.

flnocxocrr z z+22 fl.locxocru rc'

0
i

l + t
ocb r

f lepaurf i  Knarpanr

U
- l
t . )  i

llo,to;r ule.l rt't a fl lleiicretiredTbH a fl no,'Iyoct
Bep x rran lro,rryllr'IocKocrb
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Ta6nuaa 47.2

B ra6nuqe 47.2 noKa3aHo coorBercrBne, I(o'fopoe ycraHaBJluBaercfl
olo6paxenlel.r u -+ z2 r\tc')K.rt) ' IteKoropbtMlt roqt(i lNIl. l nnocxocreit
z H w ,

y (.Muuuan ot:t')

Kounnexcuan
z- n/r?cKocnb

lzl = r =\EiF

argQ) = arctg$
Z  -  I + t g

=  Y g i 0

r (4eicm6u-
menman ocb)

P!IC, 47.1. fl"locxmTr, Korl[.:leKcuoro lrepeMeunofo Z ]r ll€t(o'ir,f br€ [oJr€3-
Hure rlropuylt"t.

Pl4C. 47.2. Oro6pa:neurre nepBoro l iBai lpairra rrJtocKocru e B BepxHror)
noJyn''IocKocTb rn'.

llHunu cd'roBar{fi, ecru r\rbr foBopnN,t o S}rsrullgx rco.tnn,4eKcHcei)
nepe,ueflHoeo w: f  (z), To, 3HaqHT, r\rolKer\{ paccMoTpeTb Borrpuc
o Tol\{, Kar( KpHBbre B rr/'rocKocTrr z nepexo,u,flT B xpuBbre B n,{ocK0-



+ '

t ' .
I

I
I

t . ,
t {
t . .
l

I

crl/, w (rarofi B0npoc He craBHrcf B reopHH QyHxurft 4eficrnHrenr-
troro [epeMeHHoro, c xoropoii quTare,rb yxe xopotxo gHaKoM).

flpexAe qeM HATr.r AaJrbue, ocraHoBr.rMcfl Ha roM, K'* rco*tn.ne'c-
uoe omo,paweHue rnna w: zz 3anl,tcarb B gKBr.rBaneHrgofi \ertcmau-
nrctouort Qopne. AeficrsurerrHan Qopua noKa3brBaer HaM, KaKr4M
oopa3oM HcxoAHbre KoopAnHarbr (x, A) B fiJrocxocru z npeo6pasy_
rorcr B HoBbre KoopAuHarbr (u, u) B nJrocKocru ro. rlro6u ilafiiu
,qgficroare,ulHyro Sopuy oro6paxeHur, Mbr npocro 3anurreM tD:22
B BH,IIE

u I ia: (.r f iA), : x" _ 92 { 2ixg

I '  NPHPABHflEM OTACJbHO ACfiCTEHTEJIbHbIE l l  MHHMbIE qACTH B 9TOM
coorHo[reHuu. B pesyr'rbrare no,'ryqaeM

I  u :  x z -  9 2 ,

\ a:2xg, 
- (aeficrBllreJlbHafl $opua oro6paxeuus w:22).

3ra Soprila nosaAo6urcr HaM rro3xe. B grou rrpgMepe oHa uHre-
pecHa reM, qro rroKa3brBaer, KaK rHnep6o.nu B flJrocKocru e nepe_
xoAflT B KOOpII.rHarHbre r'rHHHu ,l : coflSt H u: colSt B nJIOCKOCTH r4r.

..Tenepl lru nepeii4eM K H3yqeHuro oAHoro qacrHofo nu4a QyHx-
unfi xoun,reKcHoro nepeMeHHoro, Korophre ocyuecrBJrflror xoH$ilp*l-
nue oro6pa)KeHHfl.

Onpege;reHne xousopMHoro oro6paxeHne

oro6paxeHHE w:f (z) xoun.ruexcrrofi rrJ'rocKocr' z Ha Kor'nJrexc-
HyIiO rr"rocKocrb u) _Ha3blBaercfl rconQopunam B TOqKe Z0 IJIOCKOCTH ?,
s.nv npousso)uan f'(zr)*9. Oro6,paxeHue f (z) Hagrjsaercs xouQopna-
HbIM B o6.nacru D, ec.t l r  f ' (z)*0 s xaxAofi  ro,{xe o6racm D.

Hanpuuep, oro6-paxenue f  (z):22 xossopr\4Ho BcroAy,3a lrcKJpo-
qeHHeM roqKra z:0, nocKoJrbKy z'  (z):22 t 'o Arrr  Bcex z + 0.
C 4pyroii cropoHbr, oro6paxeHue e, xoHSopMHo Bo sceft nrocxocrt4 z,
rax_KaK nclo.qy^f ' (z):e" =a0. Kaxaq xe nof lb3a or xoH$opuHlrx
oro6paxeuuii? Oreer cocrour B roM, r1ro, peuas ypaBneHue ,rlinnaca
grn*9yr:0 sHyrpn xarofi-ro o6.nacru rrJrocKocrr.l nepeMeHHblx .r fl y,
MbI MO)I{CM PACCMATPHBATb 3TY NJIOCKOCTb KAK IJIOCKOCTb KOMTIJICKCHOTO
nepeMeHHoro z. PaccuorprrNr KoMnJreKcHoe oro6paxenuE (!): l (z) n"lo-
cKocru z Ha rrJtocKocrb tar, n xoropoft BBeAeHbr KoopAnHarbr (u, u).
I lprr _ oro6palKeHrrr.r ut : f (z) ypaBHeHue "l lannaca gr* * eoo:'0
npeo6pasyercfl B HeKoropoe HoBoe ypaBHeHr.te c qacrubrMu nBous-
BoAHbrMu, 3aBucflilIee or HoBbrx KoopAHHaru H a. 3arraeqarentHtru
sBlserct cJreAyroqee: ecnu oro6pax(eHue u: f (z) ffBJrnercfl tto+-
Qop-anwtt B o6,raclu, rAe gaAaHO ypaBHeHxe g***gyy:0, To HoBoe
fpaBHeHBe raKxe 6yaer ypaBHeHHeM Jlan.naca r xooBluHarax u n u.
lo  ecrb ypaBHeHHe $,""*grr :0 nepef iAer  cHoBa a ypanxeHue
gt,*.grr:O. Tax uu npHxojiuM K HAee nafiru raKoe xdigopmuoe

,'f ir
i l ; : : .. :

, 'si1

,1,.:.

, : c
i{:
s -

oro6paxeuue, Koropoe.nepeBo,Anr o6lacrl co cJIoxHOfr rpauuqeft

u oOii"to c rtpcrcroii rpaHuuefi (HanouHutll, uto oro6pax'H'E (D:2'

nepeBoAHT rpaHH[y nepnoro KBaApaHra flJrocKocrll z s Aeflcrsu'
TeIbHyto ocb n,[ocKocTu La),

l lpuaeaem HecKoJtbKo flpnMepoB, B Koropblx 6yAer not<a3allo, KaK

MoxHo peu]aTb )'paBHeHl,lfl c qacTHr,Ii\tl{ npoH3BoAHbtMII c lloMoulbt(,

r<ouQopruHsl x oro6Paxettuit.

VpanHeHue, I lanraca B Bepxl le f i  [oJ lyu locKocrn.

flpe4no,'tt-rxull, qro Hau geo6xo/lu\'lo peu_Ilrb cJleAyrcqyrc saAaqy

/{upuxne a nepxueti no,'Iyn,' locKocru (plrc. 47.3):

0 ( y ( o o ,

OAHH us cnoco6os peIUHrb 3ry 3aAar{y-npllN{eHllrl upeo6paso-

BaHue Oyprc no nepeveutloft x, Ho ropa3Ao Jlyqlrre-Kou$optrltto

oro6paslri l  BepxHIoIo ro.Ilyl lJlocKocrr, I la l lJlocKocrb (4, u). Llarareno

He cocraBltr oco6oro rpyAa y6e4urucn B rol{ ' qro NoHQopuuoe

<lro6paNeHtte

w: tn{= l }
l z t r j

o6naAaer c,reAlitoul' lMrt csoficreaurr (crr'r. pvc' 47.4\.
l. OHo olo6paxaer BepxHrurc norxlltt/tocKocnb nJlocxocrn z Ha

n o , i r o c y  - - m ( l l ( m , 0 ( u ( f i ,  B  n J l o t l K o c r l l  & r .

e = 0  - 1  9 = 1  1  , ? : 0

PUC..  / ,7.3.  I (pactran 3aAaqa B nepxHei i  no,qyn, ' locKocr l ' l '

2. orpesox npnl loi i  a:0, - l  < x<1, B l l ' IocKocru z (rae
rroreHut{ar paneu l) nepexoAur B npsMylo tr:Jtr' -os ( u ( oo,
B nr'IOCI(OCTH tQl.

3..  Aea f lyqa .{  > l ,  U:0, u x <-1, a :0,  B I IJ locKocrH 2
nepexoAflr coorBe'rcTBeHHO B nOJIOxlIreJIbHyK' I'I oTpHqaTeJIbHylo

\.:
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noJryocil B n.nocrocTl.l
B.COCTOflHHH npOBepHTb

a. HHrarenl /Io,'rxeg
3rH yrBep)xAeHr.tfl.

6uru ynepeH, qro oH

plIC. 47.4. flpeo6paaonarrne rpyArrofr saAattfi B lerxylo c floMoulbfo xouQopraHoro
om6paixettrrn.

Baxnocru gTnx csoficrs B ror\t, uro, 6,laroAapn llM HcxoAHat
saAaqa (47.1) npeo6paayercn B oqeHb npocrylo saAaqy

( Y q n )  ( P r u * $ r o : 0 ,  - o o  ( i l ( o o ,  0 ( u ( n ,

t47.21
' (rV; |  ,p (u, 0) :0,

I ,p'(r,  n) :  l .

peueHue roropofi or{eBriAHo: cp (u, u): }r.
Tenepr, qro6u naiirn peltreHue ncxoAsoli 3aAaI{t1, }ibr Ao.rlxHr,I

Bblpa3uTb [t qepe3 x Ir a H noAcTaBIt'Ib 3ro Bbf pa;t{eHjle B fJ \Lt1ul--.=rtn.
flpo.uenan 3To, iloltyqaeM

i t , :u )  iu : ln t# l  :
,  f  z - l  I  f  z - l  I: , n  L ; 6 l + i a r s l , - - , 1

Ir, cJIeAOBaTe.rlbHo,

u:arst#] :,,c[+ffi+l :
I  t 2 - ) . u 2 *  l - l - i 2 u l- o r g  
l t F I ) ' i - ,  

- l :
, 2 v l:  a rc tg  
lF+  r ,_ ,  I

(cor,racuo ooqeuy npaBH,'ry arg(x1 ig):arctg(.yix)). TaxuiV o6pa-
soM, peueHue saAaqu 147.11 rzueer Bt4I\

e @' 0: |arcrg t  *Al
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tlro6u floJlyqfiTb HarJIflAHoe npeAcraBJIeHHe o roM' KaK ycrpoeHa

ata Qyuruufl, Mbt coBeryeM qlrrareJllo nocrpourb ee rpaQuxtl BAoJIb

HecKoJIbKHx nuuuft g :s.
Bo uroponr npnMepe MbI npeo6pasyeu o6.nacru MexAy AByMn

HeKOHqeHTpHqecK I'l MH oK pyxHocT9lvll.l B KOJIbUO.

3aAaqa !,upuxne B o6,'Iacrn
MelKAy AByMfl HeKOHUeHTpHT{ecKUI\{LI OKpyX{HOCTflMIT

flpegnoloxuu, qro HyxHo uaftru l loreHunaJI MelxAy AByMt
oxpyxHocTflMH

xz + !/ ' -- l ,
( . r -  l ) ' *  g ' :9 ,

ecJ,i l l  noreHulla"I Ha nHyrpeHuefi oKpyx{Hocrlt paBeH eAfiHxue' a Ha
BHelilHefi-AByM (puc. 47.5;.,I l,pyrraun cJIoBaM[' sau Heo6xoAutvto
peur i l rb  eaAaqY

(47.s)
t (Yqn) g", * 9ro :0, rHYrPlt D, ' ;

I  q ( " ,  a ) : l  u a  x z a a z o l ,
( r  Y '  

1  q ( r ,  0 : 2  n a  ( x * l ) ' � f  y t : 9 .

3aAaqa cBoAr.rrcfl K HaxoxAeHurc NoH$opMHoro oro6paxeuxff ' Koro-
poe ilepeBoArrr 3ry o6;lacrt B KaKyrc-To 6olee npocryrc, rAe Halxa
3aAar{a .nerKo peuaercfl. B AaHHoM cJtyqae oqeBHAHo' tITo 3Ta
npocral o6nacrs AoJI)KHa 6urt ronruou. flo.qxoAnulee oroSpaxeHne

w = f ( z ) u 2 + u 2 = 1

Pklc. 47.5, Kotttpoplrtuoe oro6paxenue Ha Ko'lbuo.

y)i(e He raK oqeBHAHO, HO CyulecrByl'oT cnpaBo-qHHKH' B J(OTOpbIX
MoxHo HafirH oro6paxeuue c 3aAaHHbIMl'I cBofrcrBaMu. UAIIH H3
Hau6onee o6ruupurtx-<Cnpanouultx no ronQopMHIIM oro6paxeruau>

@-l )z  *  g
u2+a2  =6 ,86



i ' I

F. ,Ko6epa 
r), o roropoM coAepxarcfl cornu xonQoprrluux oro6paxe-

uaft iuex4y pa3JrurIr{bIMH o6.nacrsrun. Ecna .rgrareJrb norparr-{T He-
KOrOpOe Bper\{fl n no6naxe ro3HaKoMHTCn C ta1nu\auu xoH&opuHHx
oro6paxenu4,.Jq oL saiiAer noAxoArrqee xoH$oprraHoe oro6paxeurre
Anfl sa!.awt (47.3). B uanrelr qacrHoM c,'ryqae-ero 6yAer oio6paxe-
HI,ICM BI{AA

362 {acrs 5, gxcnenxue x x(eHHHe MeTOAbl

u , : 2 t  f  =  l .
L z - t  J '

I : -6,85. B gr<sllBa,[errrHoii 4eltcrnure.nuHol-r

a : 1 f ( x - s ) ( x - t ) - y , ) ,

u: "t Ly (x - 1)1,

y :2t l l@- t ) ,  )  u,7.
f loa AeiicrBueM groro xoH$opvHoro orobpaxeguR o6nacrb Nre)KAy

HeKoHqenrpr{qecxr.rMrl ol{pyxHocrnvrr teperl4er B KoJrbr{o, rpaHrrubl
Koropofo salaorc l  ypaBHeHHnML4 u,  1-u2: l  u  t tz f  zr2=-6,36 (uura_
Terb MoxeT npoBepHTb 3To CaMocTorrreJrbHo).

Ecnu npul'reHul'b aro xouQopnrnoe oro6pa;NeHne ri 3aAaqe (47 .J),
To rto.nyqHM 3aAar{y !,upux"rre Brryrpr.r KoJrbua

i
i
I '

t;

(47.4)

rAe s:  -0 ,146 H
$opue aro 6yAer

(47.5t

TIC

(47.6)

_ Peuurt 3Ty 3aAar{y coBceM rrrerrio, rrocKodrbr(y pe[reHne aoJr)r(Ho
6urr pa4uaJI*bHo-cHMMerpHqru,rM, a paAna.rrblr()-cr[,rN,rerprrr{Hoe prurHHe
ypaBHeHLrq Ilannaca, I{aK u3Becrno, rr\{cer Bnll

P ( r ) : t l n r - 1  b ,  r : u 2 +  a 2 .

floAclasnsn aro ypaRnerirre B rpaHrir{Hoe ycfloBue (47.61 , f io,ryqaei\r

q )  (u ,  u ) : 0 ,57  l n  ( l r ,  J  c r , t +  l .

Ecnu teneph_ BepHyrbcl l( ucxojiHbl\{ l(oopAnrraral{.tr !t y B coo.r.
Bercrnlrlr c oro6paxeHaen,t (47.5;, ro nofiyqilM peueHfle saaaqH(47.3)

ep (x ,  ! / ) :0 ,57 ln  ( r ' � f  u*)  - l -  l ,

rAe @ro' H u onpeAeJutrorcfl n3 ypaBHeunfi (47.5).

(Yqn) gu, 1- $o., == 0, B r{o.rrbue,

( f  Y) I  
o 

1" '  
t ' )  :  I  '  ua uz '1r ' '  : - ! '

\  - /  
[ Q ( , r ,  L ' ) : 2 ,  n a  u 2 a u s : 6 , 6 8 .

r) Cn. raxxe_.KonneH$e.n^s^c B., I I IrarsuaH <D. l- Ipaxruxa xou$olr l ,rrrurx
xerrrf i .-  M., U,l l ,  1963.- I lpun ped.

2 .

Jlerqrr 47, Peurexxe VHFI reroAou xoHQopmHbtx oro5paxerui

SAMEITAHHfl

l . .[I,nl nocrpoe]rrrr xou$oprr,ruoro oro6paxenHg o6.nacrr AocraroqHo
o6uero BHAa B n,'rocxocllt z Ha BepxHIoIo nJlocKocrb tnr npuMe-
lrffror onn6pacrceuue KpucmoMnn- Uoapqa (xor,qa o6.nacrr
oro6paxeHa Ha Bepxlrnrc norynJlocKocrb, To oTy noJlyrlJlocKocrb
Mo)KHo olo6pasurs Ha Apyryp o6nacrr). C auterpalorra Kpucro$-

Se,ra-l l lnapua MoxHo no3HaKoN{Hrbct no r<unre [28] I43 peKo-
uen4yeuoir Jrnreparypbr.
trlerol xoHQopuHux oro6paxesl.rfi tttueer orpaHuqeHHble BoBMo>x-
Ifocrn, nocr(od,rbKy oH npHNIeHuM ToJIbKo K dqAi4epHotuq gpaeHeHun
Jletx,taca (a c fle6oJrburnMlt II3n{eHeHuflt\u4-H K ypaBHeHI.Ilo
flyaccorra).

SANAITH

l. Onpe4enure o6,lacrl xon$opuHocra oro6paxeHut

rc': In f =1.|.
L z + t  I

V6eAurecr B ToM, qro 3ro oro6paxeuue nepeBoAHT Bepxnloro
roJrynr ' rocKocrb nepeMeHHoro z B noJrocy -_oo( u1@,0(o(n,
D,IIOCKOCTIt (f.,.

2. 9ro RBrflercr o6pasou nepBoro r{BaApaHra npu oro6pa)KeHnn
w:23? .II,ln peureHlrs 3aAaqrl fioJregno nepeftru K noKagare.ttsoft
Soprrre KoMrrJrer{cHoro qucJra

Z : l€is.

3. C nouoqrro xou$opMrloro oro6paxeuur u):zs peunte gaAarry
,[,upuxne B nepBoM KBaApaHTe

(vqn)

(fv)

O6parHre BHuMaHue Ha

0 ( x ( o o ,

0 < . r < 1 ,
l ( x 4 o o ,

o  1 s  1 1 ,
l ( y ( " " .

(P,r-r -r- \uu:0,

t ,,*, t,: { i:
| *,0, ,:{ l:

0 { g ( o ' ,

oro6pa-
plrcyHor(.
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4 = 0

I

9 - l

<Por+ggg=0

< p = 1  1  , P  = 0

4. Perunre cMenaHnyro sadawll ,Qttpuxne-Heduaua rlrryr.pu yrJra' c pacreopou 45o

'  ( y q n )  r p , , + + e , . + + ( p s o = . 0 ,  0 4 r 4  l ,  0 ( 0  ( n / 4 ,

(  'P ( "  0) :  o '

0 ( F Y )  J t { t ,  
x l 4 ' 1 : 1 ,

t  r p , ( 1 ,  0 ) : 0 ,

yKA3AHI4E.  Komn,rercuaf l  $yuxuun w: \nz: ln l r l+  f  arg (z)
oro6paxaer nyu 0:c l  B n, ' rocxocTT z B npfMyro ,u:c1 '  a  oKpy11-
HOCTb / : / r : -B npf iNyto r / :  In  c2 B n.nocKocTr l  LQ) (cu.  p l lcvHxu).

QV,7r/4)- q r ( , 9 ) = 0

flpnnoxenne I

TAsnhLlbl
hHTETPANbHbIX NPEO6PA3OBAHI4R

Ta6,ruqa Ar IloxagarerbHoe npeo6pasonaune Oyple.
Ta6nuqa Br CHuyc-npeo6pasoeaHHe <Dypte.
Ta6nuua Cr Kocr.rHyc-npeo6paeonaHrze Oyple.
Ta6.nurla Dt KoueqHoe curlyc-npeo6pasorauue <Dyple.
Ta6nHua Et Koseqsoe KocuHyc-npeo6paeosaHHe tDypre.
Ta6nsqa Fr flpeo6pa3oBaHlre Jlannaca.

[pnHnrue o6o3HaqeHHfl

0 (,v) - ae,'rrra-$yuxtrttR,

H (x-a\ :1 ?,  : ; : , , r f1,Hxuun
l l , x ( a ,  r  v

f l  ( a - x \ :  i  ^
t u, x > o, 

t"pn'd' Ibuo orpax{eHHafl tpyttt<ult l t  XegucafiAa'

Xenncaf iAa,

' tA6tlHtlA A. Sxcttottett t tHaJlbHoe npeo6pasoeattr ' re Oypue

tG)-: f f- t lFl :V+ F l t r r ; e , ' r ' r i 6  I ' ( a 7 - g  l / 1  : - L
ffr

+ @
c
\

- @

+ €
r'
\

- @

f (x) e-tax dx

l .  l ' ( r )
2. f' (x)
3. l" 8), (n-n npoasno.quan)

4.  |  (ax l ,  a  >Q

5, t  @-a)

6, e'o'" '

, .  , ' a l  x  I

iroF (co)
- ofr (o)
(io)n lq (tri)
I  " / t o \

; '  \ o  )
e-tdioF (o)

|  - -62144,

a y  2
- f T  a
Ir ;a+at
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{

{

o  J  I ,  l x l c a
l  o ,  l x l > a

o  1 t ,  l x l < l
t  o ,  l x l >  I

10. 6 (.r*a)

f (x) r. g (x)

( I -1- .r:1- r

x e _ a l x  l ,  a  >  0

H (x {a) - I t  (x -a )

2 sin aot
f i 0 )

i - t  r  \
. t t _ \-  I - S l n o l
f i  \ o  l

I
-  p -  t g o

trm 
-

- ] - : r ( iD lc (o)
V 2 n

{9,- '" ' '
-'{T 6#F,
G$#rI
I t  n , - " t - t

- ,  
, [  +  r , ie -n  l ,o r

{T F*F cos(na12a)

,  t f T  I s i n 1 t , r 7 9 ; 1 2' Y ; [  
, D  I

{T [6 ('r-],a) 1- 6 ft'-a)l

,  {  + [6 (r ,r  l ,a)-6 .or-a) l

u.

t2.

13 .

t4.

15.

16,

t7 .

18 ,

19.

29.

u-;--:---.-;
x . + 4 .

2ax
-;ffi'

v'-la")'
I cos (ax),

t o ,
f  l - l . r  L

t

t o ,
cos ((lr)

sin (ar)

l x l q n l 2 a
l x l > x l Z a
l . Y l <  |

l " l >  I

TAE,tIHUA B. CIluyc-npeo(rpaaonarrHe tDypue

6

^  2 t
f (n):- \ / (tr) sin 1r'x) d,v

J ' J

{ l

U < o t < . r

@

/(x): \ l (or) sin (ror) dar
0
0 ( x ( o o

t .  t ' (0)

2. | (ax)

a .  e - " ^

')
- r,reF (rrr) -f. - ro/ (0)

I  E I t t r \

a  \ a  /
2a

i-GtTo')-

llpxnoxenxc t

\

367

4, t ' t / t

6.  H (a-)

6 . . r - r
a t r, , i ' -F ,
_ xE' ;rT4

9. arc tg -1

10. -.rrl (x)

\21ru61r/z
q- 

1l -cos (oa)l

I

, - l a l o

I

*  e - " ' s ln  o
z
|  - c -aa

(t
t

a f , , (<o)
JI

t,"!

TAEJII4LIA C. KocuHyc-npeo6pasoranue Oypte

6

I {.rl : [ /c (rrl) cos (olx) cJo

0

0 ( . r < o

@

q P
F ,x):2 \ I (x) cos (rlx) dx

J T J

0 < < o < o

l .  l '  l r \

2. I la.r)

3. e- or

a. 6 (.t)

3 .  r -  r l z

$. ll o -.r)

? ,  e - ' x "

o 6ln (o/)(-. -
x

, , o" ' y z l s t

10. - x2l 1x)

,
- or'�F (ro) -; /' (0)

1 F  / e )
a  \ a  /

2a
;CN+'T
2ln

I L1,,'
I  n o l
t

-i- sin (aro)
fl(r)

|  ^ - a r / ea

Y n a

H (a-a)

c-a(t

2r ,o t
'I



TAE.rlHqA D. Koseqnoe caHyc-npeo6paeorauae <Dypse

fIpH KoHeqHoM cnuyc-npeo6pasoBanHu Oyple Syuruar f (q,
9l!^u{:l:il*no Ha n po_\,re}y rxe 0 __( x ( n npeo6pa3yercrr B nocrreAo-
BareJrbHocrb Sr,  n:1, 2 . . .  no Qoprr ly.rre

q - , r '
i  \ l ( .r) sin(ru\dx.
J L  

, ){,

Koraa peqb HAer o ta6.nu(ax, yAo6rro crrlTarb, rr1.o fiepeMe HHafl )c
-lf.1llrf.rnnt npoMe)r(yrKy [0, n]. "rho6oii Apyrol qncnoioft npoMe-
xyror{ [a, DJ nroxHo npeo6paeoBarb n [0, n], 

-ec,ru 
eocno,,rb3oBarbcfl

Sopuy.rroft

a : * @ - a \ '

B Kose,+tol,r criHyc-ilpeo6pasoeannu Her Hilrrero raHHcrBer{Horo: g,,re-
MeHTbr nocJleAoBare,rrbnocrr.r So co-enaAaloT c_ xoe0rln{uenraua nprr
sin(nx) B pa3Jlo)Kerruu QyHr<rii ' l  /(x) s pna Oypt6'no.,r,ry.unn ". ".

f (x): f s,,.,n 1rr,.
h - l

@

I (r) : ) s, sin (nx)

0 < x < n
n : l ; 2 ;  . , ,

, o
S,:i \ I (x; srn @x) ctx

J[ . ,1

l .

2.

3 . :
n = l

f' (x)

s l n ( m x ) ,  m : 1 , 2 , 3 ,  , . ,

an sln (nx)

n - x

lC

t

-  x ,  x<a
ft*-x, x > a
(n-a)  x ,  x  <a
( n - x ) a ,  x > a

- ,t"s,,l{ tl (o) - (-l)' / (n)l

J  t ,  n = ' m
i  o '  n # n

an

2
n

3 1 - 1 1 , + r
n
o

; ;  rr- .(-r)"1
- c o s ( n a ) ,  0 < a < n

: i s i n ( n a ) ,  0 < a < a

7. {
t

' {

flpnnoxenira I

j

'l

t0.

L pax
2 -
sh a (n -x)

sh on

-T" 11-(-- t)n sanl

2n
TTFTa-

TAbIII4IIA E. l(oHeqltoe l(oouryc-npeo6pasonaurte (Dypre

flpu xoneuuor\,r KocuHyc-npeo6pasoBaHrIH <Dypse SyHxuran f (x),
onpeAeJreHHarr Fra npoNle)Ky'n(e 0(x(Jr, npeo6pasyercn B noc,re-
AoBare.nbrrocrb Crr,  n. :0,  l ,  2,  . .  . ,  no Qopuy,re

KorAa peqb ttAe'r o la6.ulluax, yAo6Ho cql' lrarb, t l l 'o nepeMeHnan #
ttpHrra/rl,rre)Kll npoN,rex(1'rNy [0, al. "r1ro6oii Apyrori 

qtlc.ryoeoli npoMe-
xyrolr la, bl rrroNino npeo6pasoBarb e [0, nl, ec!' l l  Bocno,'rb3oBarbcr

Qopuynoii

! / : : ^ G - a ) .-  D - A

B KorreqHON,r KoclrHyc-ttpeo6paaonauuu uer Hrir{ero ratrHcrBeHHofo:
sJIer\reHTbr roc.rreAoBaTe,rrbHocTrr c,, connaAarcr c noa{$xuueHTarvrr.I
npn cos (n.r) a pa3rro)KeHrru Synuuuu f (x) s pna <Dypue no Kocu-
HycaN{,  T,  e.

@

+ ). C, cos (rtx).

@(' (:
/ ( - t t  = # *  ) ,  C , , t o s ( n x ), : , _

r t = l

o € ' r  < n

l l

, P
C,,:  :  \  /  (x) cos (nx) dx.' -  J '  J

( l

/(trr: $

J1
, o

C,, : :  \  /  (x)  cos nx dx' '  x t J
0

- - _ n  I  I

I t" @)

++ >  .  a -cos(nx)
2 ' -

f  (n-x)

I

c o s ( m x ) ,  n 1 : 1 , 2 ,  . . ,

9
- n"C"-* l/ '  (0) -(-l)u f '  (n)l

I(_t)" 1c"
{
I

{
t

4.
2 ,  n : o
0 ,  n : 1 ,  2 ,  . . .
I ,  n - m
0 ,  n * m
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6. .r I  
n ' ,  ' :o

\  ; r [ ( r ) " - l ] ,  n :1 ,  2 ,  . . ,

!  2nzl3,  n:0
\  4 l n2  ( - l ) n  ,  n : |  t  2 t  .  .  .

I  o ,  n :o
I  I  i r ,  n : 1 ,  2 ,  .  , .
2  l ( - l )n  ean-11
; l-;q:;r-1
(  2  pa-r r t .  n :o
I J I
l 4

|  
- - : - s i n ( n a ) ,  n : 1 , 2 ,  . . .

log (2 s1n xl2)

esx

?.  x t

8 . -

, . I
r0. I

t
l ,  0 < x < a

- 1 ,  a < x , < n

TAE"nlllIA F. flpeo6paaosattne "rlan,raca

|  ( t \ :8- t  lF (s) l F  @ : 8 t t @ l

t,5*
, E

i

l .  I

2, cat

3. sln al

4. cos ad

6. sh ol

6. ch o/

V. eat sln bt

8. car cos bt

9. |il, n-no"'Io)tit re,tbltoe ueJtoe

19, lnsot

l l .  H  ( t -a l

12, I t  ( t-a) I  $-el
13. eort $l
t+ .  l ( t )xc$ l

l l s ,  s ) 0
I

S > . r
s - o

a ^
? + F '  s ) u

s ^
"TF ' s ) u

p + ,  s )  l a l

F i ; a ,  s > l c l
b

( s - a F + F r  s ) d

s - o
6 - ; F a m '  s ) d

. ? -  
s > 0

nt,

6 - a f T r '  
s ) d

e -  a s

,  '  i > u

e-asF (s l
I t  (s-_a)
lc (s) 6 (s)

Y-.ti '
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15. l tn) (t) ,  (n.npousuo4rraa)

16. i  (dl)

sr f ' (s)_sn*r l  (0)_. . .  _ l (n-u (0)
r r ( r ) ,  a > o
a  \ a  /

-!- n rrls '

|  ^,^,
;  

t " - "  er lc  (4s)

|  , , -'  ^ - a t  s

1ssr 1- a1,1,
e -  s e

o-  a /s
- : - : ,  a ) 0
l s

I

V s l -a

17.

18.

19.

20.
2 t ,

22.

23.

(|
J  f ( t lar
0

erf (tl2a)

ertc(al2 {T)

J o @ t )
0  ( l - a )

|  |  a , \

1Fi 
exq 

\- Tl )
I

-): - aeazt erlc (o V I )
Y n t

lS

llpranoxell'e 2

nPEICTABflEHHE nAnnACklAHA

B 4nyuepnoft 4exapronofi cucreMe
r{oopAHHar
B 4nynepHori no.nnpuofi cucreMe
r{oopAuHaT
B rpexuepuoli 4exaprosoii cNcreMe

B PA3flHqHHX CI4CTEMAX KOOP,qhHAT

Ltt : tt t, 
-l Lt ,u

L , u : u r r * 1 , r , * i u o ,

L u : u r r - 1 ' t t o r * u " "

|  |  
KooPAHHar

Ltt: urr * f,,,, t I ussa u", SrJlJ"J:TJl",i"#""*opuvecxofr 
crt'

.  t  I  c t q O  I  n  - - - - -Lu:  i l r r  * iu , *  i  uuo+ #  ur *Fs in6uq,E B rpexuepr ro f i  c { re -

puuecroil cncreMe KoopAHHar
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j . i l

,[exap'rooa c]rcreMa
rioopAuHar

- m  ( . r < + o o
- m ( U { * q

- o o ( z < + o o

[I,u.nuu4puuecKafl
clrcTeMa KOopAHHaT

r 2 0 , 0 ( 0 ( 2 r l ,
- a ( z ( a ,

f f :  f  CoS 0r

9 / : r s i n 0 ,
a : 4 .

C$epuuecxan
cr.rcTeMa KoopAr.{HaT

r 2 0 , 0 ( 0 ( 2 n ,
o ( q { n ,
x: I Sin g cos 0,
U: r sin P sin 0,
Z : , ' C O S  ( 0 .

VpanHeHnn o.rrflilnr[qecxoro rtlna

ArJ :0 Vpaouenue Jlan,naca
Au{Ivzu:0 Vpaeneune le.nruro.nrqa
Lu:k VpanueHue llyaccoHa
Lu I h (E -V) u:0 VpanHeHue [IJpeguHrepa

VpanHeunn runep6o,nuuecroro rl{na

u\: c2ttr*
l lfi: C2ttrx- I1'Ut

I '1fl: cztt**-hur- ku
H6:c rs ' *4 f  @,  t )

i l f i :  cz Lu
uf i :  c2  L 'u -hu1

VpanueHun napa6onnuecKoro rllna

il1:e"211 ** VpanHeune o4uouepHoii auQSystlu
ilt:&2u**-ltu* VpaoHeHlte KoHBeKrHBHoft 4u$Qystll l
u1--a,?ttr*-hlt VpanueHue rerl! ' IoflpoBoAuocrrz c norJlotqeHl4eM
tt1=dztl ."*+ f (x, t) VpaeHeHIre renJlonpoBoAHocru c HcrotIHHKoM

VpaaHenre xo.ne6aHHii crpyHbl
VpanueHue xone6auufi c rpeHrieM
Te.nerpaSuoe ypaBHeHlre
VpaeHeune Kore6aHufi noA Aeficrelrelvl BHeu-
Heii cu.nu
MuororuepHoe BoJIItoBoe ypaBneHue
BonHosoe ypaBHellue c rpeHHeM

llpranoxeHhe '3

KPOCCBOPI

3aaaqa
21. B acr.rMrrrortrqecKoM pa3,'rox{eHaa

.  1 818. flepeuoc BerqecrBa.
f (x1 :e (x) -l- o (l) ocrarouuufr

q,reH 3anr.rcaH n Sopue , 22. !,nu>xeHue xu71Kocrn
OTI,TCbIBACTC

uun [ (x\-
R ypaBHeHrrrrN'Itt -Croxca.  24 .  OvHx-

NtaTelv laTl lK,  aBTOp I leTOAa

HarsHyrar rrpoBo"'roxa. 27.

' t ' . : t " '

flo ropusoHra,ll
l. Xapaxre,puc-rxKa BeKropHoro noJrfl. 3. IJa,roxeHue. 8. IIporn-
xeHHocrb. 9. Oneparop .Ilan.naca. 12. PacnpocrpaHrr,oueecr Bo3Nrv-
ueHne. 13. /{,'runa nefropa. 14. Oneparrua nia $yuxquflM}r. 15. Mutl-

(  A l r  : 0
xecrBo ror{el(' I{a KoropoNt crpoHrctl pa3HocrHafl cxe}la. t0. 

i a lr.:e

, ecrrr{ f (xl: f F x). 25. OpaHuysixrft
pa3AeJreHr.t f l nepeueHHux. 26. Touxas

Bcqxoe He'r'pHBr{aJrbHoe peueHr{e ga-



[ , 4
|  ; ,

lauu l l lryplra -,rluyaurTfl Ha3brBaercfl
28. Opaniryacxr.rfr nlaremarux, IrNleHe14 r{oroporo
c Haqar'rbHbrM yc.rroBueNr. 29. OcnosHot'l trpHHutrn
ONTI{KH HA3bIBACTCA NDHHIIHTIONI

QyHruuefi.
Ha3BaHa 3aAaqa
reon,terDuqecxoft

. 30. l lpeNHee Ha-
gBaHue.cTyAeHqecKorl saqerHofi xurrxxH. 32. Mareuarux, [peA,ro-
xxnuuir npnr'roft Nrero,{ peueHHrr Bap}rauuoHHbrx 3aAaq. 33. oyHxuuro
ucroqHHKa Ha3brBaror eule $yHxuHefi 84. fapuosaxa.
36.  O6.nacrb Ha nrrocKocru_I) l l { r '  R,  ( r (Rr} .  38.  AHi .nx i icxnf i
MareMarHK r{ MexaHHr(. 40. ocHonHaff xapaKTepHcrrJKa nepuoAnuecxoft
$yHruuu. 42. Bo,rHu B cpeAe pacflpocrpaHsrorc' B coorBercrB]lt

. 43. Cner<rpa.nuuufi napail,rerp. 44. 06o6-
45- Ha6op qacror npH pa3,/roxeHr.,H

c I]pl.rHur{Ilor'r
uenue rronrrHe Qyur<rull.l.
tpyuxuuu.

rlo nepruxa,lrr

Tperbero poAa r.ra3brBaercs saAaqeil 5. VpanHe-
r lHe Ut :  ux,  + I  - ecJ'ut / - 0; 6. Oyuxuua

/( (x, s) B uHrerpa.nbHoM npeo6pasosaHrru F (s): j f< {r, s) I (s) ds
o

7. BenlrquHa, Ire tr3lreHRrorrraflcn npu npeo6pa3oBaHHflx. 10. Xapax-
repucruxa BexropHoro nonq. l l .  tDpauuyscxaft  l rarenarux, 12. Cry-

reHqaraf l  gyuriuun H l t t : l  
o '  I  < o

Hl t ) :  
I  t ,  l>o  

Ha3brBaerc f l  syHxuuef i
. 19. Oro6paxeHne tiounrexcHofi n.noclrocru,

2. Tenno$u3uqecKafl xapar{repncrlKa Beurec'sa. 3. CoeercNuii i{are-
v.arwr, aKaAeN{HK, aBJop sau6onee f{3Becrnofo yue6Huxa no ypaBHe-
HH''M MareMarH,{ecKoii $nstxl'. 4. 3anaqa c rpaHuqHbrr\,r}t vcJroBHflMr.t

COXpaHffi0lqee yrr'Ihl I\lelXAy i(pltBbtMil, Ha3brBaeTCri
20.-Jluuns e-$aaonon npocrpaHcrBe, BAo.rrb xoropoi.i peueHue He
HsueHflercfl. 21. Oro6_paxeHue. ?3. HsrvreueHue $ynxuuu. 2g. tDyHx-

1tyr gr $yHxurzn..3l .  3BM. 33. Hayxa o npocrpaHcrBeHHbrx $opuax.
JD. (DPAHIIy3cKHH I\{aTeI\IaTIIK, HMerIeM I{oToporo Ha3BaH oAHH H3
nplrHuunoB perueHur HeoaHopoAHsr x lu$QepeHuuaJrbH*,t x ypaaHeuHfi .
37. Heueuxnfi acrpoHorrt, uMeHeM Koroporo rra3BaH x"fiacc uH.[]rHAp]t-
qecKux QyHruai i .  39.  Benlrxuf i  aur , ruf fcxuf i  uareuarux,  QHauN, ue-
xaHHK I r  acrpoHoM. 41.  l4nrerpanbHas xapaKreprrcr lKa BexropHoro
noilB.

. i ! ' J '  
'F :

l.
2 .
3 .

4 .
o .
o .

9 .
1 0 .

l l .

t 2 .

r 3 .
l l

1 ( ) .

t 7 .
r t i .

t 3 .

20 .
2 t .
22
23

or-

26 .

2 7 .
28 .

29 .
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